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TOEPLITZ MINORS AND SPECIALIZATIONS OF SKEW SCHUR
POLYNOMIALS

DAVID GARCIA-GARCIA AND MIGUEL TIERZ

ABSTRACT. We express minors of Toeplitz matrices of finite and large dimension in terms of
symmetric functions. Comparing the resulting expressions with the inverses of some Toeplitz
matrices, we obtain explicit formulas for a Selberg-Morris integral and for specializations of
certain skew Schur polynomials.
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1. INTRODUCTION

Let f(e") = 3 ,cz dre™ be an integrable function on the unit circle. The Toeplitz matrix
generated by f is the matrix

T(f) = (dj—r)jr>1-

That is, T'(f) is an infinite matrix, constant along its diagonals, which entries are the Fourier
coefficients of the function f. We denote by T (f) its principal submatrix of order N, and

Dy (f) = det Tn(f).

This determinant has the following integral representation

L1 o o e, i0; iy
DN(f):/U(N) FM)AM = MW/O /o Ef(e ) T 1€ = e Pdoy...doy,

1<j<k<N

where dM denotes the normalized Haar measure on the unitary group U(N). This is known
as Heine identity. A main result in the theory of Toeplitz matrices is the strong Szegd limit
theorem, that describes the behaviour of these determinants as N grows to infinity, as long as
the function f is sufficiently regular (see section for a precise statement of the theorem).

A Toeplitz minor is a minor of a Toeplitz matrix, obtained by striking a finite number of rows
and columns from T'(f). This can be realized, up to a sign, as the determinant of a matrix of
the form

TN () = (dj-ny—rt) Yot (1)

where A and p are integer partitions that encode the particular striking considered (see section
211 for more details). We denote

DN (f) = det TR (f).

Toeplitz minors also have an integral representation [15] 1]

DY (f) = /U 53 (M)s,,(M) f (M)dM = (2)

(N)
1 1 2T 27 ) ) A ' A A '
m (27T)N / / S}\(e—zﬁ’ . 6—101\7)8“(6101’ . 6@91\7) H f(ezej) H |610j _ 616k|2d91...d9N,
. ‘ ° J=1 1<j<k<N
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where sy, s, are Schur polynomialsﬂ. Bump and Diaconis [I5] described the asymptotic behaviour
of Toeplitz minors generated by functions that are sufficiently regular, as in Szeg®’s theorem.
They proved that in the large N limit, these minors can be expressed as the product of the
corresponding Toeplitz determinant times a “combinatorial” factor, that depends only on the
function f and the striking considered and is independent of N (see section for a precise
statement). Tracy and Widom obtained a similar result in [41], and they were compared in
[17]. Further generalizations regarding the asymptotics of integrals of the type (2)) were given
in [I6}, [30]. Other works that study Toeplitz minors in relationship with Schur and skew Schur
polynomials are [29] 2, [35], 32]

The asymptotics of Toeplitz determinants generated by symbols that do not verify the regularity
conditions in Szegd’s theorem have been long studied. In the seminal work [21], Fisher and
Hartwig conjectured the asymptotic behaviour of Toeplitz determinants generated by a class of
(integrable) functions that violate these conditions. The functions in this class are products of a
function which is regular, in the sense of Szegd’s theorem, and a finite number of so-called pure
Fisher-Hartwig singularities. Their conjecture was later refined in [6] and [7], and only recently
a complete description of the asymptotics of these determinants was achieved by Deift, Its and
Krasovsky [18]. See [19] for a detailed historical account of the subject.

In this paper we exploit the formalism of symmetric functions to study Toeplitz minors.
After section [2, where some known results are reviewed, we obtain an equivalent expression for
the combinatorial factor of Bump and Diaconis in terms of skew Schur polynomials. This is
done in section [l where we also characterize (i) a class of Toeplitz minors for which an exact
asymptotic expression can be obtained, and (i7) a class of Toeplitz minors that can be realized
as the specialization of a single skew Schur polynomial. In section d] we compute the inverses of
some Toeplitz matrices, using the Duduchava-Roch formula and the kernel associated to two sets
of biorthogonal polynomials on the unit circle. Comparing these matrices with their expressions
in terms of Toeplitz minors we obtain explicit evaluations of a family of specialized skew Schur
polynomials and of a Selberg-Morris type integral.

2. PRELIMINARIES

2.1. Symmetric functions. Let us recall some basic results involving symmetric functions
that can be found in [31, 38], for example. We denote z = ¢ in the following, and treat z as a
formal variable. A partition A = (A1,..., ;) is a finite and non-increasing sequence of positive
integers. The number of nonzero entries is called the length of the partition and is denoted by
I[(\), and the sum [A] = A1 + -+ + Ny is called the weight of the partition. The entry A; is
understood to be zero whenever the index j is greater than the length of the partition. The
notation (a®) stands for the partition with exactly b nonzero entries, all equal to a. A partition
can be represented as a Young diagram, by placing A; left-justified boxes in the j-th row of the
diagram. The conjugate partition )’ is then obtained as the partition which diagram has as
rows the columns of the diagram of A (see figure 2] for an example). The following procedure
describes how to obtain the Toeplitz minor D]){,’“ (f), given by (), from the underlying Toeplitz
matrix (we assume in the following that the length of the partitions A and p is less than or equal
to N, the size of the matrix under consideration):

