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Abstract

We consider a Frobenius structure associated with the dispersionless Kadomtsev
– Petviashvili equation. This is done, essentially, by applying a continuous analogue
of the finite dimensional theory in the space of Schwartz functions on the line. The
potential of the Frobenius manifold is found to be a logarithmic potential with quadratic
external field. Following the construction of the principalhierarchy, we construct a set
of infinitely many commuting flows, which extends the classical dKP hierarchy.

Introduction

The relation between Frobenius manifolds and hierarchies of integrable dispersionless sys-
tem, first described by Dubrovin [7, 8], has been subject in the last twenty years of an intense
research (see [11, 12] and references therein). The connection is obtained by considering a
class of integrable quasilinear(1+1) PDEs, of the form

uit = V i
j (u) u

j
x,

which are known as hydrodynamic type systems. To every Frobenius manifold, one can
associate a hierarchy of infinitely many commuting systems of hydrodynamic type, whose
number of components is equal to the dimension of the manifold. This hierarchy goes under
the name of principal hierarchy, and the explicit knowledgeof the members of the hierarchy
provides the general solution of any of its flows, by a procedure known as generalized hodo-
graph method. In this setting, the knowledge of a Frobenius manifold is therefore a useful
tool for the integration of these systems. The converse problem, namely to find a Frobenius
manifold starting from a system of hydrodynamic type, is rather more difficult, for one has
to provide a suitable decomposition of the matrixV in terms of structure constants of an
algebra. If one is able to specify the Frobenius manifold, then the flows of the corresponding
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principal hierarchy provide a complete set of symmetries for the original system, and the
hodograph method can be applied. In this paper, we are interested in infinite dimensional
Frobenius manifolds, to be associated with(2+1)−equations.

The first complete example of an infinite dimensional Frobenius manifold has been pro-
vided by Carlet, Dubrovin and Mertens in the recent paper [3], where they have related the
dispersionless2D Toda hierarchy to a Frobenius manifold constructed on the space of pairs
of functions analytic inside and outside the unit circle respectively, and with prescribed sin-
gularities at zero and at infinity. The purpose of the presentpaper is to produce a Frobenius
structure for the pair of commuting flows

fy = pfx − A0
xfp, (0.1a)

ft = (p2 + A0)fx − (A0
x p+ A1

x)fp, (0.1b)

which are two examples of kinetic equations of Vlasov type. HereAk=
∫ +∞

−∞
pkf dp are the

moments off with respect to the variablep, and subscripts denote partial derivatives. The
above pair of equations is strictly related with the(2+1)−equation

∂x
(

A0
t − A0A0

x

)

= A0
yy, (0.2)

which is known in the literature asdispersionless Kadomtsev–Petviashvili(dKP) equation.
More precisely, the first momentA0 satisfies (0.2) providedf is a solution of (0.1). Equa-
tion (0.2) can be derived as the dispersionless limit of the Kadomtsev–Petviashvili equation
[20], and it also appears in nonlinear acoustics under the name of Khokhlov–Zabolotskaya
equation [42, 33].

Despite the fact that the dKP and the dispersionless2D Toda equations present many
similarities, the procedure established in [3] for constructing a Frobenius manifold seems to
be less suitable, as it stands, for the dKP case. The present approach is thus different, and
based on a method introduced in [17] for equations of type (0.1). The crucial point is to
interpret these systems as a sort of systems of hydrodynamictype, of the form

ft(p) =

∫

V
(

p

q

)

fx(q)dq,

whereV is a suitable kernel, and to construct from these systems a Frobenius structure by
applying a direct generalization of the finite dimensional case. There are two important
features we want to emphasize: first, although the classicaltheory of Frobenius manifolds
is usually easier described in the so-called flat coordinates, we prefer in this paper to use
a different set of coordinates – given essentially by the function f(p) – which turns out to
be more suitable for our purpose. In addition, in order to give precise sense to the objects
involved in the Frobenius structure, we assumef to be a Schwartz function of the variablesx
andp. Correspondingly, the Frobenius structure is thus provided by considering (multi)linear
maps on suitable vector subspaces of the Schwartz space and its dual space, the space of
tempered distributions.

The choice of takingf in the Schwartz class implies that the first momentA0 – which is
the solution of the dKP equation – is a Schwartz function in the variablex. Within this ap-
proach, the behaviour ofA0 for largey is left arbitrary. In this paper, we do not consider the
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Cauchy problem for the dKP equation (see [26, 27, 28], where anew kind of inverse scatter-
ing transform has been introduced for solving the dKP equation with localized initial data);
however – following the construction of the principal hierarchy of the Frobenius manifold –
we produce a hodograph-type formula, which provides solutions of dKP in an implicit form.

The paper is organized as follows: in Section 1 we review the finite dimensional theory of
Frobenius manifolds, and the relation with hydrodynamic type systems. Section 2 is devoted
to the Lax representation of the dKP hierarchy, to its Hamiltonian formulation, and to the
kinetic representation of its flows, which can be written as Vlasov equations. In Section 3,
we set up the analytical background, we describe the space ofSchwartz functions (on the line
and on the plane), and the corresponding dual space of tempered distributions. Furthermore,
we review the classical results concerning Schwartz functions, their Hilbert transform, and
scalar Riemann–Hilbert problem on the real axis.

Section 4 is devoted to the construction of the Frobenius manifold. Using the continuous-
index approach, we first show how to write systems of type (0.1) as hydrodynamic type
systems, we rewrite in this picture the metrics associated of the dKP Poisson brackets, and
we determine suitable structure constants, the unity and Euler vector fields, and the potential
of the Frobenius manifold. The latter turns out to be a logarithmic potential with external
field, of the form

F =
1

2

∫∫

log |p− q|f(p)f(q)dp dq +
1

2

∫

p2f(p)dp.

In Section 5, we follow the procedure of the principal hierarchy of a Frobenius manifold,
and we construct an infinite set of commuting flows, which generalizes the classical dKP hi-
erarchy. We then introduce an analogue of the hodograph transform, and discuss the validity
of this formulation in the infinite dimensional setting.

As already mentioned, the construction of the Frobenius manifold is done in this paper
without using flat coordinates. For completeness, in the last section we describe the flat coor-
dinates for the Frobenius manifold, as well as the canonicalcoordinates, which diagonalize
the flows of the principal hierarchy. The construction of these coordinate sets corresponds
to the procedure followed by Carlet, Dubrovin and Mertens inthe case of the dispersionless
2D Toda hierarchy.

1 Finite dimensional Frobenius manifolds

In this section we briefly review the theory of Frobenius manifolds, as well as their connec-
tion with integrable hierarchies. The main purpose here is to fix the notation and to explicitly
write down the formulae we want to generalize later to the infinite dimensional case. For a
complete exposition on Frobenius manifolds and its relatedtopics we refer to [8, 11].
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1.1 Frobenius manifolds

A Frobenius algebrais a pair(A,< , >), whereA is a commutative, associative algebra
with unity over a fieldk (= R,C), and< , > is ak−bilinear, symmetric, non-degenerate
form, which is required to be invariant, in the sense that

< X ◦ Y, Z >=< X, Y ◦ Z >, ∀ X, Y, Z ∈ A.

A Frobenius structureof charged on a differentiable manifoldM is the structure of a Frobe-
nius algebra on every tangent spaceTzM, depending smoothly onz ∈ M. Moreover, for
every vector fieldX, Y , Z,W onM, the following conditions are required:

1. The pseudo-metric
η (X, Y ) :=< X, Y >

onM is flat.

2. Denoting by∇ the Levi-Civita connection of the metricη, then the (totally symmetric)
tensor

c (X, Y, Z) := η (X ◦ Y, Z) ,

must satisfy
∇W c (X, Y, Z) = ∇Xc (W,Y, Z) .

3. The unity vector fielde is flat:
∇e = 0.

4. There exists a vector fieldE onM, calledEuler vector field, satisfying

∇∇E = 0,

[E,X ◦ Y ]− [E,X ] ◦ Y −X ◦ [E, Y ] = X ◦ Y.

E (η (X, Y ))− η ([E,X ] , Y )− η (X, [E, Y ]) = (2− d) η (X, Y ) .

The above definition gives to a Frobenius manifold a very richgeometrical structure, which
has been object of intense studies in the last twenty years [8, 11]. In particular, one of the
most important results is the existence of a functionF , called thepotentialof the Frobenius
manifold, satisfying, in any local coordinate setu1, . . . , uN , the conditions

cijk(u) = ∇i∇j∇kF (u). (1.1)

Remark 1 By using flat coordinates for the metricη, sayh1, . . . , hN , condition(1.1)reduces
to

cijk(h) =
∂3F (h)

∂hi∂hj∂hk
,

4



and the associativity equations for the algebra can be written, in these coordinates, as

∂3F (h)

∂hi∂hj∂hs
ηsr

∂3F (h)

∂hr∂hl∂hk
=

∂3F (h)

∂hk∂hj∂hs
ηsr

∂3F (h)

∂hr∂hl∂hi
.

These equations are known as WDVV equations, and play an important role in two dimen-
sional topological field theory [40, 5]

We denote byηij the components of the inverse metricη−1, so that the quantities

cijk = ηiscsjk,

are the structure constants of the algebra. Another interesting feature for a Frobenius man-
ifold is that, in addition to the flat metricη, it is possible to introduce a second flat metric,
denoted byg, whose contravariant components are given by

gij = Ekηisc
j
ks,

whereE is the Euler vector field. This metric is usually called theintersection formof the
Frobenius manifold, its flateness can be deduced from the properties ofE, η andc, and it has
the important property that every linear combination of theform

ηij + α gij , α = const.,

defines a metric with zero curvature tensor. The metricsη andg are thus said to becompatible
flat metrics, or to form aflat pencil of metrics[9].

Finally, we recall the notion of semisimple Frobenius manifold. A pointz on a Frobenius
manifoldM is said to besemisimpleif the corresponding tangent spaceTzM is semisimple
(that is, it has no nilpotents). A Frobenius manifoldM is said to besemisimpleif a generic
point ofM is semisimple. In a neighborhood of a semisimple point of a Frobenius manifold,
one can introduce local coordinatesr1, . . . , rN such that

cijk(r) = δijδ
i
k.

Such coordinates are calledcanonical coordinates; it can be shown that in these coordinates
the metric and the intersection form take diagonal form, namely

ηij(r) = ηii(r)δij, gij(r) = gii(r)δij,

for suitable functionsηii, gii.

1.2 Integrable hierarchies and Frobenius manifolds

In (1 + 1) dimension,systems of hydrodynamic typeare systems of quasilinear PDEs of the
form

uit = V i
j (u)u

j
x, i = 1, . . . , N, (1.2)
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whereV i
j are differentiable functions of theui(x, t), and the independent variablesx andt

are real. We also require the boundary conditions

lim
|x|7→∞

ui(x, t) = 0, i = 1, . . . , N, (1.3)

to hold. Within these hypotheses, if we consideru1, . . . , uN as local coordinates on a dif-
ferentiable manifoldM, we can interpret systems of type (1.2) as dynamical systemson the
loop space

L(M) =
{

γ : R 7→ M | γ(x) =
(

u1(x), . . . , uN(x)
)}

,

of smooth curves on the manifoldM.

A system of type (1.2) is said to bediagonalizableif there exist coordinatesr1, . . . , rN

such that the system is diagonal, that is,V i
j (r) = vi(r)δij , or, equivalently,

rit = virix. (1.4)

Such coordinates are calledRiemann invariants, and thevi characteristic velocities. Due to
a result of Tsarev [38], solutions of a system (1.4) can be given in an implicit way by the
Hodograph formula

x+ tvi = wi, (1.5)

where thewi are solutions of the linear system

∂wi

∂rj
=

∂vi

∂rj

vj − vi

(

wj − wi
)

, i 6= j. (1.6)

This system provides the characteristic velocities of the symmetries of (1.4); hydrodynamic
type systems for which (1.6) is compatible are known in the literature assemi-Hamiltonian.
Every semi-Hamiltonian systems possesses, besides the symmetries solutions of (1.6), in-
finitely many conserved quantities.

Let us now move to the relation between Frobenius manifolds and hydrodynamic type
systems. This can be described by introducing a Poisson structure on the loop spaceL(M).
Thus, we letu1, . . . , un depend onx, we impose the boundary conditions (1.3), and – fol-
lowing Dubrovin and Novikov [10] – we definefunctionals of hydrodynamic typeto be func-
tionals of the form

H [u] =

∫ +∞

−∞

h(u)dx, (1.7)

whereh is a differentiable function, depending on theui but not on theirx−derivatives. A
Poisson bracket of hydrodynamic typeof two functionalsH =

∫

hdx andK =
∫

kdx of
type (1.7) is defined as

{H,K} =

∫

δH

δui(x)

(

ηij(u)
d

dx
+ Γij

k (u)u
k
x

)

δK

δuj(x)
dx, (1.8)
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where theηij are the contravariant components of a flat metric onM, andΓij
k = −ηisΓj

sk,
with Γj

sk the Christoffel symbols of the metricη. For functionals of type (1.7), the variational
derivative involved in the formula is given by

δH

δui(x)
=

∂h

∂ui
. (1.9)

It is thus clear that Hamiltonians of type (1.7) generate Hamilton equations

uit =
{

ui, H
}

=
(

ηik∇k∇jh
)

ujx,

which are systems of hydrodynamic type. Since a Frobenius manifold admits two compatible
flat metrics, the loop space of a Frobenius manifold admits a bihamiltonian structure, whose
flows generated by Hamiltonians of the form (1.7) are systemsof hydrodynamic type.

An alternative approach for constructing a hydrodynamic type system starting from a
Frobenius manifold is to consider a vector fieldX onM, and to associate toX the hydro-
dynamic type system

uit = (VX)
i

j u
j
x, (VX)

i

j = cijkX
k, (1.10)

wherec is the product of the Frobenius manifold. By combining thesetwo approaches, one
can construct an infinite set of commuting flows, known as theprincipal hierarchyof the
Frobenius manifold [11]. This can be defined by means of the recursive relations

∇jX
i
α,0 = 0, (1.11a)

∇jX
i
α,n+1 = cijkX

k
α,n, n = 0, 1, 2, . . . , (1.11b)

whereα = 1, . . . , N , and∇ is the covariant derivative of the metricη (see for instance [25],
where the above construction has been considered for a more general class of systems). Ifc
andη satisfy the conditions of a Frobenius manifold, then system(1.11) is compatible, and
the flows

∂ui

∂tα,n
= (Vα,n)

i

j

∂uj

∂x
, (Vα,n)

i

j
= cijkX

k
α,n, (1.12)

which form the principal hierarchy, pairwise commute. In particular, when the flat vector
fieldsXα,0 are chosen as in [11], the corresponding PDEs are calledprimary flowsof the
hierarchy. The flows of the principal hierarchy are semi-Hamiltonian hydrodynamic type
systems, and therefore they possess infinitely many conserved quantities of hydrodynamic
type, whose densities are solutions of the system

cijk∇i∇lh = cilk∇i∇jh, (1.13)

see, for instance, [11].

Remark 2 The flows(1.12)of the principal hierarchy are Hamiltonian [11], as shown by
the following considerations. One defines the1−forms θα,ni := ηikX

k
α,n, which are proved

to be closed by using(1.11)together with the flatness of the metric. Therefore, there locally
exist functionsHα,n such that∂iHα,n = θ

α,n
i , and from(1.11b)we have

(Vα,n)
i

j
= ηik∇k∇jHα,n+1,
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which gives the Hamiltonian form of the flows(1.12). Moreover, it has been proved in [11],
that in the semisimple case the functionsHα,n satisfy a completeness property, in the sense
that they form a complete set in the space of conserved densities of the hierarchy(1.12),
which are polynomial with respect to one of the flat coordinates.

If the Frobenius manifold is semisimple, then in canonical coordinates the flows of the prin-
cipal hierarchy become diagonal:

∂ ri

∂ tα,n
= X i

α,n

∂ ri

∂ x
, α = 1, . . . , N, n = 0, 1, . . . .

In other words, canonical coordinates on a Frobenius manifold are Riemann invariants for
the flows of the principal hierarchy, and the componentsX i

α,n of the vector fields are the
characteristic velocities of the corresponding flows. Writing the hierarchy in canonical coor-
dinates, we can then apply the hodograph formula (1.5) to obtain solutions of the principal
hierarchy. Alternatively, one can consider the system

x δij + t V i
j = W i

j ,

which is an invariant formulation of the hodograph formula (1.5). If V = VX ,W = VY as in
(1.10), for some vector fieldsX, Y , then we get

cijk
(

x ek + tXk − Y k
)

= 0, (1.14)

which shows that the vanishing of the quantities in the bracket defines an implicit solution in
any coordinate set. This invariant formulation of the hodograph method in terms of critical
points of vector fields has been considered in [24].

Remark 3 We note that although the definition of Frobenius manifold requires the non-
degeneracy of the bilinear formη, the theory of hydrodynamic type systems turns out to
be less restrictive. In particular, a local Hamiltonian formalism can be defined also in the
degenerate case (see [6], Theorem5.14), and the principal hierarchy can be built as in
Remark 2, that is, by using differential forms in place of vector fields.

So far, we have considered the direct problem of determiningthe principal hierarchy of
a given Frobenius manifold. The converse problem, of producing a Frobenius manifold
starting from a given hydrodynamic type system (1.2) is rather more difficult, and even not
always solvable (see [9] for further detail). We recall herethat a necessary condition is
the existence for the system (1.2) of a bi-Hamiltonian structure of type (1.8); one has then to
find a decomposition of (1.2) of the form (1.10) (as well as thecorresponding unity and Euler
vector fields) and to prove the axioms of a Frobenius manifold. If one is able to determine
the Frobenius manifold, then the corresponding principal hierarchy form a (complete) set of
symmetries of the original system.
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2 dKP equation and Vlasov equations

2.1 dKP hierarchy

The Lax representation of the dispersionless KP hierarchy [36] is defined in terms of the
formal power series

λ = p+
∞
∑

k=0

Ak

pk+1
, (2.1)

where the variablesAk depend on an infinite set of independent variablestn, with n > 0, as
well as on the spatial variablex. The Lax equations are given by

λtn = {Ωn, λ}x,p , Ωn =
1

n
(λn)+ , (2.2)

where the bracket is the canonical Poisson bracket,

{h, g}x,p = hp gx − hx gp, (2.3)

and( )+ denotes the polynomial part of the argument. In this setting, every Lax equation can
be seen as the generating function of a system of hydrodynamic type with infinitely many
dependent variablesAk, with k ∈ N.

Example 2.1 The first non-trivial case,n = 2, gives

λt2 = pλx − A0
xλp. (2.4)

This is equivalent to theBenney moment equation:

Ak
t2
= Ak+1

x + kAk−1A0
x, k ∈ N, (2.5)

named after Benney [1] who derived it from the study of long nonlinear waves on a shallow
perfect fluid with a free surface. Forn = 3 we get

λt3 = (p2 + A0)λx − (A0
x p+ A1

x)λp, (2.6)

to which corresponds the system

Ak
t3
= Ak+2

x + A0Ak
x + (k + 1)AkA0

x + kAk−1A1
x, k ∈ N. (2.7)

It is well known that the commutativity of the flows (2.2) implies the Zakharov-Shabat (or
zero curvature) equations

∂tnΩm − ∂tmΩn = {Ωm,Ωn}x,p ,

which are systems of PDEs for (2 + 1) independent, and a finite number of dependent vari-
ables. In the casem = 2, n = 3, and after settingt2 = y and t3 = t, one gets the dKP
equation (0.2).
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A Hamiltonian structure for the dKP hierarchy was found by Kupershmidt and Manin
[22, 23]. Indeed, they wrote the Benney system (2.5) in the form

Ak
t2
=

{

Ak,H2

}

1
, H2 =

∫

1

2

(

A2 +
(

A0
)2
)

dx, (2.8)

where the Poisson bracket is theKupershmidt–Manin bracket:

{K,H}1 =

∫

δK

δAk(x)

(

(k + n)Ak+n−1 d

dx
+ nAk+n−1

x

)

δH

δAn(x)
dx. (2.9)

We notice that the above bracket is a hydrodynamic type bracket with infinitely many com-
ponents. In particular, the metric is given by

ηkn(A) = (k + n)Ak+n−1. (2.10)

All other flows of the dKP hierarchy are also Hamiltonian, with Hamiltonian densities given
by the coefficients of the series

p = λ−

∞
∑

k=0

Hk

λk+1
,

which is obtained by inverting the series (2.1) with respectto p. The first few of them are

H0 = A0, H1 = A1, H2 =
1

2
A2 +

1

2

(

A0
)2

H3 =
1

3
A3 + A0A1.

Furthermore, the Benney equation (2.5) admits a second Hamiltonian formulation, given by

Ak
t2
=

{

Ak,H1

}

2
, H1 =

1

2

∫

H1dx,

where the bracket is again of hydrodynamic type with infinitely many components, and it is
compatible with the Kupershmidt-Manin bracket. We give here only the metric, which is

gkn(A) = k nAk−1An−1 + (k + n+ 2)Ak+n +
n−1
∑

i=0

(k + i)Ak+i−1An−i−1

−
n−2
∑

i=0

(n− i− 1)Ak+iAn−i−2, (2.11)

further detail can be found in [21, 17]. The other flows of the hierarchy are also Hamiltonian
with repect to this second Poisson bracket.

