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COMPLEX (SUPER)-MATRIX MODELS WITH EXTERNAL SOURCES
AND ¢-ENSEMBLES OF CHERN-SIMONS AND ABJ(M) TYPE

LEONARDO SANTILLI AND MIGUEL TIERZ

ABSTRACT. The Langmann-Szabo—Zarembo (LSZ) matrix model is a complex matrix model
with a quartic interaction and two external matrices. The model appears in the study
of a scalar field theory on the non-commutative plane. We prove that the LSZ matrix
model computes the probability of atypically large fluctuations in the Stieltjes—Wigert matrix
model, which is a g-ensemble describing U(N) Chern—Simons theory on the three-sphere.
The correspondence holds in a generalized sense: depending on the spectra of the two
external matrices, the LSZ matrix model either describes probabilities of large fluctuations in
the Chern—Simons partition function, in the unknot invariant or in the two-unknot invariant.
We extend the result to supermatrix models, and show that a generalized LSZ supermatrix
model describes the probability of atypically large fluctuations in the ABJ(M) matrix model.
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1. INTRODUCTION

The idea of introducing non-zero commutators among position or momentum coordinates in
different directions goes back to the 1940s [1]. The consequences of applying ideas and results
of noncommutative geometry in quantum field theory are far-reaching but also considerably
involved with both several non-trivial results and difficulties as well.

In the late 1990s there was a boost of interest in noncommutative (NC) field theories in
great part due to the fact that low energy string theory can be related to NC field theory [2,3].
However, soon it was established that the expectation that washing out the space-time points
could weaken UV divergences in quantum field theory, and consequently simplify renormal-
ization, did not work as expected. Rather the opposite turned out to hold: renormalization
gets harder due to noncommutativity, because in planar diagrams of a perturbative expansion
the UV divergences simply persist. Second, in the non-planar diagrams, they tend to “mix”
with IR divergences [4]. We refer to [5,/6] for classical reviews of the topic, and to [7] for
insights into the relation between fuzzy spaces and matrix models.

Langmann, Szabo and Zarembo (LSZ) introduced and studied a scalar field theory on the
Moyal plane, and showed that its partition function admits a matrix model representation
[8,9]. The LSZ matrix model has the explicit form

(1.1) zwz@aE):/ﬁmnmﬂeq%—Nﬁ{MEMT+MUM4+?(MUQ})
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where M is a N x N complex matrix, E, F are external matrices with real eigenvalues deter-
mined by the model and Visa polynomial potential with quadratic and quartic interaction
terms. Recently, a Hermitian matrix model with external field F and quartic interaction has
been studied in the context of NC scalar field theories [10-{12]. It is worthwhile to stress that,
despite the similarities, the fact that the LSZ model is a complex random matrix ensemble
leads to a different analysis and very different set of results. In particular, we will establish a
relationship between this model and a family of matrix models that appear in Chern—Simons
theory and are related to g-deformed random matrix ensembles.

We will also consider a supersymmetric extension of the LSZ model (sLSZ), which we
define as the supermatrix model
(1.2)

Zais7 (E E) - / DMDM' exp (—(Nl + Np) STr {MEMT +MIEM+V (MT M) }) ,

where now M is a (N7 + N2) x (N1 4+ Na) complex supermatrix and STr is the supertrace.
The details are given in section

On the other hand, a number of different matrix models have been studied in gauge theory,
more precisely in the study of certain topological and supersymmetric gauge theories in
compact three-manifolds such as Seifert manifolds. The simplest case is that of S?, where the
partition function of U(N) Chern-Simons theory, admits the expression [13]

PR— 2 N
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1<j<k<N

with gs a coupling constant, which can be related to the level k& € Z of Chern—Simons
theory by gs = J\?Tk A review of early results is [14]. The matrix model description can
also be obtained and further understood by using different types of localization of the path
integral [15-17].

Interestingly, expressions such as , or generalizations thereof, with Schur polynomial
insertions, describing then Wilson loop observables in the Chern—Simons theory, are com-
pletely solvable, even for finite N, using standard random matrix theory methods [18-20].
We will give an interpretation of the LSZ matrix model in terms of probabilities in the ran-
dom matrix description of the observables of U(N) Chern-Simons theory on S*. This type
of probability is a classical object in random matrix theory [21] and typically computed via a
Fredholm determinant. For this family of models, such probabilities have also been studied,
in the context of what is known as critical statistics [22}23] (statistics interpolating between
Poisson and Wigner-Dyson behaviour). However, we will be naturally lead to the consider-
ation of atypically large fluctuations instead (like for the GUE model [24], only the model
is a g-deformation of the GUE) rather than any bulk spectral quantity. In addition,
we shall see that different insertions of external matrices E, E will be related to different
Chern—Simons observables.

Further examples beyond the topological U(N); Chern—Simons theory are the ABJ(M)
theories [25}26], supersymmetric U (N7 ), x U (N2)_ Chern—Simons-matter theories preserving
twelve supercharges. The partition function of ABJ theory on S® has the matrix model




representation [27]
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where the relation between the string coupling g; and the Chern—Simons level k € Z is
gs = % It was shown in [28] that equation defines a supermatrix model related to the
ordinary matrix model for U(N) Chern-Simons theory on the lens space S3/Zs [29,30]. The
approach of |28] has been applied in [31] to evaluate exactly the ABJ partition function. We
will show how the relation uncovered between LSZ and Chern—Simons matrix models extends

to the supermatrix models ((1.2))-(|1.4]).

This paper has two parts. In the first one, we will dwell on the interpretation of the LSZ
model in noncommutative field theory because, since [8.|9], a closely related matrix model to
has appeared in other works, dealing with gauge theories in noncommutative R? [32,33].
Thus, it is interesting to study further this, more so given the new interpretations we will
discuss in the second part paper of this paper.

The analysis of Abelian gauge theories in noncommutative R? has been carried out in
[32-37]. The deformation of three-dimensional Euclidean space considered is the so-called
R}, modelled on the su (2) algebra [38]. The discrete eigenvalues of the quadratic Casimir
of su(2) produce a “foliation” by fuzzy spheres of different radii. In [32,/36] it has been
found the most general action satisfying three conditions: gauge invariance, stability of the
vacuum, positivity. The second condition is tightly related to the choice of fundamental field
for the theory; in particular, two different approaches, namely expanding a covariant gauge
field around a gauge invariant flat connection [36] or around the null configuration [32] lead
to dissimilar pictures. In both cases, after gauge fixing, the gauge theories reduce to a tower
of scalar theories with quartic interaction, one on each fuzzy sphere foliating Ri. On one
hand, the first model yields a partition function which appears to be related to a string model
with a background B-field enforcing string noncommutativity [39]. On the other hand, the
similarity of the action in the latter case with the Langmann—Szabo—Zarembo model [8,9] was
highlighted in [32]. We will show that, from [32,33] but with a slight change in the definition
of the exterior calculus on R?j\ and eventually taking the large radius limit, one reproduces
the matrix model .

In the second part, which is the core of the work, we will establish the relationship between
the two sets of matrix models described above, exactly in the manner explained. This is a
random matrix result, linking two families of models: complex matrix models with external
sources on one hand, g-ensembles that appear in Chern—Simons theory on the other. Impor-
tantly, the relationship is not between the same observables. On one hand, we have partition
functions (albeit generalized via different choices of external matrices) and on the other hand
probabilities in the g-ensembles, corresponding to different observables in the Chern—Simons
theory. This result can also be appreciated independently of the gauge theoretic origin of
both sets of models. The Chern—Simons matrix model for example, also plays a prominent
role in the subject of non-intersecting Dyson Brownian motion [40,|41], see [42}43].

The article is organized as follows. A field-theoretical background for the matrix model
of interest is provided in section [2, where we review the derivation of the LSZ matrix model
from a noncommutative scalar theory. In section [3| we discuss how the same matrix model
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emerges as a limit in a different noncommutative field theory, the scalar theory obtained from
reduction of a three-dimensional gauge theory in ]R:;’\.

After that, we analyze the LSZ matrix model and explain its close relation with the Chern—
Simons matrix model in section [ We emphasize that the connection holds in a generalized
sense, as the external matrices are not restricted to come from a kinetic operator of a scalar
field theory, and different spectra of the external matrices will be interpreted in terms of
different observables in Chern—Simons theory. In subsection [£.4] we show that the generalized
LSZ partition function encodes certain probabilities in the random matrix description of
topological invariants computed from Chern—Simons theory. Then, in section [5] we extend
the analysis to the sLSZ supermatrix model, and establish an analogous relation between the
sL.SZ generalized partition function and observables in ABJ theory. These are the central
results of the present work. Finally, the Appendix [A] contains technical details about Schur
polynomials.