IWe abuse notation here; we assume it is clear when the expression f(M) should be read as I1; f(e?%) (ie.

when f is a function on the unit circle) and when it should be read as f(e'%1,...,e"~) (i.e. when f is a symmetric

function in several variables). See [31] and section [Z]] for definitions of Schur polynomials.
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FIGURE 1. The partition (3,2,2) and its conjugate (3,3, 1).

e Strike the first |A\; — p1| columns or rows of Ty max {r, .} (f), depending on whether
A1 — w1 is greater or smaller than zero, respectively.

e Keep the first row of the matrix, and strike the next A\; — Ay rows. Keep the next row,
and strike the next Ay — Az rows. Continue until striking A;(x) — Aja)41 = A(n) TOWS.

e Repeat the previous step on the columns of the matrix with y in place of A\. The resulting
matrix is precisely T]i}’“ (f), as defined in ().

Ifz = (xl,mg, ) is a set of variables, the power-sum symmetric polynomials p; are defined
as pr(z) = ¥ + 25 + ... for every k > 1, and po(z) = 1. They are related to the elementary
symmetric polynomlals ek( ) and the complete homogeneous polynomials h(x) by the formulas

exp (Z Pr(@ ) Z hi(z)z" = H T _1sz = H(z; z),
j=1
exp (Z(_l)kﬂpk ) Zek H(l +x;2) = E(x;2).

7j=1

(3)

We also set px(x) = hi(r) = ex(z) = 0 for negative k. The families (hi(z)) and (ex(z)) where
k > 0 consist of algebraically independent functions. Hence, we will see H and F as arbitrary
functions on the unit circle depending on the parameters x, and we will use indistinctly their
infinite product expression. We note also that these two functions satisfy H(z;z2)E(x;—z) = 1.
The classical Jacobi-Trudi identities express Schur polynomials as Toeplitz minors generated by
H and E

su(x) = det (h]'*kJer (x))j\’[k;zl = D]%[# (H (z; Z)) )
su’(x) = det (ej*kJer (x))j\’[k;zl = D]%[# (E(.%', Z)) )

where (1), (1) < N, respectively, and @ denotes the empty partition. More generally, skew
Schur polynomials can be expressed as the minors

sua(@) = DN'(H(232)),  s(uy (@) = DN (E(z3 2)), (4)

where I(u),l() < N respectively. A skew Schur polynomial vanishes if A ¢ p, which can
be seen as a consequence of its Toeplitz minor representation and the fact that the Toeplitz
matrices above are triangular. A central result in the theory of symmetric functions is the
Cauchy identity, and its dual form

> bty :[[1:1

where y = (y1,y2,...) is another set of variables and the sums run over all partitions v.

> sul@)su(y) = H H L+ 259),

v

1-— xjyk

Gessel [25] obtained the following expression for the Toeplitz determinant generated by the
function f(z) = H(y; 2 ") H(z; 2)

[e.9]

Dy Hl_;kz—ljljll_lw = Y s, 5)

k=1 I(v)<N
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where the sum runs over all partitions v of length I(v) < N. If one of the sets of variables z or
y is finite, say y = (y1,...,¥q), comparing the right hand side above with the sum in Cauchy
identity and recalling that the Schur polynomial s, (y1, ..., yq) vanishes if I(v) > d one obtains a
well known identity of Baxter [§]

d

1
Dy Hl—ykzll—[l—:cz HH (6)

1—z
k=1 k=1 j—=1 JYk’

valid when N > d. Note that the right hand side above is independent of N. An analogous
identity follows if the factor H(x;z) is replaced by FE(z;z), using the dual Cauchy identity
instead. However, no such identity is available for Toeplitz determinants generated by symbols
of the type E(y; 2 1)E(z;2); this will be relevant later.

2.2. Toeplitz determinants and minors generated by smooth symbols. We record now
precise statements of the strong Szego limit theorem and of its generalization to Toeplitz minors.

Theorem (Szegd). Let f(e'?) = 3, ., dre™® be a function on the unit circle, and suppose it
can be expressed as f(e?) = exp(d_pez cre™), where the coefficients cy. verify

ekl <00, > kller]® < oo (7)

kEZ keZ

Then, as N — o0,

Dn(f) ~ exp <Nco + chkck) .

k=1

A function f satisfying the hypotheses of this theorem is continuous, nonzero, and has winding
number zero [I12]. Functions with Fisher-Hartwig singularities need not verify these properties
(see section [£.2)). Under these same conditions, the following theorem holds.

Theorem (Bump, Diaconis [I5]). Let f wverify the hypotheses in the previous theorem, and
suppose A and i are partitions of weights n and m respectively. Then, as N — oo

DN(f) ~ D ()Y S X 252 L AL 6. 0), (8)

dFn YEm

where the sum runs over all the partitions ¢ of n and ¢ of m, the terms zy,zy are the orders
of the centralizers of the equivalence classes of the symmetric groups Sy, Sy indexed by ¢ and
respectively, the functions x*, x* are the characters associated to the irreducible representations
of S and Sy, indexed by A and p respectively, and

o0 {k”kcﬁ@—mkmk!Lﬁs:m“(—kckc_k), if g, > my,

A(f,¢,7) = .
,:L[l km’“c?’“fnknk!LgT’c_"’“)(—kckc,k), if ng < my,

Above, the coefficients ny, my, correspond to the partitions ¢ = (1™ 2"2...) andp = (1712™2 )
a)

in their frequency notation, and Lgl are the Laguerre polynomials [39].

Note that the product in the factor A(f, ¢,) is actually finite, since only a finite number of
ng’s and my’s are distinct from zero for each pair ¢, 1. As mentioned before, we see that in the
N — oo limit the Toeplitz minor generated by a regular symbol factors as the corresponding
Toeplitz determinant times a sum depending only on f and the partitions A, u (and not on N).
The formula (8) can be implemented in MatLab for example, leading to quick evaluations for
values of, say, |A|,|p| = 15. Table [lshows some of these values for particular choices of A and .
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limy o0 DN (f)/ D (f) limy 00 D DY(f)/Dn(f)

Al p Al p

%] O Cc1 g | d 201 + c2

(%] H %C% — C9 g | O % + c1c0 + c3
%] ﬂ %c‘z’ —c1c2 t+c3 %] Bﬂ % i‘—clcg—kc%

. A
A w th%o D" (f)/Dn(f)
H icz 101 +c_1c1 — %c_gc% — %c%l@ +c_9co +1

O

1
| gc_lcl + gc% +c_1c1c0 + o+ c_q1c3

TABLE 1. Some values of the formula (8]).

3. TOEPLITZ MINORS GENERATED BY SYMMETRIC FUNCTIONS

Let us now obtain an equivalent expression for the asymptotic formula (§]) for the case of
Toeplitz minors generated by formal power series.

Theorem 1. Let
fz) = H(w;2)H(y; 271),
for some sets of variables x and y, where H is given by [B), and assume moreover that the

sequences of complete homogeneous symmetric polynomials (hi(x)) and (hi(y)) are square summable.
Then, for any two fixed partitions X and u we have

lim Dy A ZS}\/V )80 (2) hm Dy (f). 9)

N—o0 N—o0

Note that we understand f as a formal Laurent power series whose coefficients are symmetric
functions on x and y, and thus the convergence above is in the algebra of formal power series.

Proof. Let us first observe that the limit limy_,oo Dy (f) in the right hand side of (@) is well
defined as a formal expression, since by the identities of Gessel and Cauchy we have

J v = i, 3 st = I =

(V)N

10
1 —xjyk ( )

We will use the following lemma, that has an elementary proof.

Lemma. Let v be a partition verifying v C (d), and consider the partition vd = (d —
UN,...,d —v1) which is obtained by rotating 180° the complement of v in the diagram of the
rectangular partition (dV). Then the Schur polynomial s, verifies
N
sp(zyty . ayt) = sgalan, ..., 7N) Hmj_d.
j=1
If R, S are two strictly increasing sequences of natural numbers, we denote by detr ¢ M the
minor of the matrix M obtained by taking the rows and columns of M indexed by R and S,
respectively. Using the above lemma with d = max {1, u1} we see that

DY) = [ SODsO0F0AM = [ s, ()5S ODIM = o T(F),
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where the sequences R,S are given by R = (rj)j-v:l =+ MN+1—j)§V:1 and S = (sp)_| =
(k + )\Nﬂ,k)]k\/:l. Since the Toeplitz matrices generated by each of the factors of f verify
T(f(2)) = T(H(y;2~1))T(H(z;2)), the use of Cauchy-Binet formula gives

QAT = X gea T(H 5™ ey T(H 32), (1)

where the summation is over all the strictly increasing sequences T = (t1,...,ty) of length N of
positive integersg. There is a correspondence between such sequences and partitions v of length
l(v) < N, given by vy41-j =t; — j, for j =1,..., N. Thus, for each T we have

(Tieéc T(H(x;z)) = det(hy; s, (m))ﬁ[kzl = det(hHVNH_j,k,)\Nka)(x))é»\szl.

Reversing the order of its rows and columns, we see that the last determinant above is Di}y(H (3 2)).
According to () this is precisely the skew Schur polynomial s,, /x(z), and an analogous derivation

yields detpr T(H (y;271)) = Sy/u(y). We thus obtain

DY) = D" su/u®)sua(a). (12)
I(v)<N

Combining this with the following identity between Schur and skew Schur polynomials (Ex.
1.5.26 in [31])

D s @sn@) =D s W)su(@) D saly)su(a), (13)

where the sums run over all partitions, we arrived at the desired conclusion, upon identification
of the second sum in the right hand side above with the large-N limit of the Toeplitz determinant
generated by f. O

An analogous reasoning shows that identity (d)) holds also for functions of the form
f(z) = B(a; 2)E(y; 27 ),
after taking the conjugate of all the partitions indexing the skew Schur polynomials in the right
hand side of (@).

Let us emphasize that the theorem is to be understood as an identity among symmetric
functions. However, as usual in this context, one can specialize any algebraically independent
family of symmetric functions to any given sequence of, say, real or complex numbers, and extend
@) to an identity involving more general Toeplitz matrices, as long as the formal manipulations
are justified after this specialization (see [38] [40], [4] for examples of this). Let us consider,
for instance, a function f that satisfies the regularity conditions in Szeg®’s theorem. That is,
assume f(e?) = exp (3, cxe™*?), where the coefficients ¢y, satisfy the decay conditions (7). Then,
assuming that co = 0 without loss of generality, we can write f(e'?) = f+(e?)f~(e?), where

fT(e?) = exp <Z ckeik‘g) = 1—|—Zdzeik9, (") = exp <Z cke“w) = 1—|—Zd,§eiik€.

k>0 k>1 k<0 k>1
(14)
Now, recall that the complete homogeneous symmetric polynomials are a complete set of algebraically
independent generators of the ring of symmetric functions. Thus, we can consider the specializations
(@) > df, hy) e dp (k> 0)

on theorem [I] to obtain an identity for the Toeplitz minors generated by an arbitrary function
satisfying the conditions in Szegd’s theorem. Note also that the skew Schur polynomials above

2We are actually using the infinite dimensional generalization of the Cauchy-Binet formula that appears in [40)].
The convergence of the sum in the right hand side follows from the square integrability of (hx(z)) and (hi(y)).
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can be defined in terms of the Fourier coefficients d;, d,, by means of the Jacobi-Trudi identities,
so that the right hand side in (@) is well defined (note that the sum is actually finite for any
fixed pair of partitions A and ). Therefore, we can rephrase theorem 1 as follows.

Corollary 1. Let f(e) = exp (D4 cre™®®), where the ¢, satisfy conditions (@), and define f*
and f~ as in (I4). Then,

A}gnoo DNM(f) = exp <Z keye k) ZS)\/V )8, (), (15)

where now the convergence is the usual convergence in C, and we have denoted by S)\/M(d ) the

determinants
max (I(\),l(v))

sxw(dy) = det (d] vi— k+>\k)j7k:1

Similar examples where an algebraic result concerning Toeplitz determinants is seen to be
equivalent to an analytic one for functions satisfying Szegd’s theorem can be found in [40] [10],
for instance.

We have assumed in the above discussion that f verifies the hypotheses in Szegd’s theorem.
This was necessary in order for the limit limy_ oo Dn(f) to be finite. Numerical experiments
suggest however that (3] holds for more general functions for which this limit is not finite, such
as functions with Fisher-Hartwig singularities. It follows from a generalization of () due to
Lyons [30] that this is indeed true for the case of Toeplitz matrices generated by positive valued
functions (as is the case, for instance, of Fisher-Hartwig singularities with zeros or poles, see
section [£.2)), but we have been unable to extend this result to the most general case of arbitrary
functions with Fisher-Hartwig singularities.

We conclude this section showing that exact formulas are available when the function f can be
obtained as a specialization with a finite number of nonzero variables. There are two possibilities:

e Case 1: There is a factor of the type H specialized to a finite set of variables. Suppose f
is of the form f(z) = H(y1,...,yq; 2~ ')H(z; 2). Then, in the same fashion as in Baxter’s
identity (@), the corresponding Toeplitz determinant stabilizes and we obtain the formula

d

1 7 1
Dy ,}_[1 1—ypz! ]1_[1 1 — a2,z H H 1 — zjy ZSA/v(y)Sﬂ/"(x)’

k=1j=1

that holds for every N > d. An analogous result holds for symbols of the type f(z) =
H(y, . ya; 2 D E(x; 2).

e Case 2: There is a factor of the type F specialized to a finite set of variables. We assume,
without loss of generality, that f is of the form f(z) = E(y1,...,yq;2 D E(2;2). As
mentioned above, no N-independent formula is available for these symbols. However, it
follows from () that

d d 00
_ _ A, _
S(@ )ty W1 -y ) = DR Hyk1H(1+ykz H 1+z2) | =

- Hyk; N yla"'ayd;z_l)E(x;Z))a
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and we see that in this case the Toeplitz minor can be expressed essentially as the
specialization of a single skew Schur polynomial, indexed by the shape

N
/—H

N { ]
Al

A similar identity was obtained in [2]. Comparing with the analogue of equation (I2))
for this symbol we see that (I6) coincides with

d
H yk_N Z Su/u’(yla <oty yd)su/)\’ (1’)7
k=1

vC(N4)

where the (finite) sum runs over all partitions v satisfying [(v) < N and v; < d.

4. INVERSES OF TOEPLITZ MATRICES AND SKEW SCHUR POLYNOMIALS

The usual formula for the inversion of a matrix in terms of its cofactors reads as follows for
the case of Toeplitz matrices
(1k=1),(19-1) ()

(T3 () = V=5

Hence, whenever the inverse of a Toeplitz matrix is known explicitly, formula (7)) yields explicit

(17)

evaluations of the formulas appearing in section Bl In particular, if the function f is of the form
f(z) = E(y1,...,yaq; 2~ 1) E(z; 2), the Toeplitz minor in the right hand side above has several
expressions: in terms of the inverse of the corresponding Toeplitz matrix

DGO (1) = (1 Dy () (T ()41 (18)

as a specialization of a skew Schur polynomial

d
1k),(17 — —
Dy M) = SN NG YL Y T) Hyﬁv, (19)
Y r—1
and as the multiple integral
1%),(19
DEV )i )(f)z (20)
1 1 2m 2m . 4 . . N 4 4 .
MW/ / ek(eﬂ‘gl,...,eil@N)ej(e“gl,...,ewN)Hf(ewf) H e — %240, ...d0
! 0 0 j=1 1<j<k<N

where e;, e, are elementary symmetric polynomials ([B]) (we assume in the three last identities
that N > 1 and 0 < j,k < N). Moreover, formula (@) gives the asymptotic behaviour

min (j,k)
: (1%),(19) oy _ , ;
Jim DYy M (f) = 2_% h—r (y)hj—r(x) lim Dn(f), (21)

where the convergence is as formal series or the usual convergence, according to the context
(note that the partitions indexing the sum in (@) are now conjugated). It would be interesting
to compare Widom’s asymptotic formula for the inverses of Toeplitz matrices [43] with (2I]).
Other work with formulas for the inverses of Toeplitz matrices is [36].
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In the following, we recall some known explicit inverses of Toeplitz matrices and compute
o

another two in order to obtain evaluations for the Toeplitz minor D% )’(11)( f)-

these with equations ([9) and (20) we will obtain explicit formulas for some specializations of

the above skew Schur polynomial and for the above integral for some choices of the symbol f, as

Comparing

well as their asymptotics. We assume in the following invertibility of all the matrices involved.

4.1. Tridiagonal Toeplitz matrices. A simple example is given by the Toeplitz matrix generated
by the function f(z) = E(y; 2 ')E(x; z), where x and y are single (nonzero) variables

1+a2y Y
Tn(B(yiz DE@z) = | = 14ay - |. (22)

In [42] an exact formula for the inverses of banded Toeplitz matrices was obtained (see [32]
for a recent work with a different proof). The inverse of a tridiagonal Toeplitz matrix has an
expression in terms of Chebyshev polynomials of the second kind [39]. These are defined by the
recurrence relation

Unt1(2) = 22U, (2) — Up—1(2) (n>1),

Up(z) =1, Ui(z) =2z

The determinant of the matrix ([22]) is then given by [23]

xy)NtL — z
Dy (B B 2) = Lt - @)V (e g2 ). @)

and its inverse by

gk YT Uja(9Unk(e)
(T&l(E(y- Zﬁl)E(x' Z)))j L (=1 (xy)(k'—j+1)/2 Un(c) (7 <k),
(—1)itk 2I7F Up_1(c)Un—_j(c) > )

(zy)U=FH02 Un(e)

Inserting these expressions in equation (I9) we obtain the following expression for an arbitrary
skew Schur polynomial indexed by a shape of at most two rows and specialized to two variables

svy /) (@ y ) = (ey YRR G0 (OUN max () (€) =

1 min (j,k) N
= 2. @) Y ()
y r=0 r=max (j,k)

for j,k = 0,....,N and N > 1. It is well known that a Schur polynomial specialized to two
variables is equal to a Chebyshev polynomial [26]. We also obtain from formula (2I]) that if
|z], |y| <1 then

N _ g o) GH

; ) -1 —
A sy (Y7 )y = 2ty @y -1

4.2. The pure Fisher-Hartwig singularity. The so-called pure Fisher-Hartwig singularity
is the function

11— P20 (0 <6 < 2m), (24)
where the parameters «, 3 satisfy Re(a) > —1/2 and 8 € C. The factor |1 — €?|?* may have

a zero, a pole, or an oscillatory singularity at the point z = 1, while the factor e?*(?=7) has a
jump if 5 is not an integer. Thus, depending on the different values of the parameters o and
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B, the symbol above may violate the regularity conditions in Szeg6’s theorem. It will be more
convenient to work with the equivalent factorization [12]

(1 _ eiG)'y(l _ 67139)5‘

This function coincides with 24)) if v = a4+ 5 and 6 = a — 3; we will assume in the following
that the parameters v and § are positive integers. We can then express this function as the
specialization

f(2) =¢,5(2) = B(1,..,1;2 Y E(1, ..., 1;2). (25)

Functions with general Fisher-Hartwig singularities are obtained as the product of a function
verifying the regularity conditions in Szegé’s theorem times a finite number of translated pure
singularities of the form ¢, s, (ei(e_eT)). Each of these factors has a singularity with parameters
Y, 0y at the point e,

The inverse of the Toeplitz matrix generated by the pure FH singularity can be computed by
means of the Duduchava-Roch formula [20), 37 [11]

C(y+ D6+ 1)
C(y+d+1)

T((1—2)")MyssT((1—271)°) = M;5T (pq,5) My,

where M, is the diagonal matrix with entries (My)rr = (“Zf}l), for k¥ > 1. Bottcher and
Silbermann [I3] used this formula to give an explicit expression for the determinant of the

Toeplitz matrix generated by the pure FH singularity

Gy+d0+N+1) Giy+1)  G+1)
Gy+d+1) GO+N+1)GO+N+1)

Dy (¢y5) = GIN +1) (26)

where G is the Barnes function [5]. Also the inverse of the corresponding Toeplitz matrix can
be computed explicitly by means of this formula [11]

N

_ Ak Dy + )06 + k) I'(r) yH+r—k—=1\[(0+r—j—1
1 L — (_1)itk § : -\
(TN (90776))%]9 ( 1) F(])F(]C) T:max(j k) F(’}/ _|_ 5 + 7') r— k r _] .
Inserting these expressions in equation (I9) we obtain
GM+N+2) GM-—-d+1) G(d+1)

b (1Y) = G(N +2 2
S&Nv-;vNﬂ)/(’“)( )= GV +2) GM+1) GM —d+N+2)Gd+N +2) 217)
T(M—d+j+1)T(d+k+1) EN: T(r+1) (M—d+r—k—1\(d+r—j—1

r'G+1) I'k+1) (‘k)I‘(M+r+1) r—=k r—7j ’
r=max (7,

for j,k < N and M > d (or M > d, if j = 0). The above formula recovers known evaluations
whenever k£ = 0 and thus the function in the left hand side above is a Schur polynomial (these can
be computed by means of the hook-content formula [38], for instance). Explicit expressions for
such specialization of skew Schur polynomials indexed by partitions of certain shapes have been
obtained recently in [33], and coincide with the above formula when the shapes are the same.
The shapes covered by the above formula are not a subset nor a superset of those considered in
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Using expression (24]), we see that the integral form of a Toeplitz minor generated by the pure
Fisher-Hartwig generality

D?x}“(%,é) = 85 )y (17F0) = (28)

o n )5, (¢ i 0, (—3) i0; |y+6 0, b2

27T / / )su(e H 2 |14 e H "7 — ek |*db;...dON,
J=1 1<j<k<N
is the unitary version of Selberg integral known as Morris integral, with the insertion of two Schur
polynomials (we denote above s, (e??) = s,(e?1, ..., e?~)). Explicit formulas are known [24] for
the evaluation of this integral, with and without the insertion of a single Schur polynomial s,
although its expression as the specialization of a skew Schur polynomial (28]) appears to be new.
We note also that its minor representation allows a direct computation for the case of a single
polynomial

ﬁ T(y+k)  T(@E+N—Fk+1)

F'(y+k—p)T(O+N—k+pue+1)

D]%’M((p%(;) DN 907, su (29)

A proof of this identity is sketched in the appendlx. An explicit expression of the integral (28]
with the insertion of two Schur polynomials is known for the case v = —§ [27]. Substituting
M — d by v and d by 0, formula (27)) gives an explicit evaluation of this integral valid for general
Valuesﬁ of v and & whenever the Schur polynomials reduce to elementary symmetric polynomials

S\ = €k, Sy = €.

4.3. Principal specializations. In order to study the principal specialization z; = ¢’ in the
above formulas, we recall the well known method of Borodin for obtaining the inverse of the
moment matrix of a biorthogonal ensemble. We follow the presentation in [9], where details and
proofs can be found. The starting point is a random matrix ensemble of the form

N
/. . /det (&) Ny det (ny (=) Y,y T £ ()2
j=1

(up to a constant), for a weight function f supported on some domain and two families of
functions (§;) and (7;). If one is able to find two new families ((;) and (¢;) that blorthogonahzeH
the former with respect to the weight f, that is

¢j € Span{&y,....&;}, Y; € Span{ny,...,n;},
30
/ G (2n(2) F(2)dz = b (30)

then the matrix of coefficients of the kernel

N N
W) =Y G(2)rw) = Y eui(2)m(w) (31)
r=1

jk=1

(k)] (/gk 2 (2)f (2)dz >]k 1

If the ensemble is an orthogonal polynomial ensemble, then the moment matrix on the right

satisfies

hand side above is a Hankel matrix, the functions &; and 7; are the monomials 2= and we

3We have only proved the validity of the formula for integer values of v and §. However, by Carlson’s theorem
the formula holds for any positive v and 9.

4Note that we are actually considering biorthonormal functions; we stick to the original terminology of [9] here
and below and speak of biorthogonal functions in the following.
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have that (; = 1); = pj;, the orthogonal polynomials with respect to the weight function f, that
is supported on the real line. The case where the moment matrix on the right hand side above
is the Toeplitz matrix generated by a function f supported on the unit circle corresponds to the
biorthogonal ensemble with functions §;(z) = 2= _1),77j(z) = 27~ Thus, the biorthogonality
condition (B0) amounts to finding two families of polynomials p; and ¢; such that

e I RO TNCOVCOT (32)

Let us remark that only when the Toeplitz matrix is hermitian (that is, when the function f is
real valued), these polynomials verify pj(e_ie) = g;j(e*), the g; are the orthogonal polynomials
with respect to f, and the kernel above is the usual Christoffel-Darboux kernel (see [, 28] for
more details). In general, one needs to consider a biorthogonal ensemble as above. Nevertheless,
one can compute the polynomials (p;) and (g;) in a similar fashion to the orthogonal case.

Lemma. Suppose the determinants Dn(f) are nonzero for every N. Then, the polynomials p;
and g; in B2) are given by

dy d_y d_;
. di do d—(j-1)
pi(z) = : : : :
(D;(f)Dj1 ()12
! ’ dj—1 dj_o d_q
1 z 2!
dO d_l . e d*(jfl)
1 d1 do ce d—(j—2) z
(D;(f)Dja ()20 : :
dj dj,1 e d1 Zj

Proof. The condition on the determinants implies the existence of the polynomials themselves
(see Proposition 2.9 in [9], for instance), and they are uniquely determined up to multiplicative
constants. Hence, it suffices to Verlfy the biorthogonality condition ([32]). We denote

z) = Z a2, Z bk) (33)
r=0

Now, if j > k in (32]) we can rewrite this integral as the sum

27
: pile™)aqi(e) f(e?)do = 1

— X
2m (De(f)Dr4a (£)Dj(£)Dja ()12
do d_1 .. d_;
i ( ) dl dO . e d*(j*l)
by s : : :
r=0 dj—1 dj_o d_q
f erf i0 )do L 027F i(r— I)Gf(ew)d(g o 1 027T i(r—j Gf(eie)da

which vanishes if j > k and equals 1 if j = k, since the last row in the above determinants is
precisely (d,,d,—1,...,dr—;). Analogously, if j < k in (32) the integral equals

do dy oo dogy o [TTeT 0 f(e)dd

do d,(k,Q) 1 027T —i(r— lef(ew)dtg

)

1 J
(Dr(f)Di 1 (/)D; (/) Dy (f 1/22“ :
dk dk 1 .. dy %foﬁ —ir=k)0 (e19)dp
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and again all the determinants in the sum vanish. O

We now use this result to study the principal specialization of skew Schur polynomials indexed
by the shapes considered earlier. We assume in the following that ¢ is a new (real) variable
verifying |¢| < 1. We will denote by I'; and G4 the ¢-Gamma and ¢-Barnes functions [34], that
in particular verify

k; 1— j ) k—1
Ly(k+1) = H](ll(_ q)kq ) _ (iq’_q;‘)“k, Ge(k+1) = ]Hl Ly(G+1), (34)

whenever k is a natural number (we assume that an empty product takes the value 1). The
g-binomial coefficient is then given by
{w} Fy(w+1)

q

L= T, (@ — 25 1) (Re(w) > Re(z) > 0).

These functions coincide with their classical counterparts in the ¢ — 1 limit, that is

imT,(z) =T(z),  limGy(z) = G(z), lim H = (“)

q—1 q—1 q—1 |z q z

for all the w and z such that the right hand sides above make sense. We consider the following
specialization [22]

§
5
F(2) = 0,5(2) = BLgy o 2 ) Ba g nqi2) = S |0 7| g2k,
: 25k,

for some positive integers v and d. The Toeplitz determinant generated by this function equals

GyO0+y+N+1) Gu(6+1) Gy(v+1)

D = N+1
N(©0) =GN )= ) G AN 4 D) Gyl + N 1)

and the biorthogonal polynomials p;, g; are given by

oy — (@ D55 (4 D P& e ] @D (@ Ds+j—r-1_;
p]()_<(Q§Q)j(Q§Q)5+v+j> ;]( D Mq(q;q)w‘ (Ga)s—1 )

0i(2) = ((q; D545 (4 q)»m)m ZJ:

(450)5 (@5 @) 64y+5 ’

(1) H (@ Qyjmrot (GDsar 7 s
q

—~ rly @@y—1 (G @o+;

where (q;q) is as defined in (34). The last three identities can be proved directly from their
determinantal expressions. We do not include the computations here but point to the second
method of proof in [14], that can be generalized to the present setting. A similar computation
is included in the appendix as an example. Recalling the notation (33]), we have that the kernel
(31 is then given by

N N N
KN—H(ZaW) = Zpr(z)%ﬂ(wfl) = Z Z ay)b,(:) Ak =
r=0 J,k=0 \r=max (j,k)

N

Z Z (—1)7tk L0+ 7+ DI(y+E+DI(r+1) ['y +r—k— 1] [5 +r—j- 1] ik

Pyl Wt Lo+ Dlg(k+ D)0 +~v+7+1) r—k r—j
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Moreover, the coefficient of 27w~ in the above sum is the (j + 1,k 4 1)-th entry of the inverse
of the matrix Tny1(0©,,5). Inserting this into expression (I9) we obtain

SN (L) =
d
G (M+N+2) G (M—d+1)  Gy(d+1)
G, (M +1) Gy(M—d+N+2) Gy(d+ N +2)
N

3 Ty(M —d+j+1)y(d+k+1)Ty(r+1) M—d+r—k—1] [d—i—r—j—l]
Le(j+ 1)k +1)Ty(M +r+1) r—k ‘ r—j ¢

qdjf(dfl)k+d(d71)N/2Gq(N + 2)

r=max (j,k)

for j,k < N and M > d (or M > d, if j = 0). As expected, this expression coincides with (27
in the ¢ — 1 limit. Also, as above, the formula recovers known expressions whenever k = 0
(and thus we have a Schur polynomial, comparing again with the hook-content formula [38], for
instance). Finally, it follows from (2I]) and the Cauchy identity that

M-1y —Nd(d-1)/2 _
N—oo )q

lim sy vy (1 g
d

U IE Gy(d+ )Gy(M —d +1) ming(fk)q—r[M_d”—”l} [d%_“l} -
q q

(1 — q)dM—d) Gy(M +1) o j—r k—r
Note that inverting a Toeplitz matrix by means of the kernel ([BI]) is a general procedure that
can be used to obtain explicit evaluations of other specializations of the skew Schur polynomials
of the shapes considered above, as long as the biorthogonal polynomials (32]) are available. In
particular, the results in subsection for the pure Fisher-Hartwig singularity can be obtained
in such a way. The biorthogonal polynomials can be obtained] as the ¢ — 1 limit of the
polynomials (B5]), leading to the same formula (27]).

Finally, taking into account that only one set of variables in the specialization of f needs to be
finite in equations (I8))-(21)), we can study the principal specialization of the above skew Schur
polynomials with an infinite number of variables. To do so, we consider the specialization

0 FOHkG-1)/2

2)=05(z)=F 1,q71,...,q7(571);271 E(d, ¢, .. 2) = e 7,
f(z) = ©5(2) = E( )E( ) kz_:é G n

for some positive integer §. The Toeplitz determinant generated by this function is

1 G(6+1)Gy(N +1)

Dn(Bs) = 1—qN G,6+N+1)

and the biorthogonal polynomials on the unit circle with respect to this function are given by

_ (q; Q)5+j 2 j+r J (Q§Q)5+jfr71 —(6=1)(j—r) 7
piz) = (=2 D (=D g 2
q

(¢:9); = rlg (@951

gi(z) = (W) v Zj:(—l)”” H q(q; Q)s4rq’V 2"

(G Dss) =

5In the hermitian case ~v = §, where the polynomials are a single family of orthogonal polynomials, one recovers

1/2

the family $,%(z) introduced in [3] after substituting ¢ by ¢'/2, z by ¢~ /22 and a by ¢".
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Again, these expressions can be verified from their determinantal formulas. The kernel in this
case is then

N N ‘ 5 :
Kvin(znw) = S | 3 (m1)ithgrto-ni-oh (43 9)s+k [ r ] [ +r—j- 1} ik
j,k=0 \r=maxjk (C]; Q)j r—k q "= '] q

Inserting this in equation (I9) we arrive at

SN N ) (L) =
——

d

N .

gl I AR ONT2 Gy (N +2)Go(d +1) (43 @)ask > ] d+r—j—1

(1 — g)dN+D) Gold+N+2)  (g:9); , r—k r—j '

r=max (j,k) q q

Once again, this identity coincides with the one given by the hook-content formula for £ = 0. It
follows from (2I)) and the Cauchy identity that

—Nd(d-1)/2 _
N—oo

im sy ~j)/k)(1 g - )a
N

d

. 1 — g)dd=D/2G (4 4 1) ™nldk) 1 [d+k—r—1
qdjf(dfl)k( q) g ) Z —r [ } 7
q

q
CROES o (G9)j—r k—r
where (¢;q)oo = [[oe4(1 — ¢*) denotes the Euler function.
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APPENDIX: DIRECT COMPUTATION OF A MINOR GENERATED BY THE PURE FH SINGULARITY

We now sketch a proof of identity (29). We follow the second of the two proofs given in [I4]
for the corresponding Toeplitz determinant. We include this computation to showcase how the
Toeplitz minor structure can be exploited to obtain evaluations of the more complicated objects
considered (i.e. multiple integrals, skew Schur polynomials), rather than for its mathematical
insight.

The Fourier coefficients of ¢, 5 are [12]

g = L(y+6+1)
P T(—k+ 1L +k+1)
After taking out the factors
ﬁ T(y+6+1) ﬁ
M(y—pun+N—j+1) 5—1—,uk+N k+1)’
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coming from the rows and columns of D]%’“ (¢4,5) respectively, we obtain the determinant

Py—pn+N) D'(6+p1+N)
T(y—p1+1) T(0+pi+1)
Py—pn+N—1) D(6+p+N)

Ply=pn+N) D(0+p2+N—-1)
I(y—p2+2) T (6+u2)
T(y—pun+N—-1) I'(§+p2+N-1)

Ply—p1)  T(0+p1+2)

P(y—pn+1)
T(y—p1—N+2)

D(y—p2+1) L(6+uz—+1)

P(y—pn+1)
I(y—p1—N+3)

T (6+pn+1)

T(@run—N+2)

C(0+pn+1)

T(6+un—N+3)

1

(36)

Subtracting (0+puy —N+147) times the (j+1)-th row from the j-th row, for j = 1,..., N —1, we
can make the last column vanish except for the 1 at the bottom, thus obtaining a determinant
of order N — 1. After extracting the factor
N-1
[T +6+ 00w =y + N~ k)
k=1
from the columns of the matrix, and the factor
[ Lo )
ot Ly — pn—1+7)

from the rows, we obtain a determinant with the same structure as (36)), but with the following
changes: N is replaced by N — 1, § is replaced by § + 1 and p is replaced by the partition

(t1,-..,uN—1), that results from discarding the last part of u. Making use of this recursive
structure and the well-known expression
1
My= ——— P — k—j N >1 37
W) = a1 s-meth=i) (V=) (37
1<j<k<N

one arrives at the desired expression.
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