2.2 dKP and Vlasov equations

The use of the formal series (2.1), introduced in the previous section, is to be understood as
an algebraic model for describing the underlying integrable system in a more compact way.
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However, to describe the system in more detail we must imposemore structure onλ. This has
been done –for instance– in [18, 19], whereλ is defined through the Hilbert transform on the
real axis of a suitable functionf . We now briefly review this approach, without specifying
the functional class to whichf belongs. Later, in order to construct a suitable Frobenius
structure, we will takef in the Schwartz class. We thus define the analogue of the formal
series (2.1) to be the function

λ(p) = p+−

∫ +∞

−∞

f(q)

p− q
dq, p ∈ R, (2.12)

where−
∫

dp denotes the Cauchy principal value integral. The function (2.12) possesses an
asymptotic expansion forp at infinity of the form

λ ∼ p+

∞
∑

k=0

Ak

pk+1
, (2.13)

where the coefficientsAk, given by

Ak =

∫ +∞

−∞

pkf(p)dp, k ∈ N, (2.14)

are the moments off . Within this approach, the formal series (2.1) can be recovered as the
asymptotic expansion forp 7→ ∞ of the function (2.12). Moreover, due to the definition
(2.12) of the functionλ, to every flow of the dKP hierarchy we can now associate a corre-
sponding equation for the functionf [15, 44]. The following examples clarify the situation.

Example 2.2 The equation
ft2 = pfx − A0

xfp, (2.15)

leads, under the definition(2.12), to the dispersionless Lax equation(2.4). Morever, the
moment equations of(2.15)are the Benney system(2.5). Analogously, equation

ft3 =
(

p2 + A0
)

fx −
(

A0
xp+ A1

x

)

fp, (2.16)

induces the Lax equation(2.6) for λ, and the related moment equations turn out to be system
(2.7). One can prove that the flows(2.15)and (2.16)commute. Moreover, the dKP equation
(0.2) can be obtained directly from these flows as follows: we sett2 = y, t3 = t, and we
consider the first few moment equations of(2.15)and (2.16), that are

A0
y = A1

x, A1
y = A2

x + A0A0
x, A0

t = A2
x + 2A0A0

x.

Rearranging, we find the following system of equations

A1
x = A0

y,

A1
y = A0

t −A0A0
x,

which is proved to be compatible, so thatA0 satisfies the dKP equation(0.2).
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Remark 4 Comparing equation(2.4)with (2.15)and(2.6)with (2.16), we notice thatf and
λ are carried along the same characteristics with respect to the flowst2 andt3. This result
can be generalized to all other flows of the dKP hierarchy, andthe proof, for every fixed flow,
requires elementary manipulations only. However, to the author’s best knowledge, a proof of
this fact for the complete hierarchy is still missing.

The relation between thef and theλ pictures is not just at the level of the equations, but also
at the Hamiltonian level. This is shown by introducing thePoisson–Vlasov bracket[29]:

{G,H}LP :=

∫∫

f(x, p)

{

δ G[f ]

δf(x, p)
,
δH[f ]

δf(x, p)

}

x,p

dp dx, (2.17)

where{· , ·}x,p is the canonical bracket (2.3),G, H are functionals off , and the variational
derivatives are defined by the identity

∫∫

δH[f ]

δf(x, p)
Φ(x, p)dp dx =

d

dǫ |ǫ=0
H[f + ǫΦ], (2.18)

for every suitable test functionΦ. Hamilton’s equations for the bracket (2.17):

∂f

∂t
= {f,H}LP , (2.19)

or, equivalently,
∂f

∂t
+

{

f,
δH

δf

}

x,p

= 0, (2.20)

are equations of kinetic type, and more precisely are a classof Vlasov equations, which arise
in the theories of plasma physics and vortex dynamics. The relation between these equations
and the dKP hierarchy relies on the following result [15]: ifwe restrict the bracket (2.17) to
functionals depending on the moments alone,

H = H[A0, A1, . . . ],

then the Poisson–Vlasov bracket restricts to the Kupershmidt–Manin bracket (2.9), namely

{G,H}LP = {G,H}1 .

As a consequence of this fact, every Vlasov equation (2.19) induces a set ofmoment equa-
tions, given by

Ak
t =

{

Ak,H
}

1
k = 0, 1, . . . ,

where the functionsAk are defined by (2.14).

Example 2.3 The Benney Hamiltonian(2.8), leads to the Vlasov equation(2.15). Analo-
gously, the Vlasov equation obtained by the Hamiltonian

H3 =

∫
(

1

3
A3 + A0A1

)

dx,

is equation(2.16).
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3 Schwartz functions and tempered distributions

This section is devoted to a brief review of the main properties of Schwartz functions and
tempered distributions, in which we can find a sufficiently rich analytical setting for the
construction of the Frobenius structure for the dKP equation. Indeed, by taking the function
f introduced above in the Schwartz class, we can be more precise on the analytical properties
of the objects considered in the previous section. We will beinterested on Schwartz functions
of one and two variables only. At the end of the section, we review the well known relation
between Schwartz functions of one variable and the Riemann-Hilbert problem on the real
axis.

3.1 The spaceS(R)

LetΦ be a function of the real variablep. We say thatΦ belongs to the Schwartz classS(R)
if it is C∞−differentiable and satisfies

sup
p∈R

| pk ∂mΦ(p) | < +∞,

for everyk,m ∈ N. The following properties of the spaceS(R) are well known; we refer
to the classical references [35, 14, 32] for a more detailed description. The spaceS(R)
is k−linear (k = R,C), and closed with respect to pointwise product and differentiation,
meaning thatφψ, φ′ ∈ S(R) if φ, ψ ∈ S(R). Moreover, we haveS(R) ⊂ Lp(R), for
1 ≤ p ≤ +∞. The dual spaceS ′(R) of S(R) is the space of tempered distributions, which
are defined through the pairing

〈ω,Φ〉 =

∫ +∞

−∞

ω(p)Φ(p) dp, ω ∈ S ′(R), Φ ∈ S(R).

The spaceS ′(R) can be characterized in the following way: a distribution istempered if
and only if is a finite sum of (weak) derivatives of continuousfunctions growing at infinity
slower than some polynomial. The following examples of tempered distributions will be
useful later:

Example 3.4 Let OM(R) denote the set ofC∞(R) functions which, together with all their
derivatives, grow at infinity slower than some polynomial. We haveS(R)⊂OM (R)⊂S ′(R),
which in particular shows that the Schwartz functions can beseen as tempered distributions.
The spaceOM is important for the following reasons: first, givenh∈OM (R) andΦ∈S(R)
thenhΦ ∈ S(R). This allows one to define the product betweenh ∈ OM and ω ∈ S ′ by
< hω,Φ >=< ω, hΦ >, for everyΦ ∈ S. Moreover, if one defines the convolution of a
tempered distribution with a function as

(ω ∗ Φ) (p) :=

∫ +∞

−∞

ω(q)Φ(p− q)dq, ω∈S ′(R), Φ∈S(R),

thenω∗Φ∈OM (R). The last result is known in the literarure as regularization of a tempered
distribution.
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Example 3.5 the delta function and its derivatives, which are defined by the conditions
∫ +∞

−∞

Φ(q)δ(k)(p− q)dq = Φ(k)(p), k = 0, 1, 2, . . . ,

for everyΦ ∈ S(R), are tempered distributions. They satisfy the identities

δ(k)(p− q) = (−1)kδ(k)(q − p), (3.1a)

Φ(q)δ(k)(p− q) =

k
∑

i=0

(

k

i

)

Φ(i)(p)δ(k−i)(p− q). (3.1b)

We denoteδ′(p− q)=δ(1)(p− q), with similar notation for higher derivatives.

Example 3.6 The singular distribution p.v.1
p
, defined by

〈

p.v.
1

p
,Φ

〉

:= −

∫ +∞

−∞

Φ(p)

p
dp, (3.2)

see, for instance, [14, 31]. In order to simplify the notation, the symbolp.v. will be dropped,
that is, we will write1

p
in place ofp.v.1

p
. It will be clear from the context when this quantity

has to be understood in the distributional sense.

We now consider the functionf introduced in the previous section, and takef ∈ S(R).
This assumption can be weakened, for instance, allowingf to be non-differentiable (or even
discontinuous) at some point; however, for simplicity, these generalizations will not be con-
sidered in this paper.

The first consequence of considering a Schwartz function is that all the moments (2.14)
are finite, so that the moment equations such as (2.5) make sense. In addition, the functionλ
defined in (2.12) belongs toOM(R). Indeed, the Cauchy integral appearing in (2.12) can be
read as the convolution off with the distribution of Example 3.6. Due to the remark at the
end of Example 3.4 we obtainλ∈OM (R).

Remark 5 The Hilbert transform of a functionΦ is defined as

Hilbp[Φ] =
1

π
−

∫ +∞

−∞

Φ(q)

q − p
dq. (3.3)

Comparing(3.3)with (2.12), we get

λ(p) = p− πHilbp[f ]. (3.4)

The following classical formulae for the Hilbert transformwill be useful later:

Hilb
[

Hilb [Φ]
]

= −Φ, (3.5)

Hilb
[

Φ1Hilb [Φ2] + Hilb [Φ1] Φ2

]

= Hilb [Φ1]Hilb [Φ1]− Φ1Φ2. (3.6)
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These conditions hold on the whole real axis providedΦ1 andΦ2 belong toLp(R), p > 1,
and satisfy the Holder condition

||Φ(p)− Φ(q)|| < C |p− q|α, 0 < α ≤ 1,

for some constantC. In particular, this is true for functions belonging toS(R).

Remark 6 In the definition above, we might allowf to be either real or complex-valued.
While the former choice leads to real-valued solutions of the dKP hierarchy, the latter turns
out to be important when considering flat coordinates of the Frobenius manifold. Unless
otherwise stated, the results of the present paper hold for both the real and the complex-
valued case.

We now consider a class of functionals, depending onf but not on its derivatives; we allow
these functionals to be nonlocal, and to explicitly depend on p. Given a functionalH [f ] of
this type, its variational derivativeδH[f ]

δf(p)
is defined by the identity

〈

δH [f ]

δf(p)
,Φ(p)

〉

=
d

dǫ |ǫ=0
H [f + ǫΦ], (3.7)

for everyΦ ∈ S(R). We restrict ourselves to functionals for which the above identity makes
sense, so that the corresponding variational derivative isan element ofS ′(R). Note the
different notation between the variational derivative in (3.7) and the one in (2.18), due to the
fact that in the latter case the functionals depend on two variables. Later, and for a special
class of functionals, we will describe the relation betweenthese two derivatives.

Example 3.7 Let H = H(A0, . . . , Ak) be a differentiable function of the moments, and
therefore a (nonlocal, in general) functional off . We have

δH

δf(p)
=

k
∑

i=0

∂H

∂Ai
pi.

Being these functions polynomials, they belong toOM (R).

Example 3.8 The tempered distributions of Example 3.5 can be written as avariational
derivative as

δf (k)(p)

δf(q)
= δ(k)(p− q),

while for the distribution(3.2)we have:

δλ(p)

δf(q)
=

1

p− q
.

Let us explain the last identity. From the definition of variational derivative(3.7), and re-
calling (3.4), we have

〈

δλ(p)

δf(q)
,Φ(q)

〉

=
d

dǫ |ǫ=0

(

p− πHilbp[f + ǫΦ]
)

= −

∫ +∞

−∞

Φ(q)

p− q
dq,

and this is exactly the definition of the singular distribution (3.2).
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3.2 The spaceS(R2)

From the definition of the Poisson–Vlasov bracket (2.17) – and the corresponding Hamilton
equations – it follows that we have to consider the analytical properties off as a function of
bothx andp. Although the conditions for the dependence off through the variablex are
less restrictive than the conditions onp (we actually need onlyf to be smooth on the(x, p)
plane and to decay to zero for|x| large), for the sake of simplicity we consider in this paper
f ∈S(R2), the space of smooth and rapidly decreasing functions on theplane. All properties
of S(R) described above still hold forS(R2) [35]; in particular, we can introduce the dual
spaceS ′(R2) through the pairing

〈〈ω,Φ〉〉 =

∫∫

ω(p, x)Φ(p, x) dp dx, Φ∈S(R2), ω∈S ′(R2),

and we can define the spaceOM(R2) in analogy to the one-variable case. Furthermore, we
introduce a class of functionals, of the two independent variablesx andp, as the simplest
generalization of the class of functionals in thep−variable introduced above. Indeed, let
H [f ] be one of the above mentioned functionals: if we letf depend onx, then alsoH [f ]
becomes a function ofx, and we can define the functional

H[f ] =

∫

H [f ]dx, (3.8)

provided the integral converges. These functionals are thus local and translational invariant
with respect tox, while the dependence onp is allowed to be more general. Functionals of
the form (3.8) are the analogue, in this setting, of functionals of hydrodynamic type (1.7).

Example 3.9 Let H(A0, . . . , Ak) be the functional of Example 3.7. Then the associated
functional

H[f ] =

∫

H dx,

is of the form(3.8). For a generic choice of the functionH, the above functional is nonlocal
with respect top. Another example is provided by the integral

∫∫

h(f(p, x))λ(p, x)dp dx,

whereh is any differentiable function off (such that the double integral converges), and
whereλ is given by(2.12). Note that the choiceh = const is not allowed, for the corre-
sponding integral diverges.

Within this construction, the Poisson–Vlasov bracket (2.17) can now be written as

{G,H}LP =

〈

f,

{

δG

δf
,
δH

δf

}

x,p

〉

,
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where the variational derivative is defined by (2.18). Notice the difference between (3.7) and
(2.18), due to the fact that the former is computed atx fixed. It is not difficult to show that,
for functionals of the form (3.8), the two variational derivatives are related by

δH

δf(p, x)
=

δH

δf(p)
, (3.9)

which is the analogue of (1.9). The Poisson–Vlasov bracket (2.17) of the functionalsG
andH is well defined provided the canonical Poisson bracket of thecorresponding varia-
tional derivatives belongs toS ′(R2). This requirement is satisfied, for instance, ifδG

δf
, δH
δf

∈

OM(R2), and this is equivalent to say that the canonical Poisson bracket gives toOM(R2)
a Lie algebra structure, with (3.9) playing the role of the associated Lie-Poisson bracket.
However, the formula still makes sense if one of the arguments, sayδG

δf
, belongs toS ′(R2) \

OM(R2). The important choiceG=f(q, τ), which gives Hamilton’s equations (2.19), (2.20),
has variational derivative

δf(q, τ)

δf(p, x)
= δ(q − p) δ(τ − x),

which is an element ofS ′(R2) but does not belong toOM (R2).

3.3 Riemann–Hilbert problem

The definition of the function (2.12) in place of the formal series (2.1), it is not only useful
from an analytical viewpoint, but leads also to a nice geometrical construction, relating the
above quantities to the solution of a scalar Riemann-Hilbert problem on the real axis. Here
all functions are considered atx fixed. Sincef ∈ S(R) 1, then the functions

Φ±(p) = ∓f(p) + iHilbp[f ], p ∈ R,

are the boundary values on the real axis of a complex functionΦ(p), which is analytic for
p ∈ C \ R. In our case, we thus have

Φ±(p) = ∓f(p)−
i

π
(λ(p)− p) , p ∈ R,

which, withλ given by (2.12), is the unique solution of the scalar Riemann–Hilbert problem

Φ+(p)− Φ−(p) = −2f(p), p ∈ R

Φ±(p) 7→ 0, p 7→ ∞.

By slightly modifying the above problem, we now define the pair of functions

Φ̃±(p) = ∓πf(p)− i λ(p), p ∈ R, (3.10)

which are solutions of a Riemann–Hilbert problem similar tothe former, but with a different
normalization at infinity. The advantage of this definition is that the funtions (3.10) –being

1the same result holds for weaker conditions, see for instance [30, 37].
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linear combinations off andλ– satisfy equations (2.4) and (2.6) (compare with Remark 4).
In addition,Φ̃± have the same asymptotic expansion (2.13), for largep, asλ. The function
Φ̃+ or , more precisely, the associated plane curveγ : R → R2, given by

γ(p) = (−πf(p),−λ(p)) , p ∈ R, (3.11)

will be useful in Section 6, when considering canonical coordinates for the Frobenius mani-
fold of dKP.

Remark 7 By considering yet another pair of functions:ψ± := i Φ̃±, we get

ψ±(p) = λ(p)∓ iπf(p).

This is the classical decomposition, considered in relation with the dKP hierarchy, for exam-
ple, in the papers [16, 19, 41]. In the case of reductions of the dKP hierarchy, the analytic
continuation ofψ+ in the upper half plane is conformal map, solution of a systemof chordal
Loewner equations.

Due to the above considerations, for the construction of theFrobenius manifold it is
possible to use – instead of the functionf – eitherλ or one of the functions̃Φ±. Although
this approach is closer to the one considered in [3], the continuous index approach provided
in this paper for the dKP equation is better suited for thef−picture.

4 A Frobenius manifold for dKP

4.1 Vlasov equation as hydrodynamic type system

We begin now the construction of a Frobenius manifold, whichwe want to relate to a class of
Vlasov equations (2.20), and in particular with equations (2.15) and (2.16), which give dKP.
Our approach is to consider these equations as a continuous–indexed hydrodynamic type
system, and to proceed with the construction of the Frobenius manifold in full analogy with
the finite dimensional case. This procedure has already beenconsidered in [17] where the
Haantjes tensor (or, better, its continuous indexed analogue) has been computed for equation
(2.15), as well as for more general Vlasov equations. The idea is to consider the variablep,
appearing in the functionf(p, x), as a continuous parameter, rather than as an independent
variable. In other words, we take the set

{f(p), p ∈ R} ,

to formally play the role of the coordinatesu1, . . . , uN in the finite dimensional case. Hy-
drodynamic type systems take thus the form

ft(p) =

∫

V
(

p

q

)

fx(q)dq, (4.1)

18



where the kernelV
(

p

q

)

is a functional off . In order to remain closer to the notation of Section
1, the dependence onx of the functionf and its derivatives will be omitted. More precisely,
we denote

f(p) := f(x, p), f ′(p) :=
∂f(x, p)

∂p
, fx(p) :=

∂f(x, p)

∂x
,

with similar notation for higher derivatives as well as for other functions. We remark that,
for every fixedx, the above functions all belong toS(R). Therefore, we can define equations
of type (4.1) by looking at a class of linear operators

V
(

p

q

)

: S(R) −→ S(R), (4.2)

thus identifying the vector spaceS(R) with the tangent space. The dual spaceS ′(R) plays
therefore the role of cotangent space; we anticipate here that in order to give a precise mean-
ing to the objects involved in the construction of the Frobenius structure, we will need to
consider suitable vector subspaces of bothS(R) andS ′(R).

Example 4.10 The simplest choice

V
(

p

q

)

= δ(p− q), (4.3)

give rise to the systemft(p) = fx(p), which is the first element of the dKP hierarchy. A more
interesting example is given by choosing in(4.1)

V
(

p

q

)

= p δ(p− q)− f ′(p), (4.4)

from which we get the Vlasov–Benney equation(2.15). Another example is given by the
kernel

V
(

p

q

)

=
(

p2 + A0
)

δ(p− q)− (p+ q)f ′(p), (4.5)

which gives equation(2.16). We note that all these examples are of type(4.2).

4.2 Compatible flat metrics

We have seen in Section 2 that the Benney system has a bi-Hamiltonian structure with respect
to two Poisson brackets of hydrodynamic type. Therefore, the two natural candidates to
become the first metric and the intersection form of the Frobenius manifold are, respectively,
the flat metrics (2.10) and (2.11). We need to write these metrics in the continous formalism.
However, it is a result of [17] that the Poisson–Vlasov bracket (2.17), which is the form of
the Kuperschmidt–Manin bracket (2.9) written in thef−picture, can be written as bracket of
hydrodynamic type with continuous indices, with the contravariant metric given by

η(p q) = −f ′(p)δ(p− q). (4.6)

This is the continuous form, in thef−picture, of the metric (2.10). Indeed, (4.6) defines a
bilinear map on the vector spaceOM (R) ⊂ S ′(R) given by

η(h1, h2) =

∫∫

h1(p)η
(p,q)h2(q)dp dq = −

〈

h1, f ′h2
〉

, (4.7)
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for everyh1, h2 ∈ OM (R). This bilinear form is strictly related with the linear operator

ρ : OM(R) −→ S(R), ρ(h)(p) = f ′(p)h(p),

so that we can write
η(h1, h2) = 〈h1, ρ(h2)〉.

Remark 8 The mapρ is never onto and, in general, not1−1 either. It is not difficult to show
that

ker ρ =
{

h ∈ OM(R) : µ
(

supp(h) ∩ supp(f ′)
)

= 0
}

,

whereµ denotes the Lebesgue measure onR. Since the elements ofOM(R) are continuous
functions, we have that theker ρ is non-trivial if and only iff ′ = 0 on a set of positive
measure.

We denoteV = Imρ. This is a vector subspace ofS(R), whose elements are of the form
X(p) = h(p)f ′(p), for someh ∈ OM(R). On the spaceV, we can define the inverse metric
of η, with components

η(p q) = −
1

f ′(p)
δ(p− q), (4.8)

which acts on vectorsX1, X2 ∈ V as follows:

η(X1, X2) =

∫∫

X
(p)
1 η(p,q)X

(q)
2 dp dq = −

∫

X
(p)
1 X

(p)
2

f ′(p)
dp.

By construction, the above bilinear form is well defined onV. Following [17], we now con-
sider an analogue of the finite dimensional, differential geometric objects, which is obtained
by replacing partial derivatives with variational one, andsums over repeated indices with
integrals. Remarkably, this construction turns out to be consistent with the rest of the theory.
For instance, we define the Christoffel symbols of the metric(4.8) by taking the usual finite
dimensional formula, and we obtain [17]:

Γ
(

p

q r

)

=
1

f ′(q)
δ′(q − p)δ(q − r). (4.9)

Since the metric (4.8) is not constant with respect tof , we thus say that thef(p) are not
flat coordinates for the metric. Furthermore, we denote by∇ the corresponding covariant
derivative, which we require to act on elements ofV as

∇(q)X
(p) =

δX(p)

δf(q)
+

∫

Γ
(

p

q r

)

X(r)dr =
δX(p)

δf(q)
+ δ′(q − p)X(p),

and onh ∈ OM(R) as

∇(p)h(q) =
δh(q)

δf(p)
−

∫

Γ
(

r

p q

)

h(r)dr =
δh(q)

δf(p)
− δ(p− q)

∂h(p)

∂p
.

20



The two actions can be proved to be consistent by puttingX=hf ′ and using the properties
(3.1) of delta functions. The action of∇ on more general tensor fields is defined in analogy
with the finite dimensional case; for instance, the well known formula

∇(p)η(q,r) =
δη(q,r)

δf(p)
−

∫

Γ
(

s

p q

)

η(s,r)dr −

∫

Γ
(

s

p r

)

η(q,s)dr = 0,

holds in this continuous–index setting. The second metric (2.11) can also be written in this
formalism as

g(p q) = f ′(p)f ′(q)−
f(p)f ′(q)− f(q)f ′(p)

p− q
+ δ(p− q)

(

f(p)λ′(p)− f ′(p)λ(p)
)

, (4.10)

and the corresponding Christoffel symbols can be found in [17], where the metrics (4.6)
and (4.10) are also proved to have zero Riemann curvature tensor and to be compatible. In
particular, we will take (4.6) to be the first metric of the Frobenius manifold; in order to prove
that (4.10) is the intersection form, we will have to introduce suitable structure constants of
the algebra and the Euler vector field.

4.3 Structure constants of the algebra

The next step in the construction of the Frobenius manifold is to consider a product of vectors
of the form

(X ◦ Y )(p) =

∫∫

X(q)c
(

p

qs

)

Y (s)dqds, (4.11)

whereX, Y belong toV. We consider the quantities

c

(

p

q r

)

=
δ(p− r)

p− q
−
f ′(p)

f ′(q)

δ(q − r)

p− q
+
δ(p− q)

q − r
−
λ′(p)

f ′(p)
δ(q − r)δ(q − p), (4.12)

whereλ(p) is given by (2.12) and, consequently,

λ′(p) = 1 +−

∫ +∞

−∞

f ′(q)

p− q
dq.

It is not difficult to show thatV is closed under the product (4.11), (4.12). Moreover, we
have the following

Theorem 1 The quantities(4.12)give toV the structure of a symmetric, associative algebra,
which is compatible with the metric(4.6)and with its Levi-Civita connection. Namely,(4.12)
satisfy the following conditions:

• Symmetry

c

(

p

q r

)

= c

(

p

r q

)

.

21



• Associativity
∫

c

(

p

q s

)

c

(

s

l r

)

ds =

∫

c

(

p

l s

)

c

(

s

q r

)

ds.

• Compatibility with the metric

∫

η(p q)c

(

q

r s

)

dq =

∫

η(r q)c

(

q

p s

)

dq.

• Compatibility with the connection

∇(l)c

(

p

q r

)

= ∇(q)c

(

p

l r

)

.

Proof The first three conditions are proved by using the identities(3.1) for the Dirac delta
function and its derivatives. For the last condition, aftercomputing the quantity

∇(l)c

(

p

q r

)

=
δc
(

p

q r

)

δf(l)
+

∫

Γ
(

p

l s

)

c
(

s

q r

)

ds−

∫

Γ
(

s

l q

)

c
(

p

s r

)

ds−

∫

Γ
(

s

l r

)

c
(

p

q s

)

ds,

one can prove its symmetry with respect to the indicesl andq by using similar methods as
in the first three conditions.

As a consequence of the above theorem, the metric (4.6) and the structure constants
(4.12) satisfy the axioms appearing in the definition of a Frobenius manifold. In order to
complete the construction, we still have to determine the unity of the algebra and the Euler
vector field.

Proposition 4.3.1 The vector fielde ∈ V with coefficients

e(p) = −f ′(p), (4.13)

is the unity of the algebra(4.12), and it is flat with respect to the connection(4.9).

Proof By applyinge to the product (4.12), we get

∫

c
(

p

q r

)

e(r)dr = −
f ′(p)

p− q
+
f ′(p)

p− q
− δ(p− q)

(
∫

f ′(r)

p− r
dr − λ′(p)

)

= δ(p− q).

which shows thate is the identity of the algebra. Moreover, we have

∇(q)e
(p) =

δ e(p)

δf(q)
+

∫

Γ
(

p

q s

)

e(s)ds = −δ′(p− q)− δ′(q − p) = 0,

and thereforee is a flat vector field with respect to the connection∇.
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The bilinear operator (4.11) with the structure constants (4.12) acts on pair of vectors in
the spaceV, which is a vector subspace ofS(R). Hence, for everyX ∈ V we can define the
linear map

VX : V −→ V,

by the formula

VX
(

p

q

)

=

∫

c
(

p

q r

)

X(r)dr.

SinceX ∈ V, it is of the formX(p) = h(p)f
′(p), for someh ∈ OM(R). Hence, we have

VX
(

p

q

)

=
h(p) − h(q)

p− q
f ′(p) + δ(p− q)

(
∫

h(r)f
′(r)

p− r
dr − h(p)λ

′(p)

)

,

from which it follows that the operatorVX makes sense when applied to any vector inS(R).
We can thus extendVX to a map of type (4.2), and in particular, we can apply it to thevector
fx(p) ∈ S(R) \ V. The evolutionary equation

ft(p) =

∫

VX
(

p

q

)

fx(q)dq, (4.14)

is thus well defined, andft belongs toS(R). The following example shows that the product
(4.12) is associated with the flows of the dKP hierarchy.

Example 4.11 Consider the vector field

X(p) = −pf ′(p) ∈ V. (4.15)

Then, we have:

VX
(

p

q

)

:=

∫

c
(

p

q r

)

X(r)dr

= −
pf ′(p)

p− q
+
qf ′(p)

p− q
− δ(p− q)

(
∫

rf ′(r)

p− r
dr − pλ′(p)

)

= − f ′(p)− δ(p− q)

(
∫

(r − p)f ′(r)

p− r
dr − p

)

= p δ(p− q)− f ′(p),

which is exactly(4.4). By a similar calculation, we can prove that the vector field

Y (p) = −
(

p2 + 2A0
)

f ′(p) ∈ V, (4.16)

applied to(4.12)gives(4.5).
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4.4 Euler vector field

We now consider the Euler vector field associated with the Frobenius manifold. Since we
already have two compatible flat metrics, namely (4.6) and (4.10), we look for a vector field
E satisfying the condition

g(p q) =

∫∫

E(s)η(p r)c
(

q

rs

)

dsdr, (4.17)

thus assuming that the metricg is the intersection form. Expanding the right hand side of the
above formula we find

g(p,q) =
f ′(p)E(q) − f ′(q)E(p)

p− q
+ δ(p− q)

(

λ′(p)E(p) − f ′(p)

∫

E(r)

p− r
dr

)

,

and, comparing with (4.10), we find that the vector field

E(p) = f(p)− pf ′(p), (4.18)

is a solution of (4.17). Moreover, we have:

Theorem 2 The vector field(4.18)satisfies the following conditions,

∇p∇qE
(r) = 0,

∫

E(s)
δc
(

p

qr

)

δf(s)
ds−

∫

c
(

s

qr

) δE(p)

δf(s)
ds+

∫

δE(s)

δf(q)
c
(

p

sr

)

ds+

∫

δE(s)

δf(r)
c
(

p

qs

)

ds = c
(

p

qr

)

,

∫

E(r) δη(p q)

δf(r)
dr +

∫

η(r q)
δE(r)

δf(p)
dr +

∫

η(p q)
δE(r)

δf(q)
dr = 3 η(p q),

and it is therefore the Euler vector field of the Frobenius manifold. Moreover, the Frobenius
manifold has charged = −1.

Proof The above conditions are the continuous index versions of the conditions for the Euler
vector field, written in components. They can all be verified by a direct calculation, we prove
here only the last. Since we have

δE(p)

δf(q)
= δ(p− q)− pδ′(p− q),

δη(p q)

δf(r)
=

1

f ′(p)2
δ′(p− r)δ(p− q),

substituting in the right hand side of the above formula we get
∫

(f(r)− rf ′(r))
δ′(p− r)δ(p− q)

f ′(p)2
dr −

∫

1

f ′(r)
δ(r − q) (δ(r − p)− rδ′(r − p)) dr

−

∫

1

f ′(p)
δ(p− r) (δ(r − q)− rδ′(r − q)) dr

=− p
f ′′(p)

f ′(p)2
δ(p− q)−

2

f ′(p)
δ(p− q) +

(

p

f ′(p)
−

q

f ′(q)

)

δ′(p− q)

=−
3

f ′(p)
δ(p− q) = 3 η(p q),
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where we used the properties (3.1) of the delta function. Moreover, this calculation fixes the
charged of the Frobenius manifold to be equal to−1.

Corollary 4.1 The metricg given by(4.10) is the intersection form of the Frobenius mani-
fold.

Remark 9 For a generic choice off , we note thatE ∈ S(R) \ V, and therefore we cannot
define a flow of the form(4.14)using the Euler vector field. This fact has a partial counter-
part in finite dimension, where the flow generated by the Eulervector field via(1.10) is not
a member of a hydrodynamic type hierarchy, unless the whole hierarchy is degenerate.

4.5 Potential of the Frobenius manifold

Since the coordinatesf(p) are not flat coordinates for the metric (4.8), in order to find the
potential of the Frobenius manifold we use the invariant formulation (1.1), written in the
continuous index form. We introduce the quantities

c(p q r) :=

∫

η(p s)c
(

s

q r

)

ds = −
1

f ′(p)
c
(

p

q r

)

,

and we have the following

Theorem 3 The functional

F =
1

2

∫∫

log |p− q|f(p)f(q)dp dq +
1

2

∫

p2f(p)dp. (4.19)

satisfies the condition
∇(p)∇(q)∇(r)F = c(p q r),

and is therefore the potential of the Frobenius manifold.

Proof We verify the theorem by computing the third covariant derivative of the functional
F . First, we get

∇(r)F =
δF

δf(r)
=

∫

log |r − α|f(α)dα+
1

2
r2.

Then,

∇(q)∇(r)F =
δ

δf(q)
∇(r)F −

∫

Γ
(

s

qr

)

∇(r)Fds

= log |r − q| −
1

f ′(q)
δ(q − r)

∂

∂q

(
∫

log |q − α|f(α)dα+
1

2
q2
)

= log |r − q| −
λ(q)

f ′(q)
δ(q − r),
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and, denotingθ(q r) := ∇(q)∇(r)F , we obtain

∇(p)θ(q r) =
δ θ(q r)

δf(p)
−

∫

Γ
(

s

pq

)

θ(s r)ds−

∫

Γ
(

s

pr

)

θ(q s)ds

=−
1

f ′(q)

δ(q − r)

q − p
+

λ(q)

f ′(q)2
δ(q − r)δ′(q − p)

−
1

f ′(p)
δ(q − p)

∂θ(p r)

∂p
−

1

f ′(p)
δ(p− r)

∂θ(q p)

∂p

=
1

f ′(q)

δ(q − r)

p− q
+

λ(q)

f ′(q)2
δ(q − r)δ′(q − p)

−
1

f ′(p)

δ(p− q)

p− r
+

λ′(p)

f ′(p)2
δ(q − p)δ(p− r)

−
λ(p)

f ′(p)3
δ(q − p)δ(p− r) +

λ(p)

f ′(p)2
δ(q − p)δ′(p− r)

−
1

f ′(p)

δ(p− r)

p− q
−

λ(q)

f ′(p)f ′(q)
δ(p− r)δ′(q − p).

By using identities of delta functions, we finally get to

∇(p)∇(q)∇(r)F =
1

f ′(q)

δ(q − r)

p− q
−

1

f ′(p)

δ(p− r)

p− q

−
1

f ′(p)

δ(p− q)

p− r
+

λ′(p)

f ′(p)2
δ(q − p)δ(p− r),

which is exactlyc(p q r). This completes the proof.

If we takef ≤ 0, that is if
dµ(p) = −f(p)dp,

is a measure, absolutely continuous with respect to the Lebesgue measure, then the potential
F can be written as

F = −
1

2

(
∫∫

log |p− q|−1dµ(p)dµ(q) +

∫

p2dµ(p)

)

. (4.20)

The above function is an example of a logarithmic potential with external field [34]. In
particular, the quantity inside the bracket appears in random matrix theory [4], when consid-
ering the equilibrium measure for the largeN limit of the partition function for the Gaussian
Unitary Ensemble. The choice of the multiplication constant −1

2
is put here only for conve-

nience in the computation of the structure constants. We remark that we do not requiredµ to
be a probability measure, and that the dependence on the times of the hierarchy is implicitly
contained in the measuredµ. As a consequence of the above theorem, we also note that the
identity

d

dp

δF

δf(p)
= λ(p), (4.21)

holds.
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Remark 10 The relation between dispersionless integrable systems and random matrices
has already been considered, for instance, in Wiegmann, Zabrodin [39] and Elbau and
Felder [13], in relation with the dispersionless limit of the 2D Toda hierarchy. This sug-
gests the possibility of extending potential(4.19) to a wider class of external fields, and
to consider the corresponding Frobenius structure. Preliminary calculations show that the
structure constants obtained in this way are not compatiblewith the metric(4.8), so that the
extension is not straightforward, but it requires a more detailed study.

Remark 11 It would be interesting to compare the potential(4.19)with the one found by
Zabrodin in [43], where he considers the dKP hierarchy in relation with the growth of ‘fat
slits’on the upper complex half plane (see also [2]). In principle, and except for some tech-
nical difference, it should be possible to understand this relation in terms of the Riemann–
Hilbert problem associated to dKP. However, this approach seems not so easy to apply at
this stage; further work is needed in this direction.

5 Principal Hierarchy

5.1 Flat vector fields

As explained in Section 1, to every Frobenius manifold one can associate a set of commuting
flows of hydrodynamic type, known as the principal hierarchy. This is done by considering
the flat vector fields for the first metric, and then applying the recursive procedure (1.11b).
In our case, the first step is thus to find flat vector fields for the metric (4.6). In analogy with
the finite dimensional case, one is expected to find in this case inifinitely many flat vector
fields, parametrized by a continuous real index; however, weconsider here a larger class,
parametrized by an arbitrary function of one variable. Indeed, let us introduce hydrodynamic
type functionals of the form

Hh,0 =

∫

h(f) dp, (5.1)

whereh is a function of one variable, and the integral

Hh,0 =

∫

Hh,0 dx, (5.2)

is supposed to converge. For instance, we might takeh so thath(f) ∈ S(R2). It is well
known that the functionals (5.2) are Casimirs of the Lie–Poisson bracket (2.17); by using the
densitiesHh,0 we can introduce the vector fields

X
(p)
h,0 =

∫

δHh,0

δf(q)
η(q,p)dq = −h′(f(p))f ′(p), (5.3)

which belong toV, and prove the following
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Proposition 5.1.2 The vector fields(5.3)are flat vector fields for the Levi-Civita connection
∇ of the metric(4.6), that is, they satisfy the condition

∇(q)X
(p)
h,0 = 0.

Proof We have

∇(q)X
(p)
h,0 =

δX
(p)
h,0

δf(q)
+

∫

Γ
(

p

qr

)

X
(r)
h,0dr

=− h′(f(p))f ′(p)δ(p− q)− h(f(p))δ′(p− q)− δ′(q − p)h(f(q))

= 0,

the last identity due to the properties of the delta functionderivatives.

We note that the flat vector field obtained by choosingh(f) = f in (5.3) is the unitye(p)

of the algebra (4.12). We now introduce the primary flows of the principal hierarchy as the
PDEs

∂th,0f(p) =

∫

Vh,0
(

p

q

)

fx(q)dq, Vh,0
(

p

q

)

:=

∫

c
(

p

qr

)

X
(r)
h,0. (5.4)

We remark that in the classical construction of a principal hierarchy, the use of the term
‘primary flow’is more stringent that the one we consider here, for it is related to a special
choice of the flat vector fields. Nevertheless, since the flows(5.4) generate by recursion the
rest of the hierarchy, it is convenient to name these PDEs primary flows.

Proposition 5.1.3 The flows(5.4)are Hamiltonian of the form

∂th,0f(p) =

{

f(p),

∫

Hh,1 dx

}

LP

, (5.5)

where the Poisson bracket is the Poisson–Vlasov bracket(2.17), and the Hamiltonian is given
by

Hh,1 =

∫

h(f(p))λ(p) dp. (5.6)

Proof It is well known [11] that the primary flows of the principal hierarchy are Hamilto-
nian with respect to the first Poisson bracket, and with Hamiltonian density given –in our
formalism– by the formula

Hh,1 =

∫

X
(p)
h,0

δF

δf(p)
dp,

where the functionalF si the potential (4.19) of the Frobenius manifold. Therefore, we have

Hh,1 = −

∫

h′(f(p))f ′(p)
δF

δf(p)
=

∫

h(f(p))
d

dp

δF

δf(p)
dp =

∫

h(f(p))λ(p) dp,

where in the last identity we have used (4.21). Moreover, since

δHh,1

δf(p)
= h′(f(p))λ(p)−

∫

h(f(q))

p− q
dq,

one can directly prove that equations (5.4) and (5.5) coincide.
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5.2 Recursive relation

Let us now consider the recursive relation (1.11b). Lookingat the construction of the primary
flows, and in particular at the functionals (5.1) and (5.6), it seems reasonable to consider
functionals of the form

Hh,n =
1

n!

∫

h(f(p))λ(p)n dp, (5.7)

and to use these functionals in order to construct the vectorfields. Thus, we have

δHh,n

δf(p)
=

1

n!
h′(f(p))λ(p)n −

1

(n− 1)!

∫

h(f(q))λ(q)n−1

p− q
dq,

and the corresponding vector field is defined as

X
(p)
h,n =

∫

δHh,n

δf(q)
η(q,p)dq.

Explicitly, we have

X
(p)
h,n =

(

1

(n− 1)!

∫

h(f(q))λ(q)n−1

p− q
dq −

1

n!
h′(f(p))λ(p)n

)

f ′(p), (5.8)

and therefore, by construction, these vector fields belong to V.

Theorem 4 The vector fields(5.8)satisfy the recurrence relations

∇(q)X
(p)
h,n+1 =

∫

c
(

p

qr

)

X
(r)
h,n, n ∈ N, (5.9)

of the principal hierarchy. The corresponding commuting flows

∂th,nf(p) =

∫

Vh,n
(

p

q

)

fx(q)dq, Vh,n
(

p

q

)

:=

∫

c
(

p

qr

)

X
(r)
h,n, (5.10)

are Hamiltonian of the form

∂th,nf(p) = {f,Hh,n+1}LP ,

where the bracket is the Lie–Poisson bracket(2.17), and the Hamiltonian is

Hh,n+1 =

∫

Hh,n+1dx,

withHh,n+1 given by(5.7).
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Proof We first evauateVh,n and find

Vh,n
(

p

q

)

=
f ′(p)

p− q

(

1

(n− 1)!

∫

h(f(s))λ(s)n−1

p− s
ds− h′(f(p))

λ(p)n

n!

)

−
f ′(p)

p− q

(

1

(n− 1)!

∫

h(f(s))λ(s)n−1

q − s
ds− h′(f(q))

λ(q)n

n!

)

+ δ(p− q)
1

(n− 1)!

∫

f ′(r)

p− r

∫

h(f(s))λ(s)n−1

r − s
ds dr

− δ(p− q)
1

n!

∫

f ′(r)h′(f(r))λ(r)n

p− r

− δ(p− q)

(

λ′(p)

(n− 1)!

∫

h(f(s))λ(s)n−1

p− s
ds− h′(f(p))

λ(p)n

n!
λ′(p)

)

.

On the other hand, we have

∇(q)X
(p)
h,n+1 =

δX
(p)
h,n+1

δf(q)
+

∫

Γ
(

p

q r

)

X
(r)
h,n+1dr

=−
δ

δf(q)

(

δHh,n+1

δf(p)
f ′(p)

)

− δ′(q − p)
δHh,n+1

δf(q)

=− f ′(p)
δ2Hh,n+1

δf(q)δf(p)
+

∂

∂p

(

δHh,n+1

δf(p)

)

δ(p− q). (5.11)

Computing the second variational derivative, we get

δ2Hh,n+1

δf(q)δf(p)
=

1

(n + 1)!
h′′(f(p))δ(p− q)λ(p)n+1 +

1

n!
h′(f(p))

λ(p)n

p− q

−
1

n!
h′(f(q))

λ(q)n

p− q
−

1

(n− 1)!

∫

h(f(r))λ(r)n−1

(p− r)(r − q)
dr

+
π2

(n− 1)!
h(f(p))λ(p)n−1δ(p− q),

where the last term appears due to the identity (3.6) for principal value integrals. On the
other hand, the second term in (5.11) gives

∂

∂p

δHh,n+1

δf(p)
=

1

(n+ 1)!
h′′(f(p))f ′(p)λ(p)n+1 +

1

n!
h′(f(p))λ(p)nλ′(p)

−
1

n!

∫

h′(f(s))f ′(s)λ(s)n

p− s
ds−

1

(n− 1)!

∫

h(f(s))λ(s)n−1λ′(s)

p− s
ds.

Substituting back into (5.9), we have that this is satisfied by the vector fields (5.8), provided
the following identity

∫

h(f(s))λ(s)n−1λ′(s)

p− s
ds+ π2h(f(p))λ(p)n−1f ′(p)

= λ′(p)

∫

h(f(s))λ(s)n−1

p− s
ds−

∫

f ′(r)

p− r

∫

h(f(s))λ(s)n−1

r − s
ds dr,
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holds. However, this is exactly formula (3.6) forΦ1 = f ′ andΦ2 = h(f)λn−1, and therefore
the vector fields (5.8) satisfy the recursion relation (5.9). It is now straightforward –using for
example (5.11)– to find the Hamiltonian form of the flows (5.10). Indeed, we have

∂th,nf(p) =

∫

∇(q)X
(p)
h,n+1fx(q)dq = −

{

f(p),
δHh,n+1

δf(p)

}

x,p

= {f(p),Hh,n+1}LP ,

and the theorem is proved.

Remark 12 By choosingh(f) = f , that is, considering the functionals

H̃n =
1

n!

∫

f(q)λ(q)ndq,

we get the classical flows of the dKP hierarchy. For instance,for n = 0 we have

H̃0 =

∫

f(q)dq = A0,

which is the first of the classical conserved densities. Moreover,

H̃1 =

∫

f(q)λ(q)dq =

∫

f(q)
(

q − πHilbq[f ]
)

dq = A1,

where we used the fact that a function belonging toL2(R) and its Hilbert transform are
orthogonal. By using similar identities, one can also provethat

H̃2 =
1

2

∫

f(q)λ(q)2dq =
1

2

∫

f(q)
(

q − πHilbq[f ]
)2

dq

=
1

2
A2 +

1

2

(

A0
)2

+
π2

6

∫

f(p)3dp,

which differs from the classical conserved density by the last factor, which is a Casimir of
the Lie–Poisson bracket.

In the above construction of the pricipal hierarchy, we implicitly assumed that the functionals
(5.7) are conserved densities of the dKP equation. The following proposition fills the gap.

Proposition 5.2.4 Let h(µ, ν) andk(µ, ν) be functions of two variables, sufficiently differ-
entiable, and such that the integrals

H =

∫∫

h(f(p, x), λ(p, x))dp dx, K =

∫∫

k(f(p, x), λ(p, x))dp dx, (5.12)

with λ given by(2.12), converge. Then,{H,K}LP = 0, and therefore the corresponding
Hamiltonian flows

ft(p) = {f(p),H}LP , fy(p) = {f(p),K}LP ,

commute.
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Proof In order to prove the proposition, it is sufficient to prove that the condition

δ

δf(q, y)
{H,K}LP = 0

is identically satisfied for any admissiblef and for any choice of the functionalsH andK of
the form (5.12). Equivalently, we can show that the quantity

δ

δf(q, y)

∫∫

f(p, x)∂p

(

δH

δf(p, x)

)

∂x

(

δK

δf(p, x)

)

dp dx, (5.13)

is symmetric inH andK. We have

δH

δf(p, x)
= ∂1h(f(p, x), λ(p, x))−

∫

∂2h(f(s, x), λ(s, x))

p− s
ds,

with analogous result forK. Substituting back into (5.13), expanding and computing the
variational derivative, we obtain a (long) expression, which is proved to be symmetric inH
andK by using the definition (2.12) ofλ and the property (3.6) of the Hilbert transform.

Note that the above proposition is a direct result, in the sense that both its statement and
the proof do not depend on the construction of the Frobenius manifold. The particular choice
k(µ, ν) = h(µ)ν

n

n!
, shows that the functionals (5.7) are conserved densities ofthe principal

hierarchy, and, consequently, that the flows of the principal hierarchy pairwise commute.
Moreover, by the above proposition, we have that the principal hierarchy can be embedded in
a bigger family of commuting Hamiltonian flows, with Hamiltonian of the form (5.12). If the
density functionk(µ, ν) of the Hamiltonian is analytic with respect to the second argument,
then by Taylor expanding we have that the corresponding conserved densityK can be written
as a linear combination of densities (5.7). This fact reminds of the completeness property of
the principal hierarchy, proved in [11] and outlined here inRemark 2. However, we do not
state that all conserved densities of the hierarchy are of the form (5.12); the completeness
problem remains thus open.

We consider now the analogue, in this setting, of the hodograph formula (1.5). Since the
coordinatesf(p) used here are not canonical coordinates, we make use of the weaker formula
(1.14), thus considering vector fields instead of(1, 1)−tensors. Moreover, for simplicity, we
look for solutions of the dKP equation (0.2) only; generalization to other members of the
hierarchy can be determined –as usual– by adding the corresponding times and vector fields.
Therefore, we sett2 = y, t3 = t, and we look for a simultaneous solutionf(p, x, y, t) of the
flows (2.15) and (2.16). Within these assumptions, the hodograph formula (1.14) takes the
form

∫

c
(

p

q r

)

(

xf ′(r) + y rf ′(r) + t
(

r2 + 2A0
)

f ′(r) +X
(r)
h,n

)

dr = 0, (5.14)

where we have used the unity vector (4.13), the vectors (4.15) and (4.16) which correspond
to the flows (2.15) and (2.16) respectively, and one of the vector fieldsXh,n belonging to
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the principal hierarchy. Since the factorf ′(p) appears in every member of (5.14), one can
further factorize the above formula, and look for a functionf satisfying

x+ y p + t
(

p2 + 2A0
)

=
δHh,n

δf(p)
,

(compare with the discussion at the end of Section 1). Moreover, due to Proposition 5.2.4,
one can extend the hodograph formula (5.14) to a larger classof vector fields, of the form

X
(p)
K =

∫

η(p q)
δK

δf(q)
dq = −f ′(p)

δK

δf(p)
, K =

∫

k(f, λ) dp.

These vector fields define symmetries of the hierarchy, and the formula

x+ y p+ t
(

p2 + 2A0
)

=
δK

δf(p)
, (5.15)

seems thus the most convenient in order to look for solutionsof (2.15).

Remark 13 A formula similar to(5.15)appears – as a result of a completely different ap-
proach – in [28] (see also [26]), where the variational derivative of the conserved density in
(5.15)is replaced by some spectral data obtained by solving a vector (nonlinear) Riemann–
Hilbert problem. It would therefore be interesting to obtain a relation between these two
equations.

We have obtained condition (5.15) by considering – as done inthe rest of the paper – a con-
tinuous index analogue of the finite dimensional theory. We now show that (5.15) provides
solutions of the dKP equation. Indeed, the following resultholds2: introducing the functional

HK =

∫

(

A0x+ A1y +
(

A2 +
(

A0
)2
)

t−K
)

dx, (5.16)

with K given as above, then the hodograph formula (5.15) can be written as the extremal
condition

δHK

δf(p, x)
= 0.

Due to this fact, we can prove the following

Proposition 5.2.5 A functionf(p, x, t, y) satisfying the hodograph formula(5.15)is a solu-
tion of the Vlasov equations(2.15)and (2.16).

Proof The functionf is obtained by the extremal condition for the functional (5.16). In
addition, the latter is a constant of motion for the flows (2.15) and (2.16), as shown by the
following considerations: the quantitiesH0 =A0, H1 =A1, H2 =A2 + (A0)

2
, andK are

2I am grateful to Paolo Lorenzoni for this observation
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conserved densities for every flow of the principal hierarchy, and in particular for the flows
(2.15) and (2.16). Recalling thatH0

y = H1
x,H0

t = H2
x, we obtain

∂yHK =

∫

(

H0
y x+H1

y y +H1 +H2
y t+Ky

)

dx

=

∫

(

H1
x x+H1 + ∂x (. . . )

)

dx =

∫

∂x
(

H1 x+ . . .
)

dx = 0,

and, similarly,

∂tHK =

∫

(

H0
t x+H1

t y +H2
t t+H2 +Kt

)

dx

=

∫

(

H2
x x+H2 + ∂x (. . . )

)

dx =

∫

∂x
(

H2 x+ . . .
)

dx = 0.

Consequently, a functionf satisfying (5.15) is a stationary point of a conserved quantity for
(2.15) and (2.16), and it is therefore invariant along theseflows.

As a consequence of the above proposition, we have that the hodograph formula, intro-
duced above as a mere counterpart of the finite dimensional case, produces solutions of the
dKP hierarchy, although in an implicit form. A more detailedstudy of formula (5.15) and of
solutions of the dKP equation will be considered in a future publication. We finally remark
that the representation of the hodograph formula as a variational condition is valid not only
for the dKP case, but for any semi-Hamiltonian system of Egorov type.

6 Special coordinate sets

6.1 Flat coordinates

An important feature in the theory of finite dimensional Frobenius manifolds is the existence
of the so called flat coordinates, in which the first metric (4.6) has constant coefficients. In
the preceding sections, we have constructed all important objects of the Frobenius manifold
of the dKP hierarchy by using the coordinatef , which is non-flat. Here –for completeness–
we consider flat coordinates. However, as it will be clear from their definition, the existence
of flat coordinates together with the requirement of havingf real, put severe restictions on
the admissible class of functions. We therefore considerf as complex valued and define a
new set of coordinates

{

w(µ) = f−1(µ)
}

, (6.1)

which obey the following
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Lemma 6.1 For the set of coordinates(6.1), we have

δf(p)

δw(µ)
= δ(p− w(µ)), (6.2)

δw(µ)

δf(p)
= δ(µ− f(p)). (6.3)

Moreover, the following identity holds:

δ(w(µ)− w(ν))

f ′(w(µ))
= w′(µ)δ(w(µ)− w(ν)) = δ(µ− ν). (6.4)

Proof Let us consider a test functionK(p), and takep = w(µ). We have
∫

K(p)
δf(p)

δw(µ)
dp =

∫

K(w(ν))
δf(w(ν))

δw(µ)
w′(ν)dν

=

∫

K(w(ν))f ′(w(ν))δ(ν − µ)w′(ν)dν = K(w(µ))

=

∫

K(p)δ(p− w(µ))dp,

and therefore (6.2) holds. The proof of (6.3) is identical. In order to prove (6.4), we consider
a test functionK̃(µ, ν), setµ = f(p), ν = f(q), and compute

∫∫

K̃(µ, ν)w′(µ)δ(w(µ)− w(ν))dµ dν

=

∫∫

K̃(f(p), f(q))w′(f(p))δ(p− q)f ′(p)f ′(q)dp dq

=

∫

K̃(f(p), f(p))f ′(p)dp =

∫

K̃(µ, µ)dµ

=

∫∫

K̃(µ, ν)δ(µ− ν)dµ dν.

We prove now that the (6.1) are flat coordinates for the metric(4.6). Moreover, we give in
these coordinates the form of the structure constants (4.12); all other objects of the Frobenius
manifold can be computed in flat coordinates by similar calculations.

Proposition 6.1.6 In the coordinates(6.1), the metric(4.6) takes the form

η(p,q)[ω] = −δ(p− q).

Hence(6.1) are flat coordinates for the Frobenius manifold. Moreover, the structure con-
stants(4.12)become

c
(

µ

ν η

)

[w] =
δ(µ− η)

w(µ)− w(ν)
−

δ(ν − η)

w(µ)− w(ν)
+

δ(µ− ν)

w(ν)− w(η)
− λ′(w(µ))δ(ν − η)δ(µ− ν),
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where

λ′(w(µ)) = 1 +−

∫

dǫ

w(µ)− w(ǫ)
.

Proof By using the change of coordinate rules

g(p,q)[w] =

∫∫

g(µ,ν)[f ]
δf(µ)

δw(p)

δf(ν)

δw(q)
dµdν,

c
(

p

q r

)

[w] =

∫∫∫

c
(

ζ

µ ν

)

[f ]
δw(p)

δf(ζ)

δf(µ)

δw(q)

δf(ν)

δw(r)
dζdµdν,

and using Lemma 6.1, we obtain the thesis.

We note that, although in the finite dimensional case the use of flat coordinates simplifies
considerably the calculations, this is not the same in the infinite dimensional example consid-
ered here. Indeed, the use of the coordinates (6.1) involvesdelta function identities similar
to the one appearing in Lemma 6.1, which are more difficult to handle than thef−picture
approach considered in this paper.

6.2 Canonical coordinates and Legendre transform

One of the remarkable results of the paper [3] is the determination, under suitable assump-
tions, of the canonical coordinates of the Frobenius manifold of the2D Toda hierarchy. We
follow here their result to prove that a similar construction holds in the dKP case. In particu-
lar, it is convenient to consider the geometrical interpretation outlined at the end of Section 3,
in relation with the Riemann-Hilbert problem. We thus consider the curve (3.11), and apply
to it an analogue of the Legendre transform of classical mechanics: we define the function

F(α, p) = −απf(p) + λ(p),

and, fixedα ∈ R, we consider the extremal condition

∂F

∂p
= −απf ′(p) + λ′(p) = 0. (6.5)

There are two distinct cases to be considered:

1. If f ′(p) 6= 0, we introduce the function

m(p) =
1

π

λ′(p)

f ′(p)
,

so that condition (6.5) can be written asα = m(p). We consider here only pointsp
where the curveγ is not self-intersecting, and such that the direction of every tangent
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vector on the curve uniquely determines the point on the curve. We denoteκ(α) =
m−1(α) the inverse function, which –by construction– satisfies

∂F

∂p
(α, κ(α)) = 0,

and define the Legendre transform-type function

r(α) = −απf(κ(α)) + λ(κ(α)). (6.6)

2. If f ′(p) = λ′(p) = 0, namely, ifp is a stationary point ofγ, then condition (6.5) is
satisfied independently ofα. For any stationary pointpj, j = 1, . . . , m, we then define
the function

rj = −απf(pj) + λ(pj), (6.7)

whereα can be chosen to be any fixed real (or possibily complex) number.

Remark 14 The case of reductions of the dispersionless KP equation [18] can be charac-
terized by the existence of canonical coordinates of type(6.7)only. Moreover, by choosing in
(6.7)α = i, we can take the canonical coordinates to be the critical values of the conformal
map, that is, the tip of the slits defining the solutions of thesystem of Loewner equations
[19].

Proposition 6.2.7 The set of data(6.6), (6.7), are canonical coordinates for the Frobenius
manifold of the dKP hierarchy.

Proof We give the proof only for functions of type (6.6), the case with singular points can
be treated in a similar way. In analogy with the finite dimensional case,r(α) are canonical
coordinates if the structure constants (4.12) take in thesecoordinates the form

c

(

α

β γ

)

[r] = δ(α− β)δ(α− γ).

Therefore, we require the coordinate change
∫

c
(

p

q s

)

[f ]
δr(α)

δf(p)
dp =

∫∫

δ(α− β)δ(α− γ)
δr(β)

δf(q)

δr(γ)

δf(s)
dβdγ,

to hold forr(α) given by (6.6), and we have

1

s− q

(

δr(α)

δf(s)
−
δr(α)

δf(q)

)

−
δ(q − s)

f ′(q)

(
∫

f ′(p)

p− q

δr(α)

δf(p)
dp− λ′(q)

δr(α)

δf(q)

)

=
δr(α)

δf(q)

δr(α)

δf(s)
.

Computing the Jacobian

δr(α)

δf(p)
= −απδ(p− κ(α)) +

1

κ(α)− p
,

and substituting back, one gets to the condition

δ(q − s)

(

−απδ(κ(α)− q) +
1

κ(α)− q

)

(−απf ′(κ(α)) + λ′(κ(α))) = 0,

which is satisfied due to (6.6).
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