2. NONCOMMUTATIVE SCALAR THEORY WITH BACKGROUND FIELD

In this section we review the LSZ model: in the first subsection, the geometric construction
of the Moyal plane in the presence of a background magnetic field is sketched, while the second
subsection is dedicated to the construction of a scalar field theory with quartic interaction.
This provides a motivation and a physical background for the study of the matrix model
, that will be thoroughly analyzed in section

The content of this section follows [9], although for the derivation of the matrix model in
subsection we use a slightly different formalism than the original work, that will allow us
a more direct comparison with the results in the next section.

2.1. Moyal plane with magnetic field. The Moyal plane is defined through the commu-
tation relations

{q’}qk} =il

where 6 is the essential parameter of the theory, with dimension of length squared. A Moyal
plane can always be seen as a harmonic system, in the sense that passing to dimensionless
complex coordinates one has [z, Z] = 1. The noncommutative plane needs not to arise from
a modification of space-time. In fact, an example is given by a particle moving on a plane
with a magnetic field of intensity B in the transverse direction; the momentum space then
becomes noncommutative R?, as the momentum operators modify according to:

1
pj = Pj:=pj — §Bejqu.
In this case the covariant momenta P; satisfy the commutation relation [P}, P;] = —iBejy.
If the two frameworks are put together, that is, a transverse magnetic field is plugged in
on a noncommutative plane, three possible harmonic oscillator pictures arise:

(i) on the two-dimensional position space, with annihilation and creation operators given
by the complex coordinates as above;
(ii) on the two-dimensional momentum space, with annihilation and creation operator de-
fined analogously;
(iii) a pair of canonical harmonic oscillators, one on each phase space plane.

However, the most suitable choice for us is none of them, and we will take a mixture of
all these ingredients to form two commuting copies of annihilation and creation operators, in
such a way that the problem decouples into two one-dimensional harmonic systems. To do



so, define:
z-_q1+iq2 __q1—1q2
V20 V20
_m +ips  _ _Dn- ip2

V201 20-1

and use them to introduce the operators:

z 4+ iv + zZ—1iv
a = ) a - )
Y I Y

Z+iv i

ag = a
Straightforward calculations provide:

[aay a}g] = 501,37
[aa,ap) =0 = {ag,aH ,
for a, B = 1,2, hence we got a pair of decoupled harmonic oscillators.

Remark. Lifting the obstruction 6 shifts the canonical symplectic structure on the cotangent
bundle. It turns out that such shifted 2-form is still symplectic. One can then rotate to
Darboux coordinates so that the new symplectic structure on the phase space T* R? is block-
diagonal. The calculations above are precisely the explicit change of coordinates.

Consider now the differential operator D; associated to the covariant momenta P;, and Dj
analogous but carrying a reflected magnetic field —B. If we take the arbitrary combination

—oD? — 5D? and evaluate it at the symmetric point ¢ = ¢ = %, we obtain:

- B2 B262

2 -2 A2 2 _ p-1

(—O‘D —aoD )a:&:l = |pl +T’Cﬂ =0 ( {z,z} + {v, v}>
2

where the curly bracket in the right-hand side stands for anticommutation. On the other

hand, in terms of the harmonic oscillators description, we have:

> alaa = {z z} + {v, 0} —ifv, 2] +i[2,7))

which means

(2.1) (—UD2 - 5[)2) = Zi @aa + ;)

77972 a=1
at points B202 = 4. The preferred curves £ 46 = 1 correspond to the self-dual points of the
Langmann—Szabo symmetry [44]. The theory is independent of the actual choice of curve in
parameter space we restrict to, namely B = £2671. In fact, the two theories we obtain are
equivalent in the Seiberg—Witten sense, i.e., they transform into the same theory [44]. The
invariance reflects the fact that the operators Dj,[?j only differ by a reflection B — —B,
thus the symmetric choice ¢ = & drops the dependence on the sign of the magnetic field.
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2.2. LSZ model. Given a scalar field ® on the Moyal plane, we can expand it in terms of
the Landau basis, consisting of eigenstates of both harmonic oscillators, as:

oo
O= Y Myplh,to).
01,05=1

This expression naturally defines an infinite matrix M associated to the field ®. Now recall
the kinetic operator in ([2.1)); using the property

alagll1,02) = (Lo — 1) 01, 62), lo=1,2,..., a=1,2,

it is possible to write:

(i <alaa + ;)) o = %le& { <€1 - ;) + (42 - ;) } 101, £2)

a=1
1
- Z <€1 - 2) {M€142|£1a€2> + M€241|£2a€1>} .
£1,€2

Therefore one obtains:

2
1 1
v (Z (atan + 2>> 0= Y (0= 5) {0l Mo+ M 1, )
(22) a=1 41,02
—Tr {MTEM + MEMT} :

where in the last line we have introduced the diagonal matrix

1\ 4=
(23) Egng — (fl - 2> W(sglgz'

Consider the action [8}9

Stz (cb,qﬂ) :/R

1 i 1 )
{Q@T (—0D2 _ &D2> -+ 50 (—0D2 _ 5D2) ot

2

0
9 2

+miele + X (ofa) } .

Evaluated at the symmetric point 0 = ¢ = % it becomes:

(2.4) Stsz <<I>, cpT) —NTr {MTEM + MEM' + m?M M + % (MTM> }

where we have introduced the dimensionless couplings

270 270
i’ = (;,) my, = <]7\T,> 9o

We have also used equations (2.1)) and (2.2)), and the matrix E defined in (2.3)). In section
we will solve the matrix model with action (2.4)).
Notice that, to regularize the integral, we truncate the matrix M to its top-left N x N

block, which introduces a finite cutoff at short distance \/% . The full theory is recovered
in the large N limit. As expected from general features of noncommutative field theory
(see e.g. [6]), the original noncommutativity of the phase space is eventually encoded in the
noncommutativity of matrix multiplication. Consistently, the space-time integral becomes a
trace.



3. SCALAR THEORY ON THE FUZZY SPHERE

We now discuss another noncommutative scalar field theory in two dimensions, this time
on the fuzzy sphere [45], that leads to the LSZ matrix model ([L.1)).

Scalar theories on the fuzzy sphere have been extensively studied, mainly looking at them
as regularized UV /IR mixing-free versions of commutative theories [46-4§]. In the standard
setting the kinetic sector prevents the integration of the angular degrees of freedom, and thus
to reduce to an integral over eigenvalues. A perturbative approach in the kinetic term was
proposed in [49,50], equivalent to a high-temperature expansion, and the presence of phase
transitions, together with a triple point, was suggested. This procedure was later generalized
to CPY [51]. See [52] for a review, describing both theoretical predictions and numerical
results, paying special attention to the phase transition. An extended scheme, allowing both
a high-temperature (large-interaction) and small-interaction analysis was presented in [53],
providing further understanding of the phase structure of the model. Other nonperturbative
aspects are still under investigation: in [54,)55] the behaviour of correlation functions of the
matrix model in the disordered phase is analyzedﬂ

However, all these works lead to matrix models different from . Instead, we will start
with a gauge theory in a noncommutative version of R? which is “foliated” by fuzzy spheres
[38]. The projection of the gauge theory onto each fuzzy sphere gives a noncommutative scalar
theory which reduces to LSZ in the large radius limit. We stress that the model we consider
was introduced in [32}33] and it has the distinctive feature that it is not directly defined as a
scalar theory on the fuzzy sphere, but it is derived in a roundabout way. The identification
with the LSZ model at large radius is possible precisely because the kinetic operator of the
scalar theory descends from a three-dimensional gauge theory, instead of being given by the
adjoint action of the generators of su(2), as the standard kinetic term for a scalar theory on
the fuzzy sphere would be.

The rest of the section is dedicated to the proof of this equivalence. We first give a very
brief review of the properties of the deformation of R? known as Rg’\. Then, the second
subsection is dedicated to the construction of the gauge theory in R3, which is essentially a
review of the setup of [32,33] with minor modifications. Eventually, we reduce to a scalar
theory on a fuzzy sphere of fixed radius and study the large radius limit.

3.1. From R} to the fuzzy sphere. We start with a noncommutative version of the three-
dimensional Euclidean space, imposing the coordinates to satisfy the commutation relations
of su(2). Such space is known in the literature as R?)’\. Then, as we will see, irreducible
representations of su(2) determine a foliation of R} in terms of fuzzy spheres. We refer
to [37,38] for detailed insights in R3.

