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Abstract

We show how to construct the Hamiltonian structures of adycton of the Benney
chain (dKP) starting from the family of conformal maps assted to it.

I ntroduction

The Benney moment chainl [4], given by the equations
AF = AR L EARTTAD k=0,1,...,

with Ak = A*(z, t), is the most famous example of a chain of hydrodynamic typécmgen-
eralizes the classical systems of hydrodynamic type indlse when the dependent variables
(and the equations they have to satisfy) are infinitely many.

A n—component reduction of the Benney chain is a restrictiohefnfinite dimensional
system to a suitable—dimensional submanifold, that is
AR = ARt u™), k=0,1,...
The reduced systems are systems of hydrodynamic type inatiables(uy, ..., u,) that
parametrize the submanifold:
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uy = vk (u)ul, i=1,...,n.
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Benney reductions were introduced in[11], and there it wasqd that such systems are
integrable via the generalized hodograph transformai@®). [ In particular, this method
requires the system to be diagonalizable, that is, thestseaiset of coordinates, ..., \",
calledRiemann invariantssuch that the reduction takes diagonal form:

A= v (A)AL.

The functions® are calleccharacteristic velocities
A more compact description of the Benney chain can be givantbyducing the formal

series
A= P+Z e

In this picture, as follows from [16, 17], the Benney chain && written as the single equa-
tion
At = ph, — AN,

which is the equation of the second flow of the dispersiorkdsierarchy. This equation
related with the Benney chain also appears in [18].

Clearly, in the case of a reduction, the coefficients of tarses depend on a finite number
of variables(u', . .., u™). In this case, the series can be thought as the asymptotinisixm
for p — oo of a suitable function\(p, u!, ..., u™) depending piecewise analytically on the
parametep. It turns out[11, 12] that such a function satisfies a systéohordal Loewner
equations, describing families of conformal maps (withpees top) in the complex upper
half plane. The analytic properties afcharacterize the reduction. More precisely, in the
case of am—reduction the associated functiapossess distinct critical points on the real
axis, these are the characteristic velocitiesf the reduced system, and the corresponding
critical values can be chosen as Riemann invariants.

Some examples of such reductions, discussed below, hawekAamiltonian structures,
but the most general result is far weaker, all such redustama semi-Hamiltonian [20, 11].

The aim of this paper is to investigate the relations betwkemnalytic properties of the
function A\(p, u!, ..., u™) and the Hamiltonian structures of the associated reducfians
well known, such structures are associated to pseudo-nieiaa metrics, and in particular,
local Hamiltonian structures are associated to flat metrics

Our approach is general, in the sense that it applies to alh&g reductions. Conse-
quently, it reveals a unified structure for the Hamiltonitmicture of such reduced systems.
The main result of the paper provides the Hamiltonian stimest of a Benney reduction di-
rectly in terms of the functioi\(p, u!, ..., u") and its inverse with respect {9 denoted by
p(\,ut, ..., u"™). The Hamiltonian operator then takes the form

’ v d I AN
19 = o, AYYH] FZ] k
wi A (V)0 g Ay + 57 E /Ck (dx) (p()\) e ©r(A) dA,
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Herey, ..., ¢, are arbitrary functions of a single variablg, are suitable closed contours
on a complex domain, and
" 82)\ " 83)\
A A
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The paper is organized as follows. In Section 1 we review tneepts of integrability
for diagonalizable systems of hydrodynamic type and the iHanman formalism for these
systems, both in the local and nonlocal case. In Setlion htweduce the Benney chain,
its reductions, and we discuss the properties of thesemgstBection 3 is dedicated to the
representation of Benney reductions in theicture and to the relations with the Loewner
evolution. The study of the Hamiltonian properties of reduts of Benney is addressed in
Sections ¥ and]5: in the former we use a direct approachirgdrom the reduction itself,
in the latter we describe these results from the point of veéwhe function\ associated
with the reduction. In the last secion we discuss two exampleere calculations can be
expressed in details.

1 Systemsof hydrodynamictype

1.1 Semi-Hamiltonian systems

In (1+1) dimensionssystems of hydrodynamic typee quasilinear first order PDE of the
form ' ‘ '
up = vi(u)u, i=1,...,n. (1.1)

Here and below sums over repeated indices are assumed ithetvise stated. We say
that the systeni (1l.1) idiagonalizablef there exist a set of coordinates, ..., \", called
Riemann invariantssuch that the matrix;()) takes diagonal form:

A= o' (W)L (1.2)

The functionsy? are calledcharacteristic velocitiesWe recall that the Riemann invariants
A" are not defined uniquely, but up to a change of coordinates

A= NN, (1.3)
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A diagonal system of PDEs of hydrodynamic type {1.2) is cbdlemi-Hamiltoniarj20] if
the coefficients’(u) satisfy the system of equations

0; <3’“7”k) :ak( o' ) Vit £k, (1.4)

vt —v vt — ]

whered; = ;2. The equation$ (1l4) are the integrability conditions Hottthe system

o _ 9 (1.5)

wi—wl vt — vl

which provides the characteristic velocities of the synast
ul = w'(u)ul, i=1,..,n
of (1.1), and for the system
(v' — v)0;0;H = 0,0’ 0;H — O;v'0; H,

which provides the densitieg of conservation laws of (1l.1). The properties of being diag-
onalizable and semi-Hamiltonian imply the integrabilifytive system:

Theorem 1 [20](Generalized hodograph transformation)

Let

A= vi AL (1.6)
be a diagonal semi-Hamiltonian system of hydrodynamic, tgpd let(w?, ..., w") be the
characteristic velocities of one of its symmetries. Thieaftanctiong\!(x,t),..., AN (z,1))

determined by the system of equations
w' = vz +t, i=1,...,N, (1.7)

satisfy [(1.6). Moreover, every smooth solution of thisesyds locally obtainable in this way.

1.2 Hamiltonian formalism

A class of Hamiltonian formalisms for systems of hydrodyiatype (1.1) was introduced
by Dubrovin and Novikov in[g,[7]. They considered local H&#tomian operators of the form

N
PY = g% (u)% — g’SFik(u)uﬁ (1.8)

and the associated Poisson brackets

out ouwl

{F,G} = / 6FPij6—G_dx (1.9)

whereF = [ g(u)dz andG = [ g(u)dz are functionals not depending on the derivatives
Ugy Uggye-



Theorem 2 [B] If det g” # 0, then the formula{T]9) witti (11.8) defines a Poisson bradket i
and only if the tensog* defines a flat pseudo-riemannian metric and the coefficieftare
the Christoffel symbols of the associated Levi-Civita @mtion.

Non-local extensions of the brackét (1.9), related to rogetdf constant curvature, were
considered by Ferapontov and Mokhovlin|[19]. Further gdieattons were considered by
Ferapontov in[[B], where he introduced the nonlocal difi¢ied operator

y . d y : d\ " .
PY = g”% — T, ul + Z €a (W) ul <%) (w) ul € = 1. (1.10)

The indexa can take values on a finite or infinite — even continuous — set.

Theorem 3 If det g # 0, then the formula{1]9) witH (1.8) defines a Poisson bradket i
and only if the tensop defines a pseudo-riemannian metric, the coefﬁcié\ij,;aare the
Christoffel symbols of the associated Levi-Civita conioact/, and the affinorsy® satisfy
the conditions

whereR}, = ¢**R’,, are the components of the Riemann curvature tensor of thécget

In the case of zero curvature, operatior (1.10) reducebs ). (1lLet us focus our atten-
tion on semi-Hamiltonian systems. Inl [9] Ferapontov conjesd that any diagonalizable
semi-Hamiltonian system is always Hamiltonian with resgecsuitable, possibly non lo-
cal, Hamiltonian operators. Moreover he proposed theviolig construction to define such
Hamiltonian operators:

1. Consider a diagonal systeim (1.2). Find the general solati the system
aj'Ui

v — i’

9;In /g =

which is compatible for a semi-Hamiltonian system, and cotaphe curvature tensor
of the metricy.

(1.11)



2. If the non vanishing components of the curvature tensorb@awritten in terms of
solutionsw?, of the linear systeni (1.5):

RZ; = Z cqwiw? €o = £1, (1.12)

then it turns out that the system (IL.1) is Hamiltonian witbpect to the Hamiltonian
operator
-1

P =gt — g T () + ) oy, (d—) Wy, (1.13)
€T i

which is the form of[(1.10) in case of diagonal matrices.

2 Benney reductions

A natural generalization of —component systems of hydrodynamic type(1.1) can be ob-
tained by allowing the number of equations and variablestmbnite. These systems are
known ashydrodynamic chainsand the best known example is the Benney chéin [4]:

AF = AR L EARTTAD k=0,1,.... (2.1)
In this setting, the variabled™ are usually called moments. In [4] Benney proved that this
system admits an infinite series of conserved quantitiesse/ldensities are polynomial in
the moments. The first few of them are
1 1
H' =A% H'=A, H'= A4+ (4%)%...

A n—component reductioof the Benney chairl (2.1) is a restriction of the infinite di-

mensional system to a suitable-dimensional submanifold in the space of the moments,

that is:

AF = AF (W), k=0,1,... (2.2)
whereu’ = u'(x,t) are the new dependent variables. These are regarded asnedescn
the submanifold specified bl (2.2), and all the equationb@fthain have to be satisfied on
this submanifold. In addition, we require the-derivativesu’ to be linearly independeﬁt
in the sense that

Zai(ul,...,u”)uizo = aut,.. ., u") =0, Vi. (2.3)
i=1
Thus, the infinite dimensional system reduces to a systemfimitely many dependent

variables[(1.11). It was shown i [11] that all Benney redutsi are diagonalizable and pos-
sess the semi-Hamiltonian property, hence they are intégvéa the generalized hodograph

LIf this constraint is relaxed, solutions such as descrindd®] may be obtained.
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method. On the other hand, we may consider whether a diaggatdm of hydrodynamic
type S

Ay = v (AL, i=1,...,n. (2.4)
is a reduction of Benney (note that we do not impose the sesmniilionian condition). A
direct substitution in the chaif (2.1) leads, after collegthe )\’ and making use of(2.3), to

the system
VI, AR = 9, AR 4 A1, A, 1=1,...,n, (2.5)

whered; A° = 247 The consistency conditions

OJ@ARH zaﬁjAkH, 1 7é j, ]{3 - 0, ]_, ce

reduce to thén(n — 1) equations

A0
v’ = 4" (2.6a)
vt —d
i #
20,A°0; A
PAY = 2.
02 o) (2.6b)

which are called th&ibbons-Tsarev systenit has been shown that this system is in invo-
lution, hence it characterizesracomponent reduction of Benney. Moreover, if a solution
of (2.8) is known, all the higher moments can be found, makeuyrsive use of conditions

2.3).

Theorem 4 [11] A diagonal system of hydrodynamic type (2.4) is a retuncof the Benney
moment chain(2]1) if and only if there exist a functidi \!, ..., \") such thatd® and the
vt ..., v" of the system satisfy the Gibbons-Tsarev syster (2.6)isIndbe, systerh (2.4) is
automatically semi-Hamiltonian.

It was noticed in[[11] that a generic solution of the Gibbdsswrev system depends on
arbitrary functions of one variable. Essentially, thisigdo the fact that in the system (2.6)
the derivatives

o', 0z A° (2.7)

are not specified. This leads to a freedomoffunctions of a single variable, which reduces
to n allowing for the freedom of reparametrizatidn (1.3) in thefinition of Riemann in-
variants. Thus, for any fixed integer the Benney moment chain possesses infinitely many
integrablen-component reductions, parametrizedrbgirbitrary functions of one variable.

In the next sections we will see how the knowledge of thiagonal’ terms[(2]7) plays
an important role in determining the Hamiltonian structof@ Benney reduction. If these
terms are specified, the Gibbons-Tsarev system becomeseansgsé pfaffian type, and a
generic solution depends anarbitrary constants.



Example 2.1 The2—component Zakharov reduction [22], is obtained by imposinghe
moments the constraints

Ak:ul(uz)k, k=0,1,...,

where(u!, u?) are the new dependent variables. The resulting classial®h water wave
system, first solved by Riemann, is known to be the dispérs®limit of the2—component
vector NLS equation. Under the change of dependent codrtina

M=+ 2vul A= — 2V,

the system takes the diagonal fofm {1.2), with velocities

3 1 1 3
1:_)\1 _)\2 2:_)\1 _)\2.
v I TG VSIS
It is easy to check that these velocities satisfy the Giblimasev system with
AO _ ()\1 _ )\2)2
16 '

3 The )\ pictureand chordal Loewner equations

3.1 Reductionsin the \ picture

A more compact description of the Benney chain can be giventbyducing [16] a formal
series

A(p, ,t) p+z ,m . (3.1)
It is well known that the moments satisfy the Benney chaifi)(#.and only if \ satisfies
At =pAy — ADN, = {A % (A) } (3.2)
where( )., denotes the polynomial part of the argument, §ne} is the canonical Poisson
bracket on théz, p)space. Equatidn 3.2 corresponds to the Lax equation of tenddlow

of the dispersionless KP hierarchy.

Remark 1 If we introduce the inverse of the serigsvith respect tg, and denote it as

)\+Z)\k+1’

then it is easy to check that the following equation holds

pi =0, (%pz + Ao) :

8



Equivalently, its coefficients satisfy

Htk: (Hk-i-l ZHZHk 1— z) ’

which is the Benney chain written in conservation law fornmgshe coordinate set/”. It
is easy to show that eve#y” is polynomial in the moment4”, . . ., A,

The use of the formal serids (B.1) is to be understood as ebwiz model for describing
the underlying integrable system in a more compact way . Wewé&o describe the system in
more detail we must impose more structure\oifrollowing [12,)21], rather than considering
a formal series in the parametgrwe instead consider a piecewise analytic function for the
variablep. In particular, we let\, be an analytic function defined dm:(p) > 0, and\_ an
analytic function on'm(p) < 0. We also require the normalization

1
)\i:p+0(5), P 0. (3.3)
Let us define, on the real axis, the jump function

Fp..1) = 5= (0, 2,1) = Ao (. 7,1)

and suppos¢ is a function of reap which is Holder continuous and satisfying the conditions

—+00
/ p" fdp < oo, n=20,1,....

oo

Then, using Plemelj’'s formula for boundary values of analfiinctions, we may take

—+00 /
Ai(p) =p— 7?/ mdp’ Fim f(p).

—0 P—D
What we obtained is that, with hypotheses above, the fumgtio and \_ are Borel sums
of the series (3]11) in the upper and lower half plane respalgtiOn the other hand,,. will
have, ap — oo, the formal asymptotic seriels (8.1), where

+00
A(z,t) = / p" f(p, z,t)dp.
Thus, to any solution of Benney’s equations we can assoaip#r of functions\..(p; z, t).

In particular, a real valued leads to real valued moments. In this case, using the Schwarz
reflection principle, we can restrict our attention to thedtion A ; this is the case studied

in [10,121,/1[2[3].

On the other hand, it will be useful below to consider the wi@akontinuation of)
into the lower half plane, in the neighborhood of specifieth{®in the real axis. Such a
continuation may or may not coincide with , the Schwarz reflection of, . In particular
important examples such a continuation may be developesisiently, giving the structure
of a Riemann surface.



Remark 2 Other normalizations, more general th€8.3) are allowed, based on the fact
that for any differentiable functiop of a single variable, the composed functipQ\ ., )
remains a solution of3.2), the associated reduction being the same. In concrete deamp
it is sometimes more convenient to make use a different risatian.

Let us consider now the relations between solution$ of @m2) Benney reduction. In
this case, we have that is associated witha component reduction if and only if it depends
on the variableg, t via n independent functions. As any reduction is diagonalizabls
not restrictive to take as these variables the Riemanniamva: Thus, we have

Ae(p,x,t) = Ay (p, N2, 1), ..., N (a0, 1)), (3.4)

with ' -

Ap =0'AL. (3.5)
Remarkably, the characteristic velocities of the redurction out to be the critical points of
the function)\, associated with it. More precisely, we have

Theorem 5 Let A, solution of [[3.2), satisfy conditions (8.4) with (3.5)t s denote
O AT = AL (0N LA, i=1...n,
and suppose that the are not constant functions. Then, the velocitiesatisfy

O\,

ap(i):(], 1=1...n,

and the corresponding critical values can be chosen as Riemann invariants for the system
(E.5).
Proof Considering equation(3.2) at= v?, we obtain the system of equations
oAy,
@t_%)@m Ag a+{ )

As \!, ..., \" can be chosen as coordinates, by the chain rule we get
D’ j_znﬁgo' o OA, e 0AY
Z o o e T gy W 2 g A
Jj=0 7=0
and this, after substituting (3.5) into it, is equivalent to

0y’ 0N, . DA
o () () 5y =

0 dj=1....n, (3.6)

due to the independence of thée. Particularly, fori = j the system above reduces to

oAy Ot () 0A°
op O\

~ 0. (3.7)
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Further, if A° does not depend oX, the function)\ . is also independent of the samve In
this case, the associated systéml(3.5) reducesitelareduction. On the other hand, if the
system is a propet—component reduction the® A° # 0 and the characteristic velocities
are critical points for\,. Substituting back(317) intd(3.6), we obtaifh = ¢ (\*). Thus,

if the critical valuesy® are not constant functions, it is possible to choose thememahn
invariants.

O

The converse of the Theorem above is also trug ifs a solution of[(3.R) satisfying
)\+(p,l',t) :)‘+(p7 Al(x,t),...,)\"(x,t)), (38)

and withn distinct critical points?, . .., v™, then by evaluating equation (8.2)at= v* we
obtain the diagonal system _ o

P =" ¢y,
wherep' = X, (v*). Thus, critical points are characteristic velocities. Blrer, the exis-
tence of a function\ associated with a reduction selects a natural set of Rienmaariants,

the critical values of\. Unless otherwise stated, these are the coordinates weomdlider
below.

Remark 3 It might happen that the functioh, possesses: critical points, withm > n.
This is the case, for instance, in Remiark 2, