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SERRE POLYNOMIALS OF SL,- AND PGL,-CHARACTER
VARIETIES OF FREE GROUPS

CARLOS FLORENTINO, AZIZEH NOZAD, AND ALFONSO ZAMORA

ABSTRACT. Let G be a complex reductive group and X, G denote the G-character vari-
ety of the free group of rank r. Using geometric methods, we prove that E(X,SL,) =
E(X,PGL,), for any n,r € N, where E(X) denotes the Serre (also known as E-) poly-
nomial of the complex quasi-projective variety X, settling a conjecture of Lawton-Mufioz
in [LM]. The proof involves the stratification by polystable type introduced in [FNZ],
and shows moreover that the equality of E-polynomials holds for every stratum and, in
particular, for the irreducible stratum of X,.SL,, and X, PGL,. We also present explicit
computations of these polynomials, and of the corresponding Euler characteristics, based
on our previous results and on formulas of Mozgovoy-Reineke for GL,-character varieties
over finite fields.

1. INTRODUCTION

Given a complex reductive algebraic group G, and a finitely presented group I', the
G-character variety of I' is the (affine) geometric invariant theory (GIT) quotient

ArG =Hom(T',G)/G.

The most well studied families of character varieties include the cases when the group I is
the fundamental group of a Riemann surface X, and its “twisted” variants. These varieties
correspond, via non-abelian Hodge theory, to certain moduli spaces of G-Higgs bundles
which play an important role in the quantum field theory interpretation of the geometric
Langlands correspondence (see, for example [Si], [KW]).

In the context of SYZ mirror symmetry [SYZ], the hyperkéhler nature of the Hitchin
systems allowed a topological criterion for mirror symmetry: as a coincidence between
certain Hodge numbers of moduli spaces of G-Higgs bundles over ¥, for Langlands dual
groups G' and G (see [Th]). The Hodge structure of these moduli spaces is pure, and
topological mirror symmetry has been established in the smooth /orbifold case for the pair
of Langlands dual groups SL,, = SL(n,C) and PGL,, = PGL(n,C) (see [HT), GWZ]).

Such topological mirror symmetries are also expected for mized Hodge structures on
the cohomology of other classes of moduli spaces. In the case of character varieties,
whose Hodge structure is not pure, and which are generally, neither projective nor smooth,
information on the Hodge numbers is encoded in the Serre polynomial (also called E-
polynomial), which also provides interesting arithmetic properties (see [HRV]).
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In this article, we consider character varieties of the free group I' = F,. of rank r € N, and
prove the following equality. We denote the E-polynomial of a complex quasi-projective
variety X by E(X).

Theorem 1.1. Letr € N, and I' = F,.. Then
E(XrSL,) = E(XrPGL,), VneN.

This result was proved for n = 2 and 3 in Lawton-Munoz [LM], using complex geometry
methods; these computations increase substantially for higher n, making it practically
impossible to proceed explicitly. In [LM, Remark 6] an arithmetic argument by Mozgovoy
is mentioned, showing the equality for all odd n (by using a theorem of Katz in [HRV]
Appendix], see also subsection 4.5), as further evidence for the conjectured equality for all
n, which we hereby confirm.

Denote by X{"G C ArG the Zariski open subvariety of irreducible representation
classes. The following result, together with the stratification\ by polystable type in-
troduced in [ENZ] for arbitrary GL,-character varieties, are the key ingredients in the
proof of Theorem [I.11

Theorem 1.2. Letr € N, and I' = F,.. Then
E(X'"SL,) = E(X'"PGL,). VncN.

For the proof of this result, we use crucially the fact that free group character varieties
admit a strong deformation retraction to analogous spaces of representations into SU(n)
and PU(n), that follow from [FLI1].

The outline of the article is as follows. In Section 2, we review standard facts on mixed
Hodge structures and polynomial invariants, including their equivariant versions. Section
3 deals with character varieties in the context of affine GIT, which is enough to relate
the E-polynomials of Xy, PGL,, with those of Xz, GL,. The polystable type stratification
from [FNZ] is recalled in Section 4 for the GL,, = GL(n,C) case, and defined for the cases
SL, and PGL,; then we provide the proof of the main theorem, assuming Theorem
This second theorem is proved in Section 5, by examining the action of Hom(F,,Z) in
the cohomology of Hom(F,,SL,), where Z = Z,, is the center of SL,. Finally, Section
6 is devoted to describing a finite algorithm to obtain all the Serre polynomials and the

Euler characteristics of all the strata X’ gj}G, for all partitions [k] € P, and G = GL,,
SL, or PGL,. The algorithm uses formulae of Mozgovoy-Reineke for E(X I@’;"GLH), the

irreducible GL,, case [MR]. Our main results were announced at the ISAAC conference
2019 [FNSZ].

1.1. Comparison with related results in the literature. For the benefit of the
reader, we outline here some related previous results, without pretending to be exhaus-
tive, and summarize the main novelties in our approach. For the surface group case (where
I' = m1(X) with ¥ a compact orientable surface, and related groups) the calculations of
Poincaré polynomials of ArG started with Hitchin and Gothen (for G = SL,, n = 2,3,
see [Hil [Got]), and have been pursued more recently by Garcia-Prada, Heinloth, Schmitt,
Hausel, Letellier, Mellit, Rodriguez-Villegas, Schiffmann and others, who also considered
the parabolic version of these character varieties (see [GPH, [GPHS| [HRV! [Lel [Me, [Sc]).
Many of those recent results also use arithmetic methods: it is shown that the number
of points of the corresponding moduli space over finite fields is given by a polynomial
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which, by Katz’s theorem mentioned above, coincides with the F-polynomial of ATG.
Then, in the smooth case, this allows the derivation of the Poincaré polynomial from the
E-polynomial.

The equality of stringy E-polynomials (in the sense of Batyrev-Dais [BD]) of moduli
spaces of G-Higgs bundles, for SL,, and PGL,, in the coprime case, was established by
Hausel-Thaddeus, for n = 2,3, in [HT], and by Groechenig-Wyss-Ziegler for all n in
IGWZ]. More recently, Gothen-Oliveira considered the parabolic version in [GOJ. In an-
other direction, the full Hodge-Deligne polynomials of free abelian group character varieties
were computed in [FS].

Most of the above results were obtained only in the smooth/orbifold cases of the cor-
responding moduli spaces. On the other hand, for many important classes of singular
character varieties, such as free groups or surface groups mY without twisting (corre-
sponding to degree zero bundles) explicitly computable formulas for the E-polynomials
are very hard to obtain. In the articles of Lawton, Logares, Martinez, Munoz and New-
stead (by using geometric methods, see [LMN| [Mal, [MM] for surface groups and [LM] for
the free group) and of Cavazos-Lawton and Baraglia-Hekmati ([CL] and [BH], using arith-
metic methods), the Serre polynomials were computed for several character varieties, with
G = GL,, SL, and PGL, for small values of n, but the computations quickly become
intractable for n higher than 3. Recently, SL,-character varieties of surface groups were
found to give rise to a Lax monoidal topological quantum field theory (see [GPLM]). In
the case of free group character varieties, the E-polynomials were obtained in [MR], by
point counting over finite fields, for all GL,, and in [BH] for SL,, with n = 2,3.

Our present results and methods differ from the previous literature in the following
aspects. We consider the singular character variety of the free group, for G = SL,, and
every n € N, and consider the standard compactly supported E-polynomial (not the
stringy one). We extend the stratification by polystable type (described in [FNZ] for
GL,) to the cases of PGL,, and SL,, and carefully examine the action of the centre of
SL, on the cohomology of several spaces, to prove the main results. Our Theorems [I.1]
and do not use point counting methods over finite fields, and we only use the formulas
of Mozgovoy-Reineke for G L,-character varieties of F, (see [MR]) in the last section, to
provide explicit formulas for Serre polynomials and Euler characteristics for all Xg. SL,
and all polystable strata.

Acknowledgements. We would like to thank many interesting and useful conversations
with several colleagues on topics around E-polynomials in particular G. Granja, S. Lawton,
M. Logares, V. Mufioz, A. Oliveira, F. Rodriguez-Villegas, J. Silva, and the anonymous
referee for useful suggestions. We also thank the organizers of the Special Session on
Geometry of Representation Spaces of the AMS Joint meeting 2019 (Baltimore, USA),
and the Special Session on Complex Geometry of the Conference ISAAC 2019 (Aveiro,
Portugal) where these results were presented.

2. MIXED HODGE STRUCTURES AND SERRE POLYNOMIALS

This section recalls some standard facts on mixed Hodge structures and polynomial
invariants, introducing terminology and notation that will be used throughout.

Let X be a quasi-projective variety over C, of complex dimension d, which may be
singular, not complete, and/or not irreducible. Following Deligne (c.f. [Del, [PS]), the
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compactly supported cohomology H}(X) := H}(X,C) is endowed with a mixed Hodge
structure. Denote the corresponding mixed Hodge numbers by

hFPa(X) = dimg HPP(X) € Ny,

for k € {0,---,2d} and p,q € {0,--- ,k}. We say that (p,q) are k-weights of X, when
hkPa £ 0.

Mixed Hodge numbers verify h*P4(X) = h¥%P(X), and dimc H*(X) = > pa hkPa(X),
so they provide the (compactly supported) Betti numbers, which are easily translated to
the usual Betti numbers, in the smooth case, by Poincaré duality.

Hodge numbers yield the so-called mixed Hodge polynomial of X,

(2.1) u(X; t,u,v) == Z RFPA(X) thuPu? € Nolt, u, v],
k:p,q

on three variables. The mixed Hodge polynomial specializes to the (compactly supported)
Poincaré polynomial by setting u = v =1, Pf(X) = u(X; t,1,1). Again, this provides the
usual Poincaré polynomial in the smooth situation.

By substituting t = —1, mixed Hodge polynomials become a very useful generalization
of the Euler characteristic, called the Serre polynomial or E-polynomial of X:

E(X; u,v) := Z(—l)khk’p’q(X) uPv? € Zlu,v).
k.p.q

From the E-polynomial we can compute the Euler characteristic of X as x(X) = E(X; 1,1)
w(X; —1,1,1) (recall that the compactly supported Euler characteristic equals the usual
one for complex quasi-projective varieties).

When X is smooth and projective, its Hodge structure is pure (for each k, the only
k-weights are of the form (p,k — p) with p € {0,--- ,k}), and the E-polynomial actually
determines the Poincaré polynomial P, = Pf.

In the present article, we deal with varieties which are neither smooth nor complete,
but often are of Hodge-Tate type (also called balanced type), for which all the k-weights
are of the form (p,p) with p € {0,--- ,k}. This restriction on weights holds for complex
(affine) algebraic groups (see, for example [DL [Jo|) and smooth toric varieties, among
others classes.

Poincaré, mixed Hodge and Serre polynomials satisfy a multiplicative property with
respect to Cartesian products pu(X xY) = pu(X)u(Y') (coming from Kiinneth theorem, see
[PS]). The big computational advantage of F(X), as compared to u(X) or P¢(X) is that
it also satisfies an additive property with respect to stratifications by locally closed (in the
Zariski topology) strata: whenever X has a closed subvariety Z C X we have

E(X)=E(Z)+E(X\ Z),
(see, eg. [PS]) which generalizes the well known analogous statement for x.

Remark 2.1. The terminology for E-polynomials is not standard, and some authors refer to
them as Hodge-Deligne (mostly when dealing with pure Hodge structures), and others as
virtual Poincaré or Serre polynomials. After a literature review process, we are using Serre
polynomial, following the oldest references (see, for example [GL]), and paying tribute to
the ideas of Serre on the role of virtual dimensions for additivity in the weight filtration
on mixed Hodge structures (see [Tol).
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2.1. Equivariant Serre polynomials and fibrations. We will also need the multiplica-
tive property of the E-polynomial under certain algebraic fibrations, and more generally,
for the equivariant E-polynomial, when these fibrations are acted by a finite group.

Definition 2.2. Let 7 : X — B be a morphism of quasi-projective varieties and W be a
finite group acting algebraically on X, and preserving the fibers of 7. Assume also that
all fibers 7=1(b), b € B, are W-isomorphic to a given variety F. In this situation, we call

(2.2) F—-X—B
an algebraic W -fibration.

Given an algebraic W-fibration /' — X — B, the mixed Hodge structures on the
(compactly supported) cohomology groups of F' and X are representations of W, which
we denote by [H¥P?(F)] and similarly for X. This allows us to define the W-equivariant
FE-polynomials:

EV(X;u,0) = > (=DFHFPUX)] wPo? € R(W)[u, ],
k,p,q
where R(W') denotes the representation ring of W. By taking the dimensions of the fixed
subspaces [Hf (X )]W, under W, we recover the E-polynomial of the quotient variety
X/W (see [DL], [EFS]).
We have the following fundamental result.

Theorem 2.3. [DL, [LMN] Let W be a finite group and consider an algebraic W -fibration
as above:
F—X— B.

Assume either:
(i) the fibration is locally trivial in the Zariski topology of B, or
(i) F, X and B are smooth, the fibration is locally trivial in the complex analytic topology,
and m1(B) acts trivially on HY(F) (ie, the monodromy is trivial), or
(ii) X, B are smooth and F is a complex connected Lie group.
Then
EVY(X)=EY(F). E(B).
Moreover, if F' and B are of Hodge-Tate type, then so is X.

Proof. See [DL, Thm. 6.1] or [F'S]. For (iii) and for the result on Hodge-Tate (balanced)
type see also [LMN]. O

Of course, when W = 1 or the W action is trivial, the hypothesis imply the product
formula E(X) = E(F) - E(B).

Example 2.4. The condition of F' being connected in (iii) is necessary for the multiplica-
tive property to hold, even in the case of trivial W. Indeed, the action of F = Zs on
X = P! x P! by permuting the entries provides a fibration onto P2, the second symmetric
power of P!:
Zy — P x P! — Sym?(P!) = P? |

By elementary methods, the E-polynomials are F(Zy) = 2, E(P! x P!) = (1 + uv)? and
E(P?) = 1 + uv + u?v?, which do not satisfy the multiplicative property. One can also
check that this algebraic fibration is not locally trivial in the Zariski topology, but only in
the analytic (strong) topology.



6 C. FLORENTINO, A. NOZAD, AND A. ZAMORA

2.2. Special fibrations. The notion of special group according to Serre and Grothendieck
(c.f. |Grl [Se]) provides a useful criterion for applying Theorem 23] to some algebraic
fibrations.

By definition, a special group is an algebraic group H such that every principal H-bundle
is locally trivial in the Zariski topology (c.f. [Gr} p.11]). In this context, a principal H-
bundle 7w : X — B, will be called a special fibration, whenever H is special. If, furthermore,
a finite group W acts on X as in Definition 2.2] we call w a special W -fibration. Thus,
Given a special W-fibration H — X — B, the following is an immediate consequence of
Theorem [2.3(1).

Corollary 2.5. Let X — B be a special W -fibration with fiber isomorphic to H. Then
EY(X)=EY(H) - E(B).

Now, let G be a connected complex algebraic reductive group, with center Z C G,
and denote by PG = G/Z its adjoint group. In case Z is connected, we obtain a simple
relation between the Serre polynomials of G, Z and PG.

Proposition 2.6. Let G be a complex reductive group with connected center Z. Then
E(G)=E(PG)-E(Z).

Proof. Since PG is defined to be a quotient by a subgroup, the following fibration
(2.3) Z — G — PG,

is a principal Z-bundle. Since G is complex, its center Z is the product of a group of
multiplicative type and a unipotent subgroup. Given that G is reductive, the unipotent
subgroup is trivial. Since Z is connected by hypothesis, Z is a torus, that is Z = (C*)!,
[ = dim Z. Since a torus is a special group by [Se], (2.3) is a special fibration and the
result follows from Corollary (with W being the trivial group). O

Example 2.7. Since E(C*) = uv — 1, the formula E(GL,) = (uv — 1)E(PGL,,) follows
from the special fibration

c*—-GdL, — PGL,,

which will be very important later on, and can be directly shown to be locally trivial in
the Zariski topology. By contrast, the determinant fibration

SL, — GL, %% ¢*

is not trivial in the Zariski topology, although we still have E(GL,,) = (uv — 1)E(SLy,).

Remark 2.8. As mentioned before, complex (affine) algebraic groups G are of Hodge-
Tate type. Hence, their mixed Hodge polynomials p(G;t,u,v) reduce to a two variable
polynomial (with variables ¢ and uv), and their E-polynomials depend only on the product
uv. On the other hand, given a variety X whose FE-polynomial is a function of only
T = wuwv, it is not necessarily true that X is of Hodge-Tate type. For example, if we
had u(X;t,u,v) = 1+ tu + t>u + t?uv, then X could not be of Hodge-Tate type, but
E(X) = 1+ uv = E(P!) is a one-variable polynomial in z := uv. We strongly believe
that the character varieties studied in this paper are also of Hodge-Tate (balanced) type.
Indeed, the methods in [LMN| [LM] show this is the case for n = 2 and 3. However, as far
as we know, the general case seems to be an open problem (see also Conjecture [4.10]).
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3. CHARACTER VARIETIES FOR A GROUP AND ITS ADJOINT

As before, let G be a connected complex reductive algebraic group with center Z. In
this section, we recall some aspects of character varieties and their construction via affine
GIT (Geometric Invariant Theory). This is applied to provide a simple relation between
the Serre polynomials of ArGL,, and of Ar PGL,, for the free group I' = F..

3.1. Character varieties as GIT quotients. Let I' be a finitely presented group, and
denote by
RrG = Hom(I', G),

the algebraic variety of representations of I in GG, where p € Rr(G is defined by the image of
the generators of I', p(7), satisfying the relations in I'. The moduli space of representations
of I into G is the G-character variety of I'

XrG := Hom(T',G) G,

defined as the affine GIT quotient under the algebraic action of G on RrG by conjugation
of representations. Given that a GIT quotient identifies those orbits whose closure has
a non-empty intersection, we describe the quotient by the unique closed point in each
equivalence class, called the polystable representations, which we define below. Given
a representation p € RrG, denote by Z, the centralizer of p(I') inside G. Note that
ZG C Z,, since the center commutes with any representation. Let us call the subgroup
Grrc = ﬂpeRFG Z, the center of the action, since it acts trivially, and G/GRr.q acts
effectively on RrG. Denote by 1, the (effective) orbit map through p:

T/)p : G/GRFG — RFG
g = g-p
Definition 3.1. In the situation above, we say that p € RrG is polystable if the orbit

G-p:={gpg~': g€ G}is closed (Zariski) in RprG. We say that p € RrG is stable if it
is polystable and 1, is a proper map.

It can be shown that the subset of polystable representations in RrG, denoted by
RY’G C RrG, is stratified by locally-closed subvarieties, yielding a quotient which can be
identified with the affine GIT quotient (see [FL2]):

ArG = RrG )G = RII)‘SG/G.

Definition 3.2. We say that p € RrG is irreducible if p is polystable and Z,, is a finite
extension of ZG, and call p a good representation if it is irreducible and Z, = ZG.

Denote by R¥"G C RYG and by RLG the subset of irreducible and good represen-
tations, respectively, and set X¥"G := R¥"G/G and X!G := RLG/G. 1t is known that
R?"‘G is a quasi-projective variety, since it is a Zariski open subset of RpG. The character
variety of good representations is a smooth algebraic variety, by [Sik]. For further details,
we refer the reader to [FLR], [GLR] or [FNZ| Section 3].

In the case when G = GL,, or G = SL,, Schur’s lemma easily implies the equivalence
between good and irreducible representations.

Lemma 3.3. Let G = GL,, or G = SL,, and p € Hom([', G) be polystable. Then p is a
good representation if and only if it is irreducible. In particular Xff G=Aal"G.
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Proof. By definition, a good representation is irreducible, and the converse follows from
[FL3]; we can also proceed as follows. First let G = GL,. If p is irreducible, Schur’s
lemma states that any g € G commuting with every p(v), v € T, is central, so that
Z, = ZGL, = C*. Therefore, p is good.
Now let G = SL,,. For any representation p : I' — SL,, we get a representation of GL,,
by composition top: ' — SL, < GL,. Since SL,, is the derived group of GL,,, we have
Ziop  Ziop N SLy
ZGL, ZGL,NSL,’
Hence, if p is an irreducible representation of SL,, then iop is an irreducible representation
of GL,, and hence, by the previous argument, iop is a good G L,-representation. Therefore
by using the fact that Z, = Z;,, N SL, we get Z, = ZSL, which says that p is a good
representation into SL,,. O

and Z, = Z;op N SLy.

Proposition 3.4. Let G = Gy X Ga, be a product of two reductive groups. We have the
following isomorphism of smooth algebraic varieties:
AR(G) = XL (G1) x AL (G).
Proof. We have A1 (G) = Ar(G1) x Ar(G2) as algebraic varieties, since conjugation by
G = G x G2 works independently on each factor of (cf. also [FLI]):
Hom(I',G) = Hom(I', G1) x Hom(T", G3).

Now suppose that a given representation p € Hom (I, G) has a trivial stabilizer (the center
of G). Then it is a product of the centers of G; and of Ga, so p is of the form p = (p1, p2)
with good factors p; € Hom(T',G;), i = 1,2. The converse is also clear, so the above
isomorphism restricts to the good loci. O

Put together, the previous 2 statements show that, for GL, and for SL,-character
varieties, the good locus coincides with both the irreducible locus and with the stable
locus, and these are multiplicative, under products of reductive groups.

3.2. GL,- and PGL,-character varieties of the free group. When considering I" =
F,, the free group of rank r, we use the simplified notations R,G := Hom(F,,G) and
X,G := Hom(F,,G)//G, for the G-representation and G-character varieties, respectively.

There is a natural action of R,C* := Hom(F}.,C*) = (C*)" on R,GL,,, which, in terms
of the fixed generators 71, --- ,~, of F,. is given by scalar multiplication of representations:
(3.1) o-p(vi):==oc(v)p(vi), o€ R:.C* peRGL.

The quotient of this action is the representation variety for PGL,,, R,PGL,. Since the
central C* action commutes with conjugation of representations, this sequence descends
to the character varieties

(3.2) (C" — X.GL,, —» X, PGL,.

Note that, because I' = F;., all PG L,, representations can be lifted to GL,,. The following
generalization to other groups G and their adjoints PG is immediate from Corollary

Proposition 3.5. Let G be a connected reductive group with connected center Z. Then,
the natural quotient map X,.G — X,.PG is a special fibration, with fiber X.Z = Z". Hence,

E(X,G) = (uwv — 1) E(X, PQ),
with | = dim Z. In particular, for G = GL,, we get E(X,GL,) = (uv — 1)" E(X, PGL,,).
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4. THE STRICTLY POLYSTABLE CASE

In this section and the next one, we prove Theorem [[LI} the equality of the Serre
polynomials of X,.SL, and X.PGL,. If we tried to imitate the fibration methods of
Section 3, we would consider the quotient morphism SL,, —» PGL,,, with kernel Z,, the
center of SL,, to obtain a fibration of character varieties:

7" — X,SL, — X, PGLy,.

However, since the fiber is not connected, we cannot apply Corollary 2.5} instead we
proceed by stratifying this fibration by polystable type, in analogy to the stratification
used in [FNZ] (recalled below) and examine the Z! action on the cohomology of each
individual stratum. From now on, our F-polynomials will only depend on a single variable;
to emphasize this property, we adopt the substitution = uwv and use the notation:

(4.1) e(X) = E(X; Vz,V/x) € Z]x].

4.1. Stratifications by polystable type. Any character variety admits a stratification
by the dimension of the stabilizer of a given representation. When dealing with the general
linear group GL, as well as the related groups SL, and PGL,, there is a more refined
stratification which gives a lot more information on the corresponding character varieties
ArG. In this subsection, we recall this stratification, following [FNZl, Section 4.1], and
describe its analogous versions for SL, and PGL,,.

A partition of n € N is denoted by [k] = [1¥1 ... jki ... nFn] where the exponent k;
means that [k] has k; > 0 parts of size j € {1,--- ,n}, with n = Z;‘:lj kj. The length of
the partition is given by the sum of the exponents |[k]| := >_ k; and call P, the set of all
partitions of n € N. As an example, [12 2 4] € Pg is the partition 8 = 1 -2 + 2 + 4, with
length equal to 4.

Definition 4.1. Let n € N, [k] € P,, and T" be a finitely presented group. We say that
p € RrGL, = Hom(T',GL,) is [k]-polystable if p is conjugated to @?:1 p;j where each p;
is, in turn, a direct sum of k; > 0 irreducible representations of Rr(GLj), for 1 < j < n (by
convention, if some k; = 0, then p; is not present in the direct sum). We denote the [k]-

polystable representations by R[Ilf } GL,, and XILM GL, C XrGL, refers to the [k]-polystable
locus of the character variety.

Remark 4.2. The abelian stratum, i.e, the stratum of representations factoring as I' —
I'/[I',T] — G, corresponds to the partition [1"] of maximal length n (see [FNZ]); on the
other hand, irreducible representations correspond to the partition [n] of minimal length
1. By Lemma [3.3] this irreducible stratum is also the smooth (and the stable) locus of

the representation varieties R?TGL,L = R[F" } GL,.

The following summarizes the situation and is proved in [ENZ, Proposition 4.3].
Proposition 4.3. Fiz n € N. The character variety XrGL,, can be written as a disjoint
union of of locally closed quasi-projective varieties, labelled by partitions [k] € Py,

XGL, = | | 4YGL,,
[k]€Pn
[

where er]GLn consists of equivalence classes of [k]-polystable representations. Moreover,

XIL"}GL,L is precisely the open locus XI’Q’"’"GLTL of irreducible classes of representations.
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4.2. The free group case. From now on, we restrict ourselves to the case I' = F}., the
free group of rank r € N, and use the notations

X,GL,, X,SL,, X,.PGL,

for the corresponding character varieties. We will now define the [k]-polystable loci

Xr[k} SL, C X.SL, and Xr[k}PGLn C X.PGL,, and the corresponding stratifications,
in analogy to Proposition [£.3]

Recall the action in (B1]) and (3:2) which clearly preserves the polystable type stratifi-
cation of GL,, so we define

x¥par, = xMaL,/rR.c* = xHaL, /(c).

The next result is proved in the same way as Proposition We observe that the E-

polynomials of all strata xMGL, are 1-variable polynomials (see [FNZ]). Hence, we use
the notation in (4.1]) for E-polynomials in the variable z = wv.

Proposition 4.4. Let F,. be a free group of rank r. For every [k] € P, the fibration
R.C* - x¥arL, - xMpParL,
is special. In particular, e(XT[MGLn) =(x—1) e(Xr[k]PGLn).

4.3. The action of the symmetric group on strictly polystable strata. For a
partition [k] € P, we define the [k]-stratum of AX}.SL,, by restriction of the corresponding
one for GL,:

xXMsL, = {pe xMGL,| detp =1},
where the determinant of a (conjugacy class of a) representation is an element of R,C*.

The action of R,.C* on Xr[k}GLn does not preserve Xr[k}SLn because of the determinant
condition. On the other hand, from the behaviour of the Zariski topology under closed
inclusions and quotients, the following is clear.

Proposition 4.5. Fizn € N. The character varieties X,.S Ly, and X.PGL,, can be written
as a disjoint unions of of locally closed quasi-projective varieties, labelled by partitions

[k] € P,
X.SL,= || AMsL,, APGL,= || xMPGL,
[k]€Pn [k]€Pn
Moreover, Xﬁ”’SLn = X,[n} SL, and Xﬁ”’PGLn = X,[n}PGLn are Zariski open.

It turns out that the irreducible strata X""SL,, and X"" PG L, are the most difficult
cases to compare, so we start by studying the ones given by partitions with at least 2
parts.

Theorem 4.6. Fiz r and n € N. For a partition k] € P,, with length s > 1, we have:
e(X*GL,) = (x — 1) e(X*SL,)

Proof. We start with a relation between E-polynomials of cartesian products of irreducible
character varieties. Let s € N and n = (ny,--- ,ns) be a sequence of s positive integers
with n = >_7_; n;. Denote:

XM= x5 X" G Ly,

T
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and

S
i=1
It is clear that the previous constructions can be carried out in this setting. For example,
letting J := (R,C*)?, there is a natural action of J on XJ:

(0'1, e ,0'3) ' (Pl, e 7ps) = (Ulplv T ,O'sps), oced= (RT(C*)Svpi € XTZ:TTGLTLN
since a scalar multiple of an irreducible representation is again irreducible.

Define the multiplication map m : J — R,C* = (C*)" as follows:

m(alv"' 708) = O{rLl "'O-gnsv
where m; := n;/d with d = ged(nq,--- ,ns) (a power of a representation into C* is just

the power of every generator). It turns out that

H :=kerm = {(01, -+ ,04) € (RT(C*)8|0?L1 ceg™s =1},

S

is abelian, connected (because s > 1, and the m,; are coprime) and reductive. Then, it
follows that H is isomorphic to an algebraic torus of the appropriate dimension, H =
(C*)"(s=1 since J = (R,C*)* = (C*)". This allows us to obtain a diagram of algebraic
fibrations (vertical arrows):

H ¢ (R.C) B R.C*

1 1
SXp C Xy
1 1
SXB/H = X3/,

where both vertical fibrations (the left fibration being the restriction to SX) are special.
Now we note that, using an action of a finite group, we can obtain all strata of the

stratification of Xr[k] GL,. To be concrete, denote by @,, the finite set:
S
Qn = {n: (n17”’ 7n8) S NS ‘ an :n}
i=1

To every element of (), we associate a unique partition of n as follows:

pP:Qn — Pn
n=(ni,---,ng) = [k =[50k
where k; is the number of entries in the sequence n equal to j. For every n € @,

let Sy = S C Sp be the subgroup of the symmetric group defined by this partition
[k] = p(n). Moreover, we have isomorphisms of varieties:

x2Sy~ xHar,,  sx®/S, = xS,

as can be easily checked. Now, for every n € @, and taking (X}*/.J)/Sn at the bottom,
the above diagram becomes a special algebraic Sy-fibration (with trivial action on the
bottom and the top row is still the same), so we can apply Theorem 23] and Corollary
to both vertical fibrations to obtain:

¥ (X)) = e((X2/D)/Sn) €™ (), e*(SX) = e((X}/J)/Sn) ™ (H).
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and to the top horizontal fibration (which is also special) to get
¢S () = €5 (H) (z — 1),
and putting the formulae together:
e (X1) = e((X?/J)/Sn) e (H) (z = 1)" = 5 (SX}) (z — 1)"
Finally, we just need to take the invariant parts of the equivariant polynomials:
e(XMGLy) = e(X}/Sn) = e(SX?/Sn) (x — 1),
whenever [k] = p(n) € P,, (noting that (xr — 1)" = (z — 1)"T € R(Syn)[z]|, where T is the
trivial S, one-dimensional representation, as elements of the ring R(Sy)[z]). O

Remark 4.7. Even though the above formulas prove these E-polynomials are only functions

of x = ww, one can not conclude that strata XT[MSL,L are of Hodge-Tate type without

further arguments (see Remark 2.8)).

4.4. Proof of the main Theorem. We now outline the proof of the main theorem,
which relies crucially on the following.

Theorem 4.8. The central action of 7%, on X" SL,, giving the quotient map
X SL, — X' PGL,
induces an isomorphism of mized Hodge structures H*(X""SL,) = H*(X"" PGL,).

The proof of Theorem [.§] is delayed to Section 5. We will use differential geometric
techniques, taking advantage of the fact that X""SL,, is a smooth variety and X" PG L,
is an orbifold (see [FL2, [Sik]).

Assuming Theorem A8, we can now prove the main result of the article.

Theorem 4.9. Let I' = F,.. Then, for all [k] € P, we have e(XT[k}SLn) = e(Xr[k]PGLn).
Consequently, e(X,SLy,) = e(X,PGLy,).

Proof. From Theorem 8] we have H* (X" SL,) = H*(X"" PGL,,) as mixed Hodge struc-
tures, so that their E-polynomials coincide. For any other stratum [k] = [1%1 ... nFn],

which has more than one part, the equality e(Xr[k] SLy) = e(Xr[k]PGLn) follows from The-
orem Finally, the last statement follows from the additivity of the F-polynomial
applied to the locally-closed stratifications of Proposition O

Noting that SL, and PGL, are Langlands dual groups, and that our proof seems
well adapted to more general actions of finite subgroups, we put forward the following
conjecture (answered here in the case G = SL,,), and plan to address the general statement
in a future work.

Conjecture 4.10. Let I' = F, and G, G* be complez reductive Langlands dual groups.
Then both X,.G and X,.G* are of Hodge-Tate type, and e(X,.G) = e(X,G).

Remark 4.11. The part of the conjecture claiming Hodge-Tate type is still largely open,
even for G = SL, (see also Remark 2.8)). To the best of our knowledge, the only free
group character varieties that are known to be balanced are for G = SL,, and G = PGL,
with n = 2,3 (see [LM]).
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4.5. Katz’s theorem and the case n odd. When n is odd, there is an alternative
method to prove that the Serre polynomials of A,.SL, and X,.PGL,, coincide. The argu-
ment was mentioned in [LMl Remark 9], and we detail it here, for convenience. Denote
by [F, a finite field with ¢ elements and characteristic p, so that ¢ = p®, for some s € N. A
scheme X, defined over Z, is called of polynomial type if there is a polynomial Cx (t) € Z[t]
(called the counting polynomial for X) such that the number of Fys points of X is precisely
| X/Fgs| = Cx (%),

for every s and almost every prime p. In [HRV, Appendix] (see also [BH]) N. Katz showed
that if such a scheme X is of polynomial type, with counting polynomial Cx, then the
Serre polynomial of the complex variety X(C) = X ®z C coincides with the counting
polynomial:

E(X(C)) = Cx(c)(2).
To apply this to our character varieties, note that the natural surjective morphism of
algebraic groups

SL,(Fp,) = PGL,(Fp),
has as kernel the scalar matrices al of determinant 1, so that o™ = 1. By Dirichlet’s
Theorem on arithmetic progressions, for a fixed n odd, there exists an infinite number of
primes such that (n,p — 1) = 1, in which cases there are no non-trivial roots of unity, so
that SL,(F,) ~ PGL,(F,). This implies that the representation spaces R,SLy(F,) and
R,PGL,(F,) are in bijective correspondence, and the same holds for the number of points
of the character varieties over F:

| X SLy, (Fp)| = | X, PGLy(F,)| .

In [MR] Corollary 2.6] it was shown that PG L, -character varieties are of polynomial type.
Therefore, by this result, the SL,,-character varieties are also polynomial-count, for n odd,
with the same counting polynomial.

5. THE IRREDUCIBLE CASE

In this section we prove that E(X*"SL,) = E(X""PGL,) for all r,n > 1, as stated in
Theorem 48] thus completing the proof of the main result. Our methods are geometric in
the sense that we mainly use complex algebraic and differential geometry. In particular,
we will use the compact versions of all the character varieties that we have defined before.

5.1. Compact representation spaces and their irreducible subspaces. Consider
the compact groups U(n), SU(n) and PU(n), which are related through the fibrations:
SU(n) — U(n) — U@1)=5!
st = U — PU(n),
so that PU(n) = U(n)/S* = SU(n)/Z,, where we identify the cyclic group with the group
of n roots of unity _
Zn={en 1 kel}c S,
and with the center of SU(n). For r € N, consider the compact representation spaces,
Upp = Hom(F,,U(n)) = U(n)",

and similarly S, , := Hom(F,, SU(n)) = SU(n)" and P, := Hom(F,, PU(n)) = PU(n)",
where the isomorphisms are obtained when fixing a set of r generators of the free group
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F,.. Because we are dealing with the free group, representations can be multiplied com-
ponentwise: all spaces U, p, Sy, and P, are in fact Lie groups. The first fibration above
defines a determinant map, which is actually a homomorphism of groups:

det : Uy, — Uy,

whose kernel is precisely S;.,,.
Now consider the irreducible representation spaces,

Ury = Hom™" (F,, U(n)), Spn = Hom"" (F,, SU(n)), P, = Hom"" (F,, PU(n)),
which are open subsets in the compact representation spaces:

Urn CUprp, SU, ,, C SUyp, PU;, C PUyy.
Also note that SU;,, = U, N SU; . These irreducible subspaces U, SU;,, PU;

n’ n’ MmN’
not Lie groups, but we observe the following straightforward properties of the natural

multiplication action of U, 1 on U, p:

(51) g-p= (017"' 70T)'(p17"' 7p7‘) = (Ulph'" 7JTpT)7 0 GU(l)v Pi EU(TL),
where p; = p(~;) and o; = o(v;) for 1, -+ , 7, the fixed chosen generators of F.

Proposition 5.1. The action of U1 on U,,, is such that:

(i) the subspace Uy, is preserved under the action;

(i1) PU, ,, and PU;fm are, respectively, the orbit spaces of U,.,, and U;,in under Uy 1;

(iii) SU, = det=Y(1) for the restriction det : Urp — Uri, where 1 € U,1 denotes the
trivial one dimensional representation.

Now define:
Crn = Hom(F,,Z,) C Hom(F,,U(1)) = U,1,
so that C, = (Zy,)" is a subgroup of U, ,, and can be identified with the center of SU, ,,. In

the same way as PU(n) = SU(n)/Zy, we can also get PU,.,, and PU;,, as finite quotients
of SU;, and SU; .

PUr,n = SUr,n/Cr,na PU:,n = SU:,n/CT’,n

5.2. Central action on representation spaces. We now define a stratification by
polystable type of U, SU,, and PU,, in complete analogy with the stratifications in
[ENZ], Section 4.1] (for GL,,) and in Section @ above (for PGL,, and SLy,).

Given a partition [k] = [1%1 ... % ... nkn] we say that p € U,,, is of type [k] if p is

conjugated to @;L:l pj, where each p; is a direct sum of k; irreducible representations of
U*

g for each j = 1,--- ,n. We denote representations of type [k] by Ur[k] C U, and let:
su¥ =uvknsu,,, — puM=vlU,., cPU,,.

Note that all strata are locally closed, and that the irreducible strata [k] = [n] are the
only ones that are open (in the respective representation spaces), corresponding to the
partition into one single part.

Proposition 5.2. Fiz n € N. The representation spaces Uy, SU,,, and PU,,, can be
written as disjoint unions, labelled by partitions [k] € Py, of locally closed submanifolds:

= || UM, = || sul, = || pUM.

(k]EPn N [k]€Pn
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Proof. The proof for Uy, , is analogous to the proof in [FNZ| Proposition 4.3] for RrGL,,
observing that dealing with the usual Euclidean topology on U, , works ipsis verbis as
with the Zariski topology on RrGL,,. The cases SU, , and PU,,, follow as in Proposition
4.9 U

Now, we state the main result of this subsection.

Theorem 5.3. The action of Cypn on the compactly supported cohomology of SU;, =

Hom"" (F,, SU,) is trivial. In particular, the natural quotient under Cyn induces an iso-
morphism H(SUY,) = H:(PU;,,).

Note that we use compactly supported cohomology as dealing with non-compact spaces.
To prove Theorem [5.3], we need to show two results: (i) under a open/closed decomposition
of a compact space X = ULIY, the triviality of the action on 2 spaces implies the same for
the third one; (ii) the actions of C,.,, on the cohomology of every [k]-stratum are trivial,
for partitions [k] of length [ > 1. (iii) the action on the whole SU,,, is trivial. We start
with (iii), which uses the following standard lemma (see, for instance, [CELO]).

Lemma 5.4. If J is a finite group acting on a space X and, for every g € J, the induced
map G : X — X, x — g -z is homotopic to idx, then J acts trivially on H*(X). In
particular, if F' is a finite subgroup of a connected group G acting on X, then F acts
trivially on H*(X).

Since the action of C,, is the restriction of the action of the path connected group
SU(n)" acting by left multiplication the following is clear.

Corollary 5.5. The action of C,, = (Zy)" C SU(n)" on H*(SU, ) = H*(SU(n)"), is
trivial.

Remark 5.6. Although the action of C).,, preserves the stratification, the argument above

]

cannot be applied to the individual strata Snyn; indeed, it is not clear what connected
group could interpolate the action of the discrete group C, , on the irreducible stratum.
For example, using the left multiplication by the whole group, the action of (A~!, A~!) €
SU(n)? on an irreducible pair (A, B) € SU(n)? gives the pair (I, A~!B), which clearly
belongs to the [1"]-stratum. Other attempts at using smaller groups H C SU(n), such as
maximal tori, may still fail for the irreducible stratum. Given this difficulty, we resort to
an argument analogous to the one of Theorem [L.6] for strata associated with partitions of
length more than one.

Lemma 5.7. Let [k] € P, be a partition with length | > 1. Then, the action of Cy.,, on
the cohomology of S Ur[k] 18 trivial.

Proof. We first consider cartesian products of irreducible representation spaces satisfying
a determinant condition. Let s > 1, n:= (ny,--- ,ns) € N*, with n =n; +na+ -+ + n,
and denote by

8 i={p =1, . ps) € X} Uz, | TIjy detp; = 1}

which is a smooth manifold. Note that, in contrast to partitions, n := (ny,--- ,ng) € N*
is an ordered s-tuple of elements of N. There is an action of C,., on S given by:

(52) g-p=0- (Pl:’ o 7p8) = (O'Ph’ o 7Up8)7 (S Hom(Fr,Zn) = Cﬁna Pj eU,;

rn;"
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It is easy to check the product of determinants condition, so that o - p € S™.

Now, assume that the greatest common divisor of all nq,--- ,ns is 1. Then, there is at
least one n; prime with n, and without loss of generality, we can take p := n; prime with
n. Denote for simplicity, g =n —p =Y. _,n; > 0. Define the following elements of U, ;:

Ot = (€_2ﬂit%717 U 71)7 6t = (e2ﬂit%7 P 71)

parametrised by ¢ € [0,1], and where each factor corresponds to a generator of F,. Con-
sider the following homotopy:

0,1] x S* — S»
(tsp1,p2- s ps) = (0tp1, Gepa,- -+, Geps).

This is well defined since the product of determinants on the right side, for the first
generator i, is:

. P . q
(58 (508) o, det o) = 1.
(the representation on the other generators does not change under this homotopy). Then,

for t = 0 the map S™ — S™ is the identity, and for ¢ = 1 the map is identified with the
action, on the first generator 71, of multiplication by the scalar e2min

. q P . p
6_27”'5 — e—2mT — 627”5,

th root of unity. Thus, we have found a homotopy between the

which is a primitive n

identity and o* for the element o = (e2™%,1,---,1) € Crpn (cf. Lemma [5.4]). Since all
elements of C,,, are obtained as compositions of elements ¢ of this form (with non-trivial
elements on the other entries), we obtain the necessary homotopies to apply Lemma [5.4]
and finish the proof, in this case. If the greatest common divisor of all ny,--- ,ngis d > 1,
then we can use the same map but with ¢ € [0, é] (since there is some p = n; that verifies
now (5,n) =1).

So, the action of ZJ, is trivial on the cohomology of S™. Finally, let [k] be the partition
determined by the tuple n = (n1,--- ,ns) € N°. Observe that the length of [k] is s. Then,
we note that

SUM = 8™ /5y,
where Sp = x7_1Sk; C S, acts by permutation of the blocks of equal size. Since the
action of Cy., commutes with the one of Sy, we get

Cr, n

H (SUM) O = (B (8™)500) " = (B(8™)Cn) ™ = B (8™)S = | (suld),

as wanted. O

For the next Proposition, we let X be a compact Hausdorff topological space acted
by finite group F', and we have a closed F-invariant subspace Y C X, with complement
U:=X\Y . Since we need compactly supported cohomology for the open case, and it
coincides with usual cohomology for X and for Y, below we can use H} uniformly.

Proposition 5.8. If F' acts trivially on the compactly supported cohomology of two of the
spaces X, Y and U, then it acts trivially on the cohomology of the third one.

Proof. This follows from the 5-lemma applied to the long exact sequence for cohomology
with compact support associated to the decomposition X = U LY. More precisely, let
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g € F, and denote by g7, the associated morphisms in the cohomology for Z = X,Y or U.
Then, we can form the ladder:

— HFEYX) — HMYY) - HFU) — HNX) — HFY) —
1 g% Lg% Lap I 9% 9y
s o o omiy S omo > s S sy -
By hypothesis, two of g%, ¢g;- and g;; are isomorphisms. Then, by the 5-lemma, the third

map is also an isomorphism. Since g;; is an isomorphism for every g € F, the action of F
on H}(U) is trivial. The same argument holds for the other 2 spaces X,Y. ]

The stratification SU,.,, = |_|[k} ep, S U,[k] has the nice property that the closure of every
stratum is a union of other strata. In fact, for every a,b € N, the direct sum of irreducible
representations of sizes a and b is in the closure of the irreducible ones of size a + b. This
means that the closure of SUM is the disjoint union of all strata SU; " where 1] is obtained
by any subdivision of [k] € P,. For example, with n =5, X3 = Xog U Xp23) U Xpy02) U
X139y U X[g5), where we used the abbreviated notation X := S U,[k].

Now, fix p € {1,--- ,n} and consider the closed subset of SU, ,, defined by

- Y sl = | sup,

|(Kll=p |(kl1=p

where |[k]| is the length of [k] € P,. Since each S UM is the only open stratum in S U,

it is easy to see that: Y, \ Y41 = |—|I[kH=p SUiM, and this last union is disjoint.

Lemma 5.9. Fiz n and let 2 < p < n — 1. If C,, acts trivially on the cohomology of
Y,+1, then the same holds for Y,. Thus, C,,, acts trivially on the cohomology of Ys.

Proof. Since p > 2, by Lemma 5.7, C,.,, acts trivially on

Hy( || suMy= & HisUuM).
I[k]l=p I[k]l=p
We can use compactly supported cohomology since each S Ur[k] is a quotient of a smooth
manifold by a finite group, so that it verifies Poincaré duality. Assuming C, ,, acts trivially

on the cohomology of Yy, then the same holds for Y, = Y, U (LIHkH:pSU,[k]), by

Proposition 5.8l Noting that Y, = SUiln} (already a closed stratum) we have that C,,,
acts trivially on H*(Y,) again by Lemma (.7 So, the last sentence follows by finite
induction. O

Finally, Theorem [5.3] follows by another application Proposition [5.8 and Corollary (5]
to the spaces X =Y, = SU,.,, the closed subset Y =Y and U = X \ Y = SU;in = SU,M.

5.3. Cohomology of quotient spaces. Now, we consider the action of PU(n) on all
three representation spaces by simultaneous conjugation, and define the compact irre-
ducible “character varieties” &;"SU,, := SU;, /PU(n) and X PU,, := PU;:,,/PU(n).

We will need the notion of equivariant cohomology, which we now recall. Let X be a
topological space endowed with the action of a topological group G, and p : Eq — Bg be
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the universal principal G-bundle, where Bg = E¢/G is the classifying space of G. The
equivariant cohomology of X is defined by (for more details see, for example, [Br])
H{(X) := H* (X x¢ Eg),
and note that, if G acts freely on X, then
H{(X) = H* (X/G).
Proposition 5.10. There are isomorphisms H*(SU;,) = H*(PU;,), H*(X;SU,) =
H*(X*PU,) and H*(X,SU,) = H*(X,PU,).

Proof. The action of C;., on the compactly supported cohomology of SU;,, = Hom"" (F,, SU,)
is trivial, by Theorem [5.3], so:

H;(SU},) = H; (SU},) " = HX(SUS, [Crn) = Hi(PUY,).

Since SU;,, and PU},, are either smooth manifolds or orbifolds (and are orientable), their
cohomologies satisfy Poincaré duality, so the same isomorphism holds for the usual coho-
mologies. Now, as in [CELO, p.12], because the quotient map = : SUY, — SU;,,/Cypn =
PUY,, induces an isomorphism in cohomology, and 7 is equivariant with respect to the
conjugation PU(n) action, we have that their equivariant cohomologies are the same:

iy (SUL) = Hpgy (PUS).

Since the PU(n) action is free on the irreducible representation spaces, we get
completing the proof of the second isomorphism. This also means that the action of C,,,
on H*(X}SU,) is trivial.

Now, for [k] = [1¥...nk"] € P,, we can write every stratum as a finite quotient
xFsu, = (XG_1 X7 SUy;)/Spy (with Sy = Sk, x -+ X S, ), and since there is a trivial
action of Cy, on H*(x]_1 XSUy,) = @)_| H*(XSUy;), the same also happens for the
subspace fixed by Sp:

Now, the stratification X.SU,, = |—|[k]e7>n Xr[k]SUn has also the property that the closure
of a stratum is a union of strata. For p € {2,---  n} consider the closed subset:

X,= |J aMsv, = |J aMsu,,
K)l=p K]I>p

and note that X, \ Xp11 = [, XM sU,. Therefore, Lemma 5.3 applies to X, in place

of Y, (here, note that X, = X,[IH}SUn is already a closed stratum), to show that the
cohomology of X» has a trivial C,, action. Finally, the third isomorphism is shown by
applying Proposition 5.8 to the triple: X := X3 = X,.SU,,, Y := Xo and U := X7 \ Xy =
XrSU, = XT["}S U,. The action of C,, on the cohomology of U and Y being trivial, the
same holds for X. O

We are finally ready for the completion of the main result.
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Theorem 5.11. There are isomorphisms of mized Hodge structures H*(X.SLy,) = H* (X, PGLy,)
and H; (X" SLy) = H; (X" PGLy). In particular, the E-polynomials of X" SLy, and of
X" PGLy, coincide.

Proof. For every reductive group G, there is a strong deformation retraction from X,.G to
the orbit space Hom(F), K)/K, where K is a maximal compact subgroup of G (see [FL1]),
acting by conjugation. Since the homotopy is defined by the polar decomposition, in the
case G = SL,, the strong deformation retraction from X,.SL,, to X;.SU,, commutes with
the action of C,, = Hom(F},Z,). Then, from Proposition [5.10] we get isomorphisms in
usual cohomology:

H*(X,SLy,) = H*(X,SU,) = H*(X,PU,) & H*(X,PGLy).

Since the quotient X, SL,, — X, PGL, is algebraic, the above isomorphism H*(X,.SL,,) =
H*(X,PGL,) is an isomorphism of mixed Hodge structures. Moreover, the strong defor-
mation retraction from X := &,.5L,, to SU,,, restricts to a strong deformation retraction
from the strictly polystable locus Y := | 5o xMSL, to Ly >2 SUy[LM/PU(n) (because
the polar decomposition preserves reducible representations, see [FL1]). Thus, in the

same fashion, we obtain isomorphisms of mixed Hodge structures H*(Y) = H*(Y'), where
- k
V= gy e 4 PGL. |

Now, considering the natural open inclusion j: X \'Y = X""SL,, — X and the closed
inclusion 7 : Y — X = X,.SL,,, we can consider the long exact sequence:

o= HMYX) - HY(Y) - HYX\Y) - H¥X) > HYY) — - -

which comes from the short exact sequence of sheaves 0 — 5j*C — C — i,i*C — 0 where
C is the locally constant C-valued sheaf (a standard reference is [Iv], or see [Gor, pag.
31], for a summarized account). By applying the same sequence to the closed subvariety
VcX:= X, PGL,, we get a sequence of isomorphisms:

- H-Y(X) — HMYY) — HEX\Y) — HNMX) — HFY) —
K [ 2 0 2 [l 2
- H"Y(X) — HY(Y) - HFX\Y) - HYX) — HNY) —

which provide, using the 5-lemma, the wanted isomorphisms:
HFX™SL,) = HFNX\Y)= HYX\Y) = H*(X""PGL,).

Finally, since the finite quotient X"SL, — X" PGL, is algebraic, this implies the
isomorphism of mixed Hodge structures on the corresponding compactly supported coho-
mology groups, and the equality of F-polynomials. O

6. ExprLICIT COMPUTATIONS IN THE FREE GROUP CASE

When I' = F,., the free group in r generators, Mozgovoy and Reineke obtained a general
formula for the count of points in X""GL,, over finite fields, showing that these schemes
are of polynomial type (see [MR]). In this section, we explore these formulae in detail and,
by using the plethystic exponential correspondence proved in [FNZ], we provide a finite
algorithm to obtain the Serre polynomials and the Euler characteristics of all the strata

X,[k}G, for all partitions [k] € P, and G = GL,,, SL,, or PGL,.
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6.1. Serre polynomials of irreducible GL,-character varieties X""G. Let us recall
the definition of the plethystic functions, and the correspondence proved in [FNZ]. Define
the Adams operator ¥ as the invertible Q-linear operator acting on Q[z][[t]] by ¥ (x't*) :=
D1 T “tlk , where (i, k) € N2\ {(0,0)}, with inverse given by W1 (27tk) = D>t ”(l oI
and p is the Mobius function g : N — {0,41} (u(n) = (—1)* if n is square free with &
primes in its factorization; pu(n) = 0 otherwise).

Given a power series f € Q[x][[t]], formal in ¢:

Flat) =14 fala)t",
n>1
where f,(x) € Q[z] are polynomials in z, define the plethystic exponential, PExp :
Q[x][[t]] — 1+ tQlx][[t]], and plethystic logarithm, PLog as:
PExp(f) := "), PLog(f) := ¥ (log f).
As established in [FNZ, Theorem 1.1 and Corollary 1.2], GL,-character varieties can be

expressed in terms of irreducible character varieties of lower dimension, by means of the
plethystic exponential.

Theorem 6.1. [FNZ|, Theorem 1.1] Let T be a finitely presented group. Then, in Q[u, v][[t]]:

ZE ArGL,;u.v)t" = PExp ZE “"’"GLn,u v)t"
n>0 n>1

Using results of [MR] for the character varieties of the free group F;., this relationship
can be made explicit, in terms of partitions [k] = [1¥1 ... d*] € P, with length denoted
by |[k]| = k1 + -+ + kq. Let (k1 m kd) = m!(ky!---kg!)~! be the multinomial coefficients.

Proposition 6.2. Let r,n > 2. The E-polynomials of the irreducible character varieties
B](x) := e(X""GL,) are explicitly given by:

NG

T _ ,un/d (- n/dyk; ”(T*dl)kj%‘
Bal Z 2 T (k m)Hb e

[k]€Pg

where b;(x) are given by Flt)=1+ > n>1bnt™, for the series:
(6.1) Fty=1+Y (z—1)@*—-1)...@@" - 1) "
n>1
Proof. As mentioned above, the varieties X" GL,, are of polynomial type by IMR, Thm.
1.1]. So, by Katz’s theorem [HRV) Appendix|, By, (z) := e,(X""GLy) is obtained by re-
placing ¢ by z in the counting polynomial P, (q) := |X""GL,,/F,| which in [MR], Theorem
1.2] is shown to have generating series:
> Bp(z)t" =) Pu(x)t" = (1 - x)PLog(So F (),
n>1 n>1
with F(t) as in (6.1]), and S is a Q[z]-linear shift operator defined on Qx][[t]] by S(t) =
and S(t") := 2\~ n(s )t" for n > 2. Hence, we get
SoF7Ht) =1+ bnl tm .

n>1
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So, the Proposition follows from Lemma below, using
Fol@) = b () 27 D()

since, for a partition [k] € Py, we have f;(z Mk = p; (@ n/dyk; x%(r_l)kj(%), ji=1,...,d,
as wanted. O

To complete the proof of Proposition [6.2] we need the following
Lemma 6.3. Given fp(x) € Q[z], n € N, the coefficient of t™ in PLog(1+) ", ~; fu(z)t")
is ;

)1

un/d T\ ¥ 4 omar,
ZZ ” <k1,...,kd>j11fj(x/d)k

n [k]€Py

Proof. From the Q-linearity of =1 we can write, for a sequence of polynomials g,,(z) €
Q[z], m € N,

O gmlat™) = Z\I’_l(gm(w)tm)=

m>1 m>1
SDIL S e
I>1 1>1
_ () i _
= YIS gt
1>1 d>1
p(n/d) d
(6.2) = Z n/d ga(zV )
n>1
Now, from the series development of log(1 + z) = z — Z2—2 + %—3 — ---, we compute, using

the multinomial theorem:

2 3
(@) = (an@c)t") 1<an ) §<an<w>t") -
n>1 n>1 n>1 n>1

log(1+2fn
B (_1)I[kH—1 m
- ZLZ o) L6 ]

m>1 | [k]€Pm Jj=1

Finally, we apply formula (6.2)) to
(_1)|[k}—1< > m
gm () = —
[k}ZE;D %] LR 1;[
proving the Lemma. O

Remark 6.4. When n is a prime number the formula in Proposition simplifies to:

by (z" —1)![KlI j
Bl(z) = (z — 1) { 1<n ) 4 ) (Wzﬂ </<;1, p )Hb (2)] ,

[k]€Pn
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Using Proposition [6.2, we can write down explicitly the E-polynomials of X" G L,,, for
any value of n in a recursive way, the first four cases being as follows.

Lemma 6.5. The E-polynomials of the irreducible character varieties Br(z) = e(X""GLy,),
forn=1,2,3 and 4, using the substitution s =r — 1, are given by:

e TR
f%(”“’l) = S0+ gh(e) — bafa)’
= @ (@@ ) D g1~ g+ 1)),
53_(551) = 2hi@®) — S0 (@) by (@) — by(e)™
= -1 ( 3@ 1)+ - P -2 2w 1)
2% 4 2 (e 4+ 152 + 2+ 1)° — 223 (z + 1)8)),
SZ—(? = (z— 1)256(:5 1) %(m F1)% 4+ (22 - 1)%2°(1 — (2 + 1)%)
+%($ + 1)2s$2s(1 _ (332 + 1)8) + %(l‘ _ 1)253}28(1 _ ($ + 1)5)2

—(z =13 (—(x+1)°@? + o+ 1)° +2(x +1)° — 1)
—(z—1)F5(—(z+ 1)@+ + 1)@ + 2?2+ 1)°
12z + 1)@+ 1)+ (@ + D — 3@+ 1) + 1)) .

Proof. We will make the formulae in Proposition explicit, by inverting formal power
series. If

Fit)=1+,5,ant", and F71(t) =1+ o, but"
are formal inverses, the relation between a,, and b,, can be obtained from ) | k>0 apbp—r =0
(ag = by = 1), recursively (valid for power series over any ring) as

(6.3) b = —a 1bo = a% — as; bs = —a‘i’ + 2a1as — a3, etc.
Now, employing a,(z) := ((z — 1)(z* = 1)... (=" — 1))“1 as in (G1]), we get:
bi(z) = —ar(z) = —(x - 1)1,
by(z) = aj(z) —ag(z) = (¢ = D> 2 = (2 = )" (2® = 1)
=@-D)"?(—(z+1)+1),
bs(z) = —a3(z) + 2a1(z) az(z) — az(z) =
=@ 3 (—(@+1) @+ + 1)+ 2@+ 1) — 1), etc,
which, by substitution in Proposition [6.2], completes the proof. O

Recall from [FNZ| Definition 4.14] the notion of rectangular partition of n: a sequence
of non-negative integers 0 < k;p, <n, [,h € {1,--- ,n} satisfying n = > "L, >0 lhkp,
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interpreted as a collection of k;j, rectangles of size | x h, with total area n. An element of
the set RP,,, of rectangular partitions of n, is denoted:

[[K]] = [(1 x DF1 (1 x 2)kr2.. (1 x p)krn .o (n x n)kmn] e RP,, |
and the “gluing map” sends a rectangular partition to a usual partition
Tm:RP, — P

[[k]] — [m]=[1""---n""] where m;:= Zh ki
h=1
With the notion of rectangular partitions, we rephrase [FNZ, Corollary 1.2] for the free
group I' = F. and G = GL,, case.

Theorem 6.6. [FNZ, Corollary 1.2] The E-polynomial of the GL,-character variety of
the free group in r generators is

kz h

o) - Y [ 2 klh,hm,

[K|€ERPy Lh=1

and the E-polynomial of the stratum corresponding to a partztwn [m] € Py, is

klh
e(XT[m]GLn)— Z H klh'hklh )

[[k]len=1[m] Lh=1

6.2. Serre polynomials for SL, and PGL,-character varieties of the free group.
Recall that, by Proposition 4.4 and Theorem [4.9] E-polynomials of all strata for the
SL, and PGL,-character varieties of the free group of rank r can be derived from the
corresponding ones for GL,,, by dividing out by (x — 1)":
e(XMGL,)
(-1~
for every [k] € P,, as for the whole character variety. So, Theorem allows the compu-
tation of explicit formulae for all E-polynomials of X,.G, with G = GL,, SL, or PGL,,.
As examples, this method recovers the polynomial e(X,.SLs) = e(X,.PGLy) first ob-
tained in [CL], and the polynomial e(X,.SL3) = e(X, PGL3) in [LM|, Theorem 1] (compare
also [BH]). We illustrate the method for n = 3.

e(xMsr,) =exMpPaL,) =

Theorem 6.7. For s > 0, we have:
e(Xop1SL3) = 3(z — 1) (z + 1%z + L(2® + o + 1)%x(z + 1)+
+(z— 1)23 ((a: 4 1)8[3333(332 Yo+ 1)+ 25 29538] L3S gstl z(z 4 1))
Proof. By Theorem [6.6] we get for GLs
Bi) | BB | Bl

where the first term corresponds to e(X""G'L3), the second to e(X; xMer 3) and remaining

e(X,GL3) = By(z) + By(z) By (z) +

3 terms to e(Xr[ls]GLg) (see [ENZ, Figure 4.1] showing rectangular partitions for n = 3).
Replacing B;f(a;), 7 = 1,2,3, by the expressions in Lemma we obtain the result for
X,.G L3, and the case of SLg follows immediately. O
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Our method allows explicit expressions for n = 4 and beyond. In fact, Theorem
provides the decomposition

e(X,GLy) = e(XMGLY) + (X AGLy) + e(XZIGLY) + e(XY BGLy) + e(XMGLY)
By(x)? N By () N By(x)By(2?) N By (x)B1(x)?

2 2 2 2
Bl($4) Bl(l‘g)Bl(:E) Bl($2)2 Bl(l‘2)Bl(l‘)2 Bl(l‘)4

4
(6.4) s TR

as the sum of the 5 strata (which comprise the 11 terms coming from the rectangular
partitions in [FNZ| Figure 4.2]). Combining (6.4]) with formulae in Lemma [6.5] yields the
computation of the E-polynomial for SL; (and then also PGLy). This formula is new.

= B4(£) + Bg(a;)Bl(x) +

Theorem 6.8. The E-polynomial of the SLy-character variety of Fsi1 is:

2s s
3
e(Xey1SLy) = (z—1)»(z+ 1)25"177 + (x4 1) (2% (@ + 2+ 1)° — 22 — 2 + %)]
r? 3% 11, 1

2 y T ﬂ] o
l‘28
4 (x_1)33(x_’_1)2s(_x63_’_7)

+ (-1 +1)2%[2*+ 2+ 1)@ +2° + 2+ 1)° — 2(2® + .+ 1)° + 3]

+ (:E _ 1)3s+1 [x?)s + _ 1)3s+3

(z

s

+ (z—1)*@+1)* [m3s((x2 +x+4+1)° — 2) — x4 x_]

2
2s s 1

+ (z—1)3(—a% + :133:1—1— % — % + 5)

—1)8
4 (x—1)23+2($ 4)
T N GIPHE I PR
b )PEr )T @)
+ (:17—1)8+1[($+1)§($2—|—$+1)8+%($2+2$+2)}
+ (x—1)8(x+1)28[§((x2+1)8—1)+xll]
B i<x+1)s+1(x2+1)s+i(x3+x2+x+1)s+1_

Formulas for all n can be obtained in exactly the same way, from the combinatorics of
rectangular partitions, and the formula for B,, in Proposition (6.2]).

6.3. Irreducibility and Euler characteristics. It is clear that the above method, com-
bining Proposition 6.2, Lemmal[G.5and Theorem [6.6] provides the same kind of expressions
for e(X,.SLy,) = e(X,PGL,), and for every n € N. Additionally, we can prove irreducibil-

ity and compute all Euler characteristics of X,[k}G for G = GL,,, SL, and PGL,, and all
[k] € P,. We start with the GL,, case.
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Lemma 6.9. The degree of the polynomial B](x) is
deg(B~(z)) = n?(r — 1) + 1.
Proof. From Proposition 6.2}, deg B}, (z) will be

n(r— 1)k:
6.5 1+ d by (/Mg (2) | |
(6.5) max max deg H x

where by (x) are defined by (1 + 35, oj an(z)t")(1 + 32,51 bu(2)t") = 1, with a,(z) =
(z—1)(z*-1)... (x"—l))r_l, so that deg a;(x) = i(Z;H) (r—1). By the recursive definition
of bj(z) in terms of the a;(x) (see Equations (6.3)), it is easy to see that b;(z) = —a;(z) +
lower degree terms, hence degb;(z) = degaj(x) = (]gl)(r —1). Now, the maximum in
(63) is achieved for d = n because partitions of smaller n have lower degree. Hence:

deg B" =1 d by (a)ks =Dk ()
eg By (x) + meaél egH

= 1+ maxep, Z;‘L:I ((]—51) (r— 1)/€j + (r — 1)kj (é))
= 1+ maxgep, 2?21 kjj2(r - 1) :

Using the restriction n = Z;LZI Jjkj, it is clear that the maximum is achieved for the
partition [n], i.e. all k; = 0 except k,, = 1, so that deg B!,(z) = n?(r—1)+1 as wanted. O

k]

Corollary 6.10. Every [k]-polystable stratum XT[ GL,, is an irreducible algebraic variety,

and has zero Euler characteristic.

Proof. The irreducible stratum corresponds to the partition [n] and its polynomial is given
by e(X}""GL,,) = Bj,(x) (see Theorem [6.6l and Remark [.2)). The monomial of top degree
of B (x) is, by the proof of Lemma 6.9,

—1)! n n
DR G)bn(w)lm("—l"l'(z) = (@ = Dag(2)e" 1),

whose leading coefficient equals the leading coefficient of a,(x), which is 1. Therefore,
XUTGL, is an irreducible variety. All polystable strata can be expressed as symmetric
products of irreducible strata of lower dimension (see [FNZ|, Proposition 4.5]), hence all of
them are irreducible. The statement about Euler characteristics follows by substituting
x = 1 in Theorem [6.6], since B), (1) = 0, for all n,r € N (see Proposition and Lemma

6). O

The next Corollary is immediate from our constructions.

Corollary 6.11. For every [k] € Py, the strata Xr[k]SLn and X,[MPGL,L are irreducible
algebraic varieties.

Finally, we compute the Fuler characteristics of the SL,, and PG L,-character varieties
of the free group. It turns out that the only strata contributing are of the form [d"/ 1 € P,
indexed by the divisors d of n.



26 C. FLORENTINO, A. NOZAD, AND A. ZAMORA

Proposition 6.12. The Euler characteristics of the SL,, and PGL, character varieties
of the free group are

x(X.SLy,) = x(X,PGLy) = p(n)n" >
where p(n) is Euler’s totient function. The Euler characteristics for the strata of the form
[d"/) € P, are

X(Xr[dn/d]SLn) — X(Xr[dn/d}PGLn) _ N(dd) nr—l ,

otherwise X(Xr[k]SLn) =0, where pu(n) is the arithmetic Mébius function.

Proof. By Theorems and [5.17] the Euler characteristics for SL,, and PG L,-character
varieties are equal and can be computed strata by strata, by setting x = 1 in the GL,
polynomials of Proposition and Theorem [6.6] and using Proposition .4t

[m]
xmar,)
6.6 xmsL,) = x(xXm™pGL,) = el GLu)
(6.6) (XIS Ly) = x(] =Tl
To begin, we show the formula:
By () 1 ) .
6.7 n - bi@™)| = pm)n 2.
(6.7) [(az - 1)7’L:1 [(az -1t n i )L:1 pln)n
Indeed, by the recursive definition (6.3)), the term (z—1)""=1 can be factored out in a, ()
and, hence, the same applies to every b, (z). Then, for n = 1 we get by(z) = —(z — 1)" L.
However, for m > 1, we have [(xb_ml()f),l} = 0, so all terms with b,,,(z) for m > 1, in the

formula of Proposition [6:2] disappear from the calculation of the Euler characteristic. For
b1(z) we have the following expression, for every t € N:

b1($3)t _ _(xs o 1)t(r—1) _ (_1)15(3j o 1)t(r—1)(1 x4+ $s—1)t(r—1) )

Therefore, if ¢t > 1, { bl_(xsr.)il} = 0, while, for t = 1, we have { b_l(xf.),l} =—s
(z—1) =1 (z—1) =1

Note that products b;(x) - bj(x), i # j, necessarily have a zero of order greater than r
in x = 1. Hence, in Lemma [6.5] after setting 5’2%)“ the only terms which do not vanish
are those with j = 1 and ky = 1 and k; = 0 for j = 2,...,d. Therefore d = 1 and the
only partition contributing is [1] € Py, yielding the equality in Equation (6.7]). Similarly,
By (z°)
(ZE—I)T ] Tr=

To finish, we look at Theorem For rectangular partitions with two or more blocks
of different sizes (i.e. giving terms of the form B], (2°')- B}, (2°)) x = 1 is a zero of order
greater than r, then we get rid of them in the final calculation. This leaves us to just
consider rectangular partitions [[k]] with a single block [ x h and k;j = 1 and the rest
ki, = 0: they are indexed by divisors of n. Let [k] € P(n) be a partition by blocks of just

one size [k] = [d@"/4]. In the expression of Theorem 6.8} put [ = d and h = n/d and have

L _dp e _pld)
=1 [mﬁBd(x /d)]le —a " b

r—1

= p(n)s"™n" =2, for every s € N.

we have [

e(XT[dn/d]GLn) :|

X[dn/d} Ln _

while for other strata [k] € P(n) with two or more blocks of different sizes, the Euler
characteristic is zero. To get the Euler characteristic of the full character variety, we sum
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up over all strata, this is, over all divisors of n:

Z 1 d Z (d) ,_ _
= _ n/d — /I/ r—1 — r—2
by using Mébius inversion formula with the Euler function, ¢(n) =3_,,, Fu(d). O

Remark 6.13. This result extends [MRl Theorem 1.4] to the SL, case and, moreover,
calculates the Euler characteristic of all strata, providing a geometrical meaning to the
calculation in terms of the Euler function. Also, note that the stratum [1"] corresponds to

an abelian character variety, and this computation agrees with the one in [F'S, Corollary
5.16].

Example 6.14. (1) As an application of Proposition [6.12] for n = 4, we get
X(XSLy) = x(X,PGLy) = 24",
where the only strata that contribute to the Euler characteristic are:
Y(XMISLY) = x (XM IPGLy) =471, x(XPVSLy) = x(XEIPGLy) = —2- 472,
(2) In the case when n is a prime number p, we similarly get:
X(XSLy) = (p—1)-p 2,
where the only strata contributing to the FEuler characteristic are:
X(XMISL) =p =t X(XPISL,) = —p 7,

and similarly for X. PGL,.

(3) More generally, if n = p{* - p5? - - - p% is the prime decomposition of n, the only strata
contributing to the Euler characteristic of the SL, and the PGL,, character variety of Fi.
are those of the form [d™/?)], where d = p;, - pi, - - pi, 18 square-free since then p(d) # 0.

These strata are the same for n* := p; -ps - - - ps and for all n with the same prime divisors.
Indeed,

X(X7[17L]SL7L) =n""! )

n/p;
(IS, = — =L

bi

o\ PP} 1
X(Xr[(plpj) P p]]SLn) — nr—l ’
bipj

XIS, = (-1

with sum

p|n,p prime
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