Coordinates in R are the generators {z*}
satisfying:

3

et of su(2), up to a length scale factor A,

[xH, 2¥] = iNe!PaP.
Irreducible representation of su (2) in terms of N x N matrices are labelled by non-negative
half-integers n, with N = (2n + 1). Whenever n is fixed the Casimir relation implies:
3
=Y (@) = Nn(n+ 1),
pn=1
which corresponds to pick a sphere of fixed radius > = A?n(n + 1), denoted by S2. One

could interpret this construction of the fuzzy sphere as analogous to the usual embedding of
S? into R3, but replacing coordinates with noncommutative Hermitian operators.

lFor NC gauge theories on the fuzzy sphere, a procedure to reduce the partition function to a matrix model
was put forward in [56].
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It is well-known that the large IV limit of the fuzzy sphere at fixed radius gives the com-
mutative sphere. Conversely, the scaling limit r — oo keeping the parameter 6 = % fixed
leads to the Moyal plane. We focus on this latter setting and write:

0
2 2

AN=——, r°=6bn, 0 fixed.
n+1

As shown in [32,36,37], there exists a matrix basis on each fuzzy sphere, which allows to

identify fields in ]Ri with a tower of matrices of increasing size. Noncommutativity is then

encoded in N x N matrix multiplication, with N = 2n + 1, at each level n € %N .
Integration over R3 is defined as

F=2 X(n+ 1) Tr f") = 2763/ T
/R3 WZ (n+1)Tr f\" ™ ZI: m v £

nG%N n€s N

where £ is the N x N matrix representation of the function F at level n. We have had
to adapt the prescription of [37] to treat A\ and r as functions of n. This integral has the
expected behaviour at large N, giving the volume of a sphere of radius ~ v/0n. Freezing the
radial degree of freedom, the integral reduces to

/ F =2m0Tr )
s

on the n-th fuzzy sphere.

3.2. Gauge theory setup. At this point, we introduce the algebra of derivations on Ri.

We define the forms

which yield associated derivations defined as
(3.1) Oy i=ad,, =ilm, ],

satisfying the ring relation
1

[0y, 00] = —;ewpap.
Our derivations only differ from [32,133,136] by a factor \/r, which belongs to the centre of
the algebra and does not change the relevant properties of J,,.
It is also possible to introduce the 1-form © such that © (9,) = —ir,. It satisfies

de (8/u 8V) + [@ (au) ;0 (au)] =0,

implying that © is a flat connection. The most general gauge-invariant action in this frame-
work includes a term coupling the gauge field to ©. However, in our analysis, it will follow
from the definition that such term would only provide a constant correction to the
mass term, hence we will reabsorb it in the definition of bare mass. This is one of the small
differences between the present setting and [32},33].

To construct an Abelian gauge theory on R?j\, we need to consider the noncommutative
analogue of an ad(P)-bundle, for P — R? a principal U(1)-bundle. This is given by the right
module u(1) ® R?j\ over Ri. We introduce the anti-Hermitian gauge fields A, and the gauge
covariant derivative

Vu=0,+ Ay
The curvature F4 has components:

1
ny = [Va,.Va,] = Vg0, = Oudv — 0, A, + [Au, A + ;eu,,pAp.
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We see that the curvature has the usual form plus an extra term inherited from the underlying
noncommutativity. The group of gauge transformations is the group of unitary transforma-
tions of R} (see [32] and references therein), and the gauge field transforms in the usual
way:

A, UAU +U9,U,

for any unitary U. Furthermore, one can also consider the ©-covariant derivative V associated
to the 1-form ©, which for any field f on R} satisfies:

(3.2) Vuf =0uf =ity f = —ifry,
where the second equality follows from the definition (3.1]) of the derivation as a commutator
with 7,. V is gauge invariant:

Vuf = U oV, (Uf) =—ifr,

where we used (3.2]). Besides, using again (3.1)) we see that ir, transforms under gauge
transformations as

ir, s iU, U — U'9,U.
For any choice of gauge fields A, we can define the so-called covariant coordinates C,,
defined as the components of the 1-form V — V|

Cp=Vu—V,=A,+ir,.
The C), fields are clearly anti-Hermitian and behave under gauge transformations according
to:

(Vi ¥a) Fo UtA0f iUt U S,

thatis, C\, — U TC’MoU . This is because the U TQLU parts cancel between the two contributions
with opposite sign. On the other hand, by the very definition of derivations, see (3.1), it stems
that

Utir,U = U'9,U + ir,,

which implies
(3.3) Crr (UTALU + UTO,U) + i,

Therefore the gauge transformations leave unchanged the 7,-part and modify the gauge field
A, in the ordinary way. In particular, we underline for later convenience that, since we are
working in a matrix basis in which 23 is diagonal, the field C3 has, by its very definition,
the eigenvalues of 73 multiplied by /—1 in its diagonal, plus the diagonal entries of A3. The
off-diagonal entries of C'5 in the basis we are working are simply the off-diagonal entries of
As. Therefore, a gauge transformation acting on Cj5 transforms the contribution by As in
the standard way without affecting the eigenvalues of 73 in the diagonal of Cj.

At this point, two options disclose to set up an Abelian gauge theory: we ought to chose
either A, or C, as the fundamental fields of the theory. They differ by a flat connection:
we expect the two resulting theories to be related by a redefinition of the vacuum. The two
different procedures have been carried out, respectively, in [36] and [32]. We follow the second
approach, taking C), as variables, and we pursue the most general action such that:

(i) it is gauge invariant and at most quartic in the fundamental variable;
(ii) it does not involve tadpoles at classical order, which imposes not to include linear terms
in the fundamental variable;
(iii) it is positive definite.
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The second condition is essential in order to have a stable vacuum. Taking such family of
gauge-invariant actions and writing down the classical equations of motion, one finds out
that the absolute minimum is the null configuration €, = 0. Other local minima are present.
However, due to the special form of the derivations in the present work, all the vacua in the
centre of the noncommutative algebra are constant configurations. (Nevertheless, some other
vacuum configurations may fall outside the centre of the algebra).

The action which satisfies the above mentioned three hypotheses is:

(3.4) SC] = 2/ ([CH, C,)> +Q(C.0, + C,CL)° — m302>
90 JR3

We rewrite it in terms of Hermitian fields as €, = i®, and remove the redundant degree of
freedom fixing the gauge ®3 = 73. Notice that, according to and subsequent discussion,
this corresponds to the Coulomb gauge A3 = 0 in terms of the standard gauge fields A,,. This
procedure could be done, indeed, in a BRST-invariant fashion, introducing a ghost/anti-ghost
pair (c,c¢) with grading (—1, +1) together with a Stiickelberg field b, with zero ghost number.
We add to the action a gauge fixing term

(35) Tr {b (q)g — Tg) +ic [@3,0]}

and integrate out the field b first, enforcing the gauge fixing condition ®3 = 73. Then the
second term above reduces to ¢Dsc, hence the ghost and anti-ghost fields decouple. This is
not an exhaustive discussion, and we refer to [32,33] for more details on the definition of
a BRST coboundary operator in the present theory. The proof that the gauge fixing term
is in fact BRST-exact with respect to the just mentioned BRST operator can be found
in [32, Eq.s (3.6)-(3.9)]. The general formalism of BV/BRST quantization of noncommutative
gauge theories is discussed in [57].

At this point, we rearrange the remaining scalar fields into complex ones @, &1, scaled by
a factor v/2/go, and restrict to the region of parameter space for which the potential is of the
form V ((IDTCD), corresponding to the choice Q = % in . We finally arrive at the action
(see [33, Eq. (3.17)] and discussion around it)

2
(3.6) S = <<1>TK<1> L OR® ¢ 920<1>T<1><1>T<1>> :
R

with kinetic operator

~ 8 .

K :=mld + 378 (13 —i03) .
The product in (3.6]) is nothing but the matrix multiplication when the fields are represented
in the natural matrix basis at each level n. The sole difference between the action (3.6) and

the one in [33] is the different scaling of the kinetic operator K in the large radius limit,
analyzed in the next subsection.

3.3. Large radius limit. At this point, we project the system onto a single fuzzy sphere.
This means we fix a half-integer n and restrict to those states spanned by the n-th eigenstate
of the quadratic Casimir operator, related to the radial coordinate. The remaining degree of
freedom is the degeneracy at fixed n, labelled by £k = —n, ..., n. We recall that the radius
is Vfn, with 6 to be kept fixed at large N, where N = 2n + 1. Fields ® are projected onto
N x N matrices ¢, according to the foliation of R?)’\. We then calculate the matrix elements

appearing in the action (3.6)):
8

(KR GIK') = m (kOIK) + 55 (k] (=) 0lK) + (kla® [2%, 6] [K))

= (k|p|K') {mg + % (2k — k:’)} :
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We multiply this expression by a factor 270 which will arise from the integral, and obtain:
. 167 k (2k — k')

210(k| K ¢|K') = (2 1)(k|o|k Ty — =

ORIl = (2n-+ (koK) {2 + 75 SR

where we have defined the dimensionless parameter

27wl
~9 2
e <2n+1> m2

by scaling the bare mass with the cutoff induced by finite N. Therefore,

) /
270 Tr {qﬁ*fm + qﬁkqﬁ} = (2n+1) ) k/Z_N {<k/y¢ﬂk><k\¢yk ) ( n 16?% k;z(él:l +ﬁ)))

Switching the labels of the dummy variables k, k' in the last summand, we obtain

@n+1) 30 {m? (W16 1R) (KlelK) + (K |olk) koK)

kk'=—n

+ (k|6 ) (Kl ) =5~

321 k2 + k"% — kk/
n(2n+1)

At this point, in order to compare with the LSZ model, we need to pass from the angular
momentum to the harmonic oscillator description. This is done using the relation k =n — £
for £=0,1,...2n = N — 1. We thus define the rearranged matrix M as
My, := (n — li]¢|n — ).

In terms of the new indices we have

24 kP — kK =n2 —n (0 +0) + 6 + 02 — 10,
Hence, denoting by S,, the restriction of the action (3.6|) to a single fuzzy sphere, we get:

2n

Sn = (QTZ + 1) Z { (Mg glMZﬂz + MfzélMﬁﬂz)
l1,02=0

32 n? —n (l + bo) + 03 + 052 — 014y
M, M
THen Mt g n(2n + 1)

* (2n+1) 2Tr{<M M) '

Eventually, rescaling gg into a dimensionless parameter

270
~2 2
g <2n+1>90

and splitting the second line into the sum of two terms, the action on the fuzzy sphere reads:

(3.7) S, = NTr {MTE’M +ME'M' + ( 83 ) Min o+ L (MTM) } ;

where the matrix E’' coming from the kinetic operator K is

3271 1 1
(3.8) Epy, = < IV (£1+4>>5£1€2+O<N2)
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Therefore, we find that, in the large N limit, this model coincides with the LSZ at the self-
dual point, with magnetic field scaled by a factor —%. Note that the restriction to preferred
points in parameter space, both for the LSZ and the model of [32], is crucial to obtain the
result. Indeed, the large amount of symmetry at these preferred points produces cancellations
which do not hold in general.

4. SOLUTION OF THE MATRIX MODEL

As we have seen in sections [2| and [3| different noncommutative field theories reduce to a
matrix model of the form ([1.1)

Zisz <EE> - / DMDM exp <—N Tr {MEMT s MUEM 4V (MTM) })

in terms of N x NN complex matrices, depending on the insertion of two external matrices.
The potential V' (M M ) is a quadratic polynomial with dimensionless coefficients

(4.1) v (MTM) = i? <MTM) + §22 (MTM)2 .

We also let the external fields E, E have arbitrary eigenvalues which, for convenience and con-
sistently with the noncommutative field theory setting (recall Eq.), we write as %m, %ﬁg
respectively, for £ = 1,..., N. In particular, the original LSZ model, discussed in section
corresponds to external matrices with ny = 7, given by consecutive integers plus a constant
shift, see Eq. . The unconventional presence of E explicitly breaks U(N) symmetry, but
the system is still tractable.

We now reduce this matrix model to an ordinary multiple integral in terms of the spectra
of the external fields, and show that the results can be written in terms of the observables of
U(N) Chern-Simons theory in S, with ¢ = e~ real.

4.1. General solution. As shown in [9], we can approach the solution using the singular
value decomposition of a generic N x N complex matrix M:

M = Uldiag (A1, ..., An) Us,

with Uy—1 2 unitary matrices and A\, > OE| The measure becomes

N
DM DM = [dU7] [dUy] [ dye An 9],
=1

where [dU,] is the invariant Haar measure over U(N), and y, := A7 and

(4.2) Avil= 1] e—we)

1<U<t/'<N

is the Vandermonde determinant.

As shown in [9], the use of this transformation implies that integrations over Uy—1,2 € U(N)
decouple over the two types of external field terms. Denoting by Y = diag (y1,...,yn), the
angular degrees of freedom U, can be integrated out using the Harish-Chandra—Itzykson—
Zuber (HCIZ) formula [59,60]:

deticpp<n (e ™M)

A AN

(4.3) /U " [AUs] exp {—N Tr (EUJYUg) } — Cy

2See |58] for comments on this parametrization with regards to the more usual one in terms of eigenvalues
[21]. In any case, this transformation is much used and very useful when studying complex matrix models,
such as the LSZ.
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where we have used the explicit form of the eigenvalues of F and denoted

N(N 1)

N-1
Cn = ( H jl=

where G(-) is the Barnes G-function.
Analogous expression is obtained for integration over U; replacing E by E. For a potential

1% (MTM) as in , one gets:

- N o (o2, 1322
2187 (E, E) = /[0 o AN [y}Q He (m Yot+5 ye)dye

Y GV 1 1),

(4.4)
X / [AUs] exp (—NEUQT YUQ) / AU ] exp (—NEUlT YUI)
Plugging HCIZ (4.3]) into (4.4), we note that the partition function for the matrix model is:

747‘(‘77@1/(/) 747T77gy£/) N

~ det ' e det ' e . 32
21,37 (E, E) = C]ZV/ An [y]2 1</ <N ( 1</ <N ( e—mde—%yg?dyg’

[0,00)N An [y An 7] An [7] —1

where we recall that 7, (respectively 7) stand for the eigenvalues of E (respectively E), up to
a factor . This was already done in [9] but now, after applying the HCIZ formula, we will
not expand the resulting determinants into sums of permutations of N objects, and cancel a
Vandermonde squared instead. That is, after a suitable rescaling of the integration variables:
(4.5)

C/ N 2 2
Z (E E) N/ d t —MNeYypr det nzyel m? yg— Yy d 7
L AN [n] AN [71] Jio,00)¥ 1<bE<N (e7) 1§é,?'gzv ¢ Ee £ e

with coeflicients redefined as:

~ 2 ~9

m g
4.6 2 _ " 2 _
(4.6) m 47’ g (4m)2’

and
_ G(N +1)2 27 NIN=D)zN
Ch = (am) e = SIS .
(4r) vol (U(N))
where vol(-) is the volume of the gauge group. Note that this normalization is essentially the
square of the partition function of the Gaussian unitary ensemble (GUE) [21].

In the theory of non-intersecting Brownian motion, the determinants in (4.5) are very
familiar. This whole theory of determinantal processes is known to be directly related to
U(N) Chern-Simons theory on S* and with the Wess-Zumino-Witten (WZW) model [42],
where such connection was shown to follow from specializations of the determinants

134(},?’%1\{ (e‘ﬁzyez) , lggg’tg]v (e—ﬁeyz/)

in (4.5)). However, it is more direct to show the relation through the corresponding matrix
model formulation. Recall for this the definition of a Schur polynomial [61]

wor+N—L'
det1SZ7ZISN( /

N—¢)
detlg[,é’gN (.’Eg )

Su(:l,‘l,...,iL'N) =
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and hence we rewrite the scaled eigenvalues 7,7, of the external matrices E, E, assuming
they are integers, as:

ne=pe+ N -4,

4.7 -
( ) 77£:V£+N—£7

for ¢ =1,..., N. Without loss of generality, we can relabel the eigenvalues so that u; > po >
<o+ > un > 0, and likewise for 1 > --- > vy. Then, using

9 N
H (e¥ — e¥)? = H (QSjnh <W_2W>) He(N—l)ym

1<l<t'<N 1<U<l'<N m=1

and reflecting the variables y, — —y,, we immediately haveﬁ

s (o) = D / 1 <2Smh<w—y@>>2ﬂd SBve- L3
4.8) )= R AN Ji—oeop 2 Lt

1<<t'<N
Xs, (e, ..., e"N) s, (e, ..., e"N),

with 8 = m? — N + 1. We henceforth write Zrsz (1, v) for Zrsz (E, E), stressing the depen-

dence on the partitions u = (g1,...,un) and v = (vq,...,vy). Except for the integration
domain, the expression is close to the general version of the U(NN) Chern-Simons on S3
matrix model, with two different insertions of Schur polynomials, whose evaluation gives the
topological invariant of a pair of unknots [14,/62] carrying the U(N) representations p and v.
It is worthwhile to mention that the same matrix model is also related to the Hopf link
invariant, but now with representations p and v*, where v* := (vy — vy, v1 —vN_1,...,0).
We give the details in Appendix [A33] Furthermore, if the external matrix E has positive
integer eigenvalues while E has negative integers eigenvalues, or vice versa, the relation then
is with the Hopf link invariant carrying representations p and v.

Instead, after a shift of variables in and using the identity , we obtain the matrix
model representation

N ) _ 2
Zim (0) = Aw (1,1 / [[doy 5557 ] <QSinh (%2%»

(=00, =V 551 1<j<k<N
X5, (€™, ..., e"N) s, (e, ..., e"N),
where v = 3/¢? and
1)y

2
(49) Ax (o) exp (T el 1) )

~ An[rAN[] 2

Notice also that the Vandermonde factors in the denominator of (4.9)), which depend exclu-
sively on the eigenvalues of the external matrices, can be written, using Weyl’s denominator
formula (see Appendix |A]), as

Al = ] (we—pe—0+0) =GN +1)dimp,
1<l<t/<N

Anln] = H (ve—ve — €+ 1) = G(N + 1)dimv,
1<U<l/'<N

3With our definition, 7, and 7, are non-negative integers, which is the physical choice motivated by the
LSZ model. If we want them to be non-positive integers, we simply do not reflect y, and define 7,7, with
opposite sign. The discussion would be exactly the same, except for the integration domain being [0, c0).
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These Barnes G-functions cancel in (4.9) against the ones coming from the double application
of HCIZ formula. We finally obtain

Zos (WulWo T(Coe, ) )

dim g dimv

CS

)

(4.10) Zrsz (1, v) = Cn (7, |ul, [v])

where the relation between the partitions p, v and the external matrices of the generalized
LSZ model is given in equation (4.7)), and

(—1)N T2+ )
(4m)N?

In formula ([{.10), Zcs is the U(N) Chern-Simons partition function on S®, which is a quan-
tum topological invariant also known as Witten-Reshetikhin-Turaev invariant [63-65], de-
fined as the matrix model and whose explicit evaluation we give below. Besides, W,
is the trace of the holonomy of the gauge connection along an unknot inside S?, taken in
the U(N) representation corresponding to the partition p, and likewise for W,. In ,
the Chern—Simons coupling is g; = g%. In Chern—Simons theory, gs is related to the Chern—

Simons level k by g5 = A%—Tk, while the real string coupling constant g, is used when describing

topological strings. That is the same type of description here, since g is real. Finally, (---)cs
in (4.10) means the average in the Chern-Simons matrix model (1.3), and 1 is the

N-dimensional indicator function

Cn (v, lul, [v]) =

—o0,—N

1, zj<—y Vj=1,...,N,

N
1 = o _ ) =
(foo,fw]’\’(gﬁ17 S EN) ]1;[1 (—o0, V](:UJ) {0, otherwise.

Therefore, <WMW1,11(_OO7_7]N >CS would correspond to the two-unknot invariant, but averaged

only using variables z; < —v (instead of z; € R). Its relation with the actual invariant of
a pair of unknots is further discussed in subsection through the lenses of random matrix
theory.

4.2. Quantum dimensions. An important particular case of the above general setting is
when one of the partitions in is void. That is, in terms of LSZ theory, one has an external
matrix with the equispaced spectra and the other one generalized with a partition, see the
definitions and . This case corresponds, as we shall see, to quantum dimensions in
the Chern—Simons interpretation [19]. Quantum dimension of a representation associated to
the partition p is given by the following hook-content formula [19,/61]

o WY A=)
dimgp := H W,

where for each box = = (j, k) of the Young diagram determined by p, the quantity h(x) :=
pj + py, —j — k + 1 is the hook length, with the prime meaning conjugate diagram, and
c(x) := j —k is known as the content of the box z. The operation |-], denotes the symmetric
g-number, that is

TEN

n/2 _ —n/2
q q
(g

T2 — g1

In Chern-Simons theory on S%, the unknot invariant is given by quantum dimensions [1419].
Since one of the two external matrices has harmonic oscillator spectrum the matrix model
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above reduces to
2 N
Zrsz (1, 0) = Ay (p, @)/ H (2 sinh (M>> H e*%x?dxj
(=00, < jck<N 2 j=1
X5, (€™, ...,e"N),

whose evaluation leads to

Zos (Wi Boe, )

Cs
dimy )

(4.11) Z1sz (1, 0) = Cn (7, |ul,0)

This should be compared with the unknot invariant computed in Chern—Simons theory, which
differs from the present setting in the fact that the integral is taken over RY instead of
(—o00, —7]V. We will come back to this point in subsection The exact evaluation of the
unknot invariant gives |19

<W Y =gq QCz(M)dimqlu’
where g = e~ 1/ 9, Besides, in the expression above the term

N

Cy (i) = (N + 1) |ul + > (17 — 2pe)
(=1

is the U(N) quadratic Casimir of the representation u, labelled by the Young diagram asso-
ciated to the partition p, with py boxes in the /-th row, with rows understood to be aligned
on the left.

The appearance of quantum dimensions is interesting in that they appear as well in the
study of noncommutative gauge theories through the analysis of WZW D-branes [39,/66].
However, as we have seen in section [2| only the simpler setting, where the two external ma-
trices are equal and have harmonic oscillator spectra, is directly linked to a noncommutative
scalar theory.

4.3. Chern—Simons and LSZ partition function. We have shown in section [2] that our
study of noncommutatlve scalar field theory naturally leads to a LSZ matrix model with
E = E and spectra = (f — f) for £ = 1,...,N, see Eq. - or the same but scaled and
shifted, see (3.8)). Thus we consider now the case in which both partitions are void: this
corresponds to the two external matrices having harmonic oscillator spectra. In particular,
from , we have that np = N — £ for £ = 1,..., N. The fact that the two physical spectra
have an Overall energy shift only has an 1mpact at the level of renormalization of the mass
parameter. This follows immediately from a simple property of Schur polynomials, given in
Appendix [A]

Then one obtains the matrix model without Schur polynomial insertions, and the corre-
sponding matrix integral is related to the one for the Chern—Simons partition function, given
in (1.3 (recall that gs = 1/¢?). The Chern—Simons matrix model has the exact solution [18]:

o\ V/2 N(N+1 (V-1) N—j
412 Zog = () Nl e (1-¢)",
(4.12) . f:[

with ¢ = e~/ 9* as above. The product can also be written as a g-deformed Barnes function,
which, in the limit ¢ — oo (which is ¢ — 1), reduces to the Barnes G-function. Then, the
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LSZ matrix model partition function is

2

(~)Ve'z
(4m)™

Notice that, apart from the simple prefactor, the ratio between the LSZ and the Chern—Simons
partition function is the average (1(_,, _,v)cs of the N-dimensional indicator function. This
aspect is further analyzed the next subsection.

4.4. Probabilistic interpretation. The main result and its specializations
and admit an interpretation in terms of probabilities of large deviations of the smallest
or largest eigenvalue of Hermitian random matrices. Consider a generic weight function w(x),
and let Z,, be the associated Hermitian random matrix ensemble,

(4.13) 215z (0,0) = s (L(_oo—yN)Cs

N
(4.14) Zo= | AnleP [[e(z)) da;.

The probability that the largest eigenvalue of a random matrix in the ensemble (4.14) is
smaller than a given threshold s € R is

Proby, (zmax < s) = Prob,(z1 < s,...,zN

(4.15) /
00 s]N

where in the last expression (-),, means the average in the ensemble and T_ g~ is
the N-dimensional indicator function. In the Coulomb gas picture, replacing the weight w(z)
by w(x)1(_s ¢(x) introduces a hard wall placed at # = s which leaves the charges on its
left. See [67] for the large N limit of matrix models in presence of hard walls. For the GUE
ensemble, the probabilities of large fluctuations at large N have been found in [24./68].

We immediately see from equation that

IN

s)

.:12

I
—

w(zj)dz; = <11(_OO’S]N>W’
J

2N

Zisz(0,0)  (—1)Nez

Zcs (4m)™*

hence the ratio between the partition function of the LSZ model and that of Chern—Simons
theory is effectively computing the probability of large deviations of eigenvalues in the Chern—
Simons ensemble (1.3)) (or, strictly speaking, in the Stieltjes—Wigert ensemble [18], see below),
up to a completely determined, parameter-dependent overall factor. More in general, formula

(4.10]) states that

Z
Zisz(?) _ ool W)
Zcs

where by Probos,w,w, (-) we mean the probablhty in the matrix ensemble computing the
invariant of two unknots, that is, in the Chern—Simons ensemble ([1.3)) with the insertion of
two Schur polynomials. This probability must be normalized by Zcg - (W, W,).q and not
only Zcg. Therefore, the LSZ matrix model with general assignment of the external matrices,
divided by the Chern—Simons partition function, is proportional to the two-unknot invariant
weighted by the probability of large deviations in the random matrix description of such
topological invariant. The proportionality constant yields an elementary dependence on the
size N and on the free parameters of the generalized LSZ theory.

We emphasize that the LSZ partition function does not compute the (typically small) fluc-
tuations of the largest eigenvalue around the edge of the eigenvalue distribution. Equivalently,
in the Coulomb gas picture, the LSZ partition function does not describe the fluctuations of

PrObCS (fEmax < _’Y) s

(W, W, >cs
- 1. P b max S - )
dim 2 dim robcs;w, w, (z 20)
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the rightmost charge around the equilibrium. What it gives is the probability of an atypically
large fluctuation, with the greatest eigenvalue moving deep into the bulk of the eigenvalue
distribution. This is a g-analogue of the large fluctuations in the GUE discussed in [24}68]
(see also [69,[70]). Besides, we underline that, differently from [24] where a large deviation
from the equilibrium configuration is of order ~ /N, in the g-analogue the support of the
eigenvalue density grows as N g, thus large deviations from the equilibrium are of order ~ N.

Now, if we consider equation (4.5) without Schur insertions, ;4 = () = v, then, changing
variables u; = e¥i—(m*+2N=1)/9> 18] ‘it is well-known that we have a standard-random matrix
ensemble with a log-normal weight, named Stieltjes—Wigert (SW) ensemble. That is:

N
(4.16) Z1sz2(0,0) = By / I (w-w? Haa“nuﬂ du,

N
[s:00)" 1<jck<N j=1

m24+2N-—1

for gg=1/g> and s=e ¢ , and with

By = (47r)*N2 exp [2Ng2 (m* —1) (m* + 2N — 1)] .
Note that a SW ensemble is not centered around 0, as the weight is supported on u > 0.
Therefore, up to a proportionality factor, the LSZ partition function Zygz(0, () normalized
by the SW partition function gives the probability of atypically large fluctuations of the
eigenvalues away from the left edge at u = 0, with the smallest eigenvalue deep into the bulk,
Umin > S, in a Stieltjes—Wigert ensemble:

Zrsz(0,0)
Zsw

To evaluate this quantity numerically at finite /V, it is convenient to rewrite the integrals in
the numerator and denominator of Probsw (umin > s) as determinants [21], obtaining:

) 1 2
detlgj,ng [fsoo wTk—2¢" 345 (Inu) du}

= By Probgw (umin > ).

Probgw (Umin > S) = 0o — = (Inw)?
detlSj,kSN |:f0 u]-‘rk?—Qe 29s d’U/i|

NdetlgijN [e%(j+k_1)2erfc (, / %S(mZ +2N —j — k:))}

pu— 27
deticjr<n [e%s(ﬁ’f*l)?]
In the latter expression, erfc(z) = 1 — erf(z) is the complementary error function. The
denominator is known, and is readily extracted from Eq. (4.12)). We obtain:
q%(2N2—1)

Probsw (umin > S) = N — . .
2N (1 — q) 2 WD (1 — ¢f)N

x  det [eg;(j+k_1)2erfc ( &(m2 +2N —j— k‘)ﬂ )
1<j,k<N 2
and we recall that ¢ = 9% and the argument of erfc is related to s through Ins = g4(m? +
2N —1). We plot the logarithm of this probability at finite N in figure I} It is also clear
from the definition of s that the role of any fixed m? becomes less relevant as N is increased,
unless m? itself is increased linearly with IN. This aspect is shown in figure

We stress once more that the present setting is very different from the study of (typical)
small fluctuation of the largest or smallest eigenvalue around the edge, which are suppressed
by inverse powers of N. See [24,/69] for thorough discussion on this point, and [71] for
further insights in the theory of large deviations. In the more general case, Zrgz(p,v) is
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FIGURE 1. ——l ZBLSZT(M) as a function of the coupling gs at m? = 0. The

curves correspond to N from 2toT.

m?=2 mt =541
N N
25 — N=2 — N=2
~— N=3 — N=3
20} Nt — N=4
—__ N=5 — N=5
— N=6 — N=6
— N=7 — N=7
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FIGURE 2. — x5 In %}\S]ZT(S@V’? as a function of the coupling gs at m? = 2 (left)
and m? = % + 1 (right). The curves correspond to N from 2 to 7.

proportional to the probability of a large fluctuation of the eigenvalues away from the left
edge in a SW ensemble deformed by the insertion of two Schur polynomials s, (u1,...,un)
and s, (ug,...,un).

4.5. Large N limit. In the LSZ model, the parameter N regularizes the path integral of
the NC field theory, as discussed in section [2l Therefore, it is natural to consider the large N
limit of Z157(0, (), and more generally of Zg7(u, ). In turn, the probabilistic interpretation
of the Chern—Simons theory observables also calls for a large N analysis, from the perspective
of large deviations theory [71].

The knowledge of the large N solution of the matrix model 21,57 (x4, ) on either the complex
matrix model side or on the side of the probability in Chern—Simons observables, would
directly provide the solution on the other side. However, there are difﬁculties in solving
the large N limit from both perspectives. As mentioned in subsection {4 and already
observed in the original work [9], a dlfﬁculty in the study of the LSZ part1t10n function,
generalized to arbitrary external matrices F, E, comes from the presence of E, which prevents
a reformulation of the model in terms of a single Hermitian matrix M TM . Therefore, it
becomes hard to solve the large IV limit of the matrix model explicitly, using for example the
loop equations (that are zero-dimensional Schwinger-Dyson equations) [72] when E # 0. For
E =0, the large N solution has been found in [9], but this choice does not yield meaningful
observables in Chern—Simons theory.
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Taking the converse route, we could try to analyze the large N asymptotics of (4.16)),
adapting the argument of [24] to the present case. This would amount to solve a constrained
extremization problem defined as follows. Write

t=g,N=N/g>,  z=logs=gs(m”+2N —1)

and take the large N 't Hooft limit of keeping t and z fixed. Let pgw(u) be the
constrained SW eigenvalue density at large IV, supported on the interval [z, L(z)]. We have
stressed the dependence of the upper bound L(z) on z, and let the more standard dependence
on the 't Hooft coupling ¢ implicit. Then psw (u) solves the saddle point equation

’ . u—u 2t u '

with the symbol P [ meaning the Cauchy principal value integral. The upper boundary of
the support L(z) is fixed as a function of z and ¢ by the normalization condition

L(z)
/ du psw(u) = 1.

This problem cannot be solved by the method of [24], because of the non-polynomial form
of the right-hand side of . More precisely, the extremization problem described by the
saddle point equation does not satisfy the hypothesis of Tricomi’s theorem. A complete
solution at large N would entail an extension of the method applied in [24,68| to g-ensembles.

There are, nevertheless, two simplifying limits in which the matrix model becomes tractable
at large N:

e The g?> — oo limit. The interaction term in the LSZ action dominates, and the fields
become non-dynamical. This corresponds to gs — 0, that is, ¢ — 1 from below. In
this limit, we recover the Gaussian ensemble from the SW ensemble (up to an overall
factor, readable from (4.12))), and the results of [24] directly apply to the present
setting.

e The ¢g> — 0 limit. The quartic interaction should become tractable in standard
perturbation theory in the LSZ field theory. From the Chern—Simons perspective,
this corresponds to gs — oo, equivalently ¢ — 0 from above, and simplifications take
place.

In the first case, the eigenvalue density is [24]
1 [L(z)—u
li =—/——[L(2) — 2
gsglé+ﬂsw(u) oo\ Ty = L(2) —z 2],
with L(z) = 2v22+6 + 32, and now z = v/v/N. From [24, Eq. (58)] and a change of
variables  — \/2gs;x we have

In Probes(zmax < —7) = In Probes(Zmin > )

N? N?
~ 7111%5 -+ [3622 A (2 1)V + 6427 [ln18 - 21n< 2216 z)”
in the N — oo and gs — 0 limit. This formula together with (4.13]) describes the large N
limit of the LSZ model in the strong interaction regime g? — oo.
The converse limit g — oo, that is, g> — 0, can be analyzed as well. Changing variables

x — +/2gsx in the CS ensemble and using

2sinh <,/g;(a:j - mk)> A exp <1 / %Lﬂ:] = xk)
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when gs — 0o, we get

-1 N A{ZTN s NTQ s
./’:’Lsz(q),@)z((4)#)32\72 (%) /(OO ’Y]N'dej exp Zx +\/?Z\xj—xk\

J#k
The latter expression describes the partition function of a constrained one-dimensional Coulomb
gas [73.[74], corresponding to placing a hard wall at = —v in a jellium model [75]. Here we

derive the large N asymptotics at leading order for this constrained model.

Assuming z grows as x = EN® in the large N limit, for some o > 0 and fixed &, the first
term in the exponential grows as N'T2%, while the second term grows as N>t®. A non-trivial
saddle point exists for & = 1. Therefore, the large N limit in this large g, regime is governed
by the eigenvalue density po(&) that solves the saddle point equation

\/?/ A€’ po(&)sign (€ — €) = €,

with, this time, z = /N, for the scaling of v with N to be consistent with the growth of
the eigenvalues. Splitting the integral in two pieces, with & < £ and & > £ respectively, and
taking the derivative of the saddle point equation in the interior of the domain, z < £ < L(=z),
we find )

V29s

po(§) =

The normalization condition then imposes

L(z)
[ m©=1 = L) -2 = .
With this eigenvalue density we obtain
In(~1)" ZLs2(0,0) ~ —N* [ + 21/29, + %

at leading order in N and in the large g; regime.

The complete solution will then interpolate between this two limiting situations. The N2-
behaviour will correspond to small 't Hooft coupling, ¢ — 0, while letting ¢ grow linearly with
N will give back the N3-behaviour.

4.6. Energy levels of the generalized LSZ model. To conclude this section, we briefly
comment on the interpretation of the generalized result in terms of the LSZ noncom-
mutative scalar field theory [8,9]. The absence of a preferred temporal direction in the Moyal
plane prevents us from a meaningful Hilbert space picture of the partition function ,
and of its generalization as well. However, we can still provide an interpretation in
terms of energy density levels. The system in facts splits into two clearly separated (on
the LSZ side) contributions: a Landau Hamiltonian density and a quartic interaction term.
Throughout the solution, the former is encoded in the Vandermonde determinants, together
with the Schur polynomials in the most general case, while the interaction appears as the

Gaussian measure in (|1.3]).

In the pure LSZ case, with both external matrices with harmonic oscillator spectra, the
Landau levels are %, being # the noncommutativity parameter (recall the details from
section . Introducing equal partitions u = v to generalize the external matrices would

correspond to a distortion of the Landau spectrum. As an example, the insertion of an

antisymmetric partition g = (1,...,1) shifts the whole spectra by one level in the negative
direction; as shown in Appendix [A] this corresponds to a renormalization of the mass. The
symmetric partition x4 = (N,0,...,0) determines the same spectrum, although obtained

by taking the highest energy level and sending it to the bottom. Moreover, the triangular
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partition u = (N — 1, N —2,...,1,0) sends all the Landau levels to the lowest one. More in
general, any triangular partition with rows with decreasing number of boxes from N —ng to 1,
1 < ng < N, and the remaining rows void, introduces a cutoff at the ng-th Landau level and
projects all the higher energy states onto it. We underline that such cutoff, determined by
the choice of partition u, is intrinsically different from the naturally induced short-distance

216
cutoff |/ =17~.

5. SOLUTION OF THE SUPERMATRIX MODEL

The goal of the present section is to extend the analysis of the LSZ matrix model developed
in section [4] to the supermatrix model

Zoisz <E E) - / DMDM' exp (—(M + Np) STr {MEMT +MEM 4V (MTM) })

introduced in Eq. (1.2)). The integral is over complex supermatrices of size (N7 + Na) x (N7 +
N3), and the external supermatrices F, E have Nj + Nj real eigenvalues each, which we write

as ﬁ (n¢,&r) and ﬁ (ﬁg,&) for E and E respectively. We use indices ¢ =1,..., N

and r = 1,..., No. The potential V has a quadratic and a quartic interaction, as in (4.1).
We write the partition functions of ordinary matrix models with curly Z and supermatrix
models with bold Z.

In the next subsection we present a few generalities about supermatrices, then we will
extend the derivation of section [4] to the sLSZ supermatrix model, this time establishing a
connection with ABJ(M) theory.

5.1. Supermatrix models. We now introduce supermatrices and supermatrix models |76},
77). We consider the general case of (N7 + N2) x (N7 + Na) supermatrices, which can be

defined in the block form
(A ¥
M= (x B> ’

where A and B are respectively N1 x N1 and Ny X No complex matrices with bosonic entries,
and ¢ and x are respectively No x N7 and Ni x Ny matrices with fermionic entries. The
supermatrix M is acted on by the unitary supergroup U(Ni|N2)iett X U(N1|N2)right- The
supertrace operation is

STrM =Tr A—"Tr B,

and the integration measure DM DM is the product of Haar measures
DMDM' = DADA"DBDBI Dy Dy.

We will need the supersymmetric version of the Harish-Chandra—Itzykson—Zuber formula
(4.3]), which reads [78,/79]

(5.1)
[dU]exp {—(N1 + N2) STr (EUYU)}
U(N1|N2)
_ Hévzll f“V:Ql(yZ — ’ZT) Hé\f:ll H'/{V:QI("% — 67") —4TNeY 1 ATz,
= CNn R AT A A et ) ot ()

where F and Y are supermatrices with eigenvalues %(ng,&) and (yy, z,) respectively, for
{=1,...,Nyand r =1,..., Ny, and the coefficient is

(47r) N1z
CN1N2 = N1(N1—1) Na(Na—1)
(4m) 2 (—dm)

G(N1+1)G(N2 + 1),
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where G(+) is as usual the Barnes G-function. The factors Ay are Vandermonde determinants,
introduced in (4.2). We note the appearance of the terms

ANI[ ]ANz[ ]
H r= l(yf _ZT)

and likewise for (7, ), which is the superdetermlnant (called Berezinian) version of the Van-
dermonde. When N» = 0, formula (/5.1]) reduces to the well known HCIZ formula (4.3]).

5.2. General solution. We now focus on the supermatrix model Zg g7 defined in ((1.2)), and
solve it as we have done in section [ for the LSZ model.
We first rewrite the partition function asﬂ

Ny
Ap, | ] An, [2]? 2,82
ZLSZ E E / / E 2 | | m? Ye ygdyg | | em 2r+ sz
) 0,001 J[0,00)N2 [T}

r= l(yf_zr)z =1

X / [AU] exp (—NEUQTYU2> / (AU ] exp (—NEUlTYU1>,
(N1|N2) (N1|N2)

and then apply the supersymmetric HCIZ formula (5.1]) twice. As in section {4 we simplify
the Jacobian with the denominator coming from (j5.1]), and obtain

S i
e AN1[ ]ANI[S]A]\@[ ]ANQK]

ol 52 32,2

% —MYe—5Y; det —4mney e det —Amiey

/[O oo)M1 gl_I1€ v 1§€7;§N1 (6 ) 1SE7E?SN1 (6 )

N2 =2 -

X / H eﬁQZ*+97ZEdzT det (64”5’"ZT’) det (64”5’"”””) .

[0,00)N2 /=7 1<r,r"<N» 1<r,r’<N»

We now assume the eigenvalues of the external supermatrices F, E are NﬁCNz times integers,
and we rewrite them in the form

(5.2) Ne = p1ye + N1 — £, & = Moy + Ny — 1
‘ ﬁ£:V1;£+N1_Ea ér:VQ;T+N2_T7

which is the obvious extension of (4.7). In our conventions, the partitions with subindex 1
have rows labelled by ¢ = 1,..., N7 and partitions with subindex 2 have rows labelled by
r=1,..., No. We again recognize the Schur polynomials,

- , o TLE TTN2 (e — €) (e — &)
Zasz (E.E) = :
w2 (B, E) = Gl A AN [E]A n, [7] A, €]

Ny 9
2 _ _ _ _ 2y, — 922
x/ AN, [€Y]7 sy (€79 e N)s, (e79 e le)He Yem T Ve dy,
[0,00) M1 =1
N
212 21 ZN 21 ZN. m22T+£z2
X A, [€*]7 su, (e, ... e*N2)s,, (e, ... e 2)He 2 %rdz,
[0,00) N2

where we defined the parameters m and g as in (4.6|) to reabsorb the factor 47, and

G(N1 + 1)2G(Ny + 1)?
N1N2 (47T) (NIJFNQ)C?\HNQ = ( (47T)()N1_(N2)2 )

4The Jacobian is the squared Vandermonde Berezinian, see |76, Sec. 4] and references therein.
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We see that the present setting closely resembles what we obtained in section [4, now with
two sets of integration variables and two pairs of Schur polynomials. In fact, the integrals
over the two sets of variables are factorized, and we may give the result as a product of two
copies of the result in section [

However, we follow a different path and assemble the two pairs of Schur polynomials
into two supersymmetric Schur polynomials labelled by representations of the supergroup
U(N1|N2), see [80,[81] for definitions and properties. Irreducible U(N;7|N2) representations
are classified in typical and atypical, and here we need the typical ones. The two typical
representations that appear in our computations correspond to the Young diagrams

w= (K“ + :ul) U >‘a
v=(R+uv) U,
where x and K are rectangular N; x N, diagrams. This means that the Young diagram p
is composed by a rectangle x, a Young diagram p; on the right of it and another diagram
A below it, and analogously for the Young diagram v. For these typical representations, the
supersymmetric Schur polynomials decompose as [80,81]
N1 No
Sp(e¥r, ... e¥Ni]et L e N2) =5, (e¥h, L. eV ) sy (e .. e N2) H H (e¥ 4 e*r),
(=1r=1
Ni N
Sy(e¥h, ... e¥Nile™t L e™Ne) =5, (e ... e¥ V) sy, (e, L, eN2) H H (¥ +e*),
(=1r=1

where S, S, are the supersymmetric Schur polynomials and X', N are the conjugate partitions
to A\, . Therefore, identifying the generic A, A to be u} and v/ in our case, and following the
same manipulations as in section |4}, we rewrite Zgr,g7 as

Mo 2, V2 o2, 2

e 2 %dx; H ez Yrdw,

Zarsz (1,1) = A,y (1:) X /
=1 r=1

(_007_’71]1\]1 /(71700]N2 i

(5.3) Mhigjasn (2sinh (%))2 [Ticresen, (2sinh (252))?
Hj»v:ll 122, (2 cosh (LQW>)2
X S (e, L et N L e N2) S (e et N e L et N2,
with 7, = m? — Ny + 1, a = 1,2, and the overall coefficient being

e T T2 (e — &) Gl — &)
AN, N, (1,v) = (1)1 Clyy n, AijANl[g]ANZ[ﬁ]ANQ[g]

2 2
YiN1 — 73 No
< exp ( T (] + o) + e (] + |V2|)>

2

— (_1)N1 Hé\f:ll 7]~V=21(77€ - fr)2<ﬁe - 5)2
(47)(N1=N2)? dim . dim v

(M

X exp 5

For the second equality, we have written the contribution from the eigenvalues of the external
supermatrices E,E‘ in terms of the partitions pu,v, and noted again that the Barnes G-
functions coming from the dimensions of the representations cancel with those arisen from
the supersymmetric HCIZ formula, precisely as in the ordinary matrix model of section

T (el + D l) + 7 (el + |u2|>) .
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To arrive at we have first shifted both sets of variables and then reflected the first
set. If we go back to equation and define po.,, 1o, from &, &, with opposite sign, we get
to an expression analogous to but with both (z1,...,znN,) and (wy,...,wy,) integrated
over the same domain. In each case, we have to first change variables and then insert the
supersymmetric Schur factorization identity.

Comparing with [62], we rewrite the expression in the form

(5.4)  |Zorsz (1,v) = Anyn, (15 V) Zagy <WuWu Lo,y 1 (@), s)Na (W)>

ABJ’

where (- - -)apy is the average in the ABJ matrix model (L.4), and I (_ oo,y (@) (respectively
I, soyv2 (w)) is the Ni-dimensional (Np-dimensional) indicator function. Besides, W), is
the trace of the holonomy of a superconnection along an equatorial circle inside S3, in the
representation p of the supergroup U(Nj|N3), which describes a Wilson loop in ABJ(M)
theory [82,/83]. Previous works on averages of supersymmetric Schur polynomials over the
ABJ(M) ensemble include [84-86].

The probabilistic interpretation of the result in terms of large deviations away from
the equilibrium in the ABJ(M) matrix model with supersymmetric Schur insertions, follows
directly from the discussion in subsection In particular

Zg.sz (1, v)

ZABJ - ANl,NQ (M7 V) <W[LWV>ABJ PrObABJ;WMWV (xmax S —71; Wmin 2 '72)7

hence the supermatrix model ((1.2) measures the probability of atypically large deviations
from the equilibrium in the random matrix description of two supersymmetric Wilson loops
carrying two U(Nj|N3) typical representations. The specialization to two void partitions
implies

Zsisz.(0,0)

7 = ANl,Ng (®7 (D) PrObABJ(xmax < =1, Wiin = ’72)~
ABJ

Remark. Throughout this section we defined and analyzed a supermatrix version of the LSZ
model. It would be interesting to derive the supermatrix model (1.2 from an extension of
the LSZ scalar theory to a noncommutative superspace.
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APPENDIX A. SCHUR POLYNOMIALS
Here we include explicit formulas involving Schur polynomials [61].
A.1. Spectral shift and rectangular Schur. A simple identity of Schur polynomials

quickly shows what occurs if, in the case of a equispaced, harmonic oscillator spectra, we
have a global overall shift in the spectrum (that is, a different zero point energy). If we have
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a rectangular partition of length N, (1, ...,1) which we denote by I’V then, assuming that \
is a partition of length equal or lower than N, it holds

N
Sy (e, e™) = Helxisu(exl, ey €N,
i=1

Therefore, an overall spectral shift by an integer [ in one external matrix, corresponds to a
renormalization of the mass parameter m? — m? — [.
Another useful identity is [61]

(A.1) su(ce®, ... ce™) = c“"su(exl, S, e,

A.2. Dimensions. The value of s (1,...,1) gives the dimension of the irreducible represen-
tation of U(N) with highest weight A. Using Weyl’s denominator formula

[Licj (i — 1)
[Lie;(i—5) "~
where pu; = A\; + N — 4. Thus, it can also be written as

. 1 S
S)\(l,...,l)—dlmA—mH(AZ—AJ—Z‘F]),

i<j

sx(1,...,1) =

where G(+) is the Barnes G-function.

A.3. The Hopf link invariant. We consider the Chern—Simons matrix model with two
Schur insertions, and show that it computes the Hopf link invariant [62]. First, to deal with
the inversion of variables appearing in a Schur polynomial, we can use the identity [61]

N
Sy (mfl, ... ,mjvl) = ij_'/ls,,* (z1,...,2N),
j=1

where the starred partition is defined as
V* = (Vl — UN, 1 —I/N_l,...,O).
Then the following holds:

PRp— 2 N
/ H <2sinh <z]2zk)> su(ezl,...,eZN)sy(ezl,...,eZN)Hei2slzs‘212'dz]-
[0,00)

N .
1<j<k<N =1
z V4 2 N 1 .2
. i — 2k B _ 12 _
:/ H <281nh (]2>> Su(€Z1;"°7€ZN)SI/* (e Zl,.'.’e ZN)HB QQSZJ+V12]de
[0,00)V 1 <jch<N ol
2 N
Nuzq. L 1
19s . w wk 12
=€ 2 / H (2 sinh <32>> H e 205" dw;
[_VIQS»OO)N 1<j<k<N j=1
X 8, (ew1+1/1gs’ o ’ewN-H/lgs) Sy (e—wl—mgs’ e e—’lUN—Vlgs)
Ww; — Wk 2 1,2
=" * 3 J — —w?
e ul [T (e (25)) [T
[—v19s,00) 1<j<k<N j=1
w w —w —w
X s, (e, ... e N)sl,*(e Lo...,e N),
Nz/% s

g .
where C¥ (|ul, [v*]) == e 2 119:(1=""D " Plugging this calculation in equation ([@.8) pro-
vides an equivalent interpretation of Z1sz(u,v) in terms of the Hopf link invariant carrying
representations p and v*. We also note that, in this interpretation, setting v = pu, which
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corresponds to two external matrices with equal eigenvalues, would not lead to the diagonal
part of the Hopf link invariant, due to the appearance of the starred partition.

For the sLLSZ model instead there is no equivalent interpretation in terms of the Hopf link
with one starred partition. This is because, if we invert one set of variables in , trading
the partitions 1,1, for vy, v;, the factorization of the supersymmetric Schur polynomial
would bring one product with inverted variables, [],, (e7® + e7*r), and we would not arrive
at the ABJ matrix model.

Recall that Chern—Simons observables depend on framing [63]: the relation between such
dependence and the modular matrices is given in [87]. Observables in the matrix model
description are not in the canonical framing, and the (usual) Hopf link average is:

<W/LV*>CS = (TST)MV*

in terms of the modular S, T matrices of the Wess—Zumino—Witten (WZW) model [88]. In the
general case, the framed Hopf link comes as T"™ ST™2; if ny = ne = 0, that is, the canonical
framing in S3, it is exactly the modular S matrix, while if n; + ny = 2, the framing is the
U(1)-invariant Seifert framing [89]. This is the case of the matrix model description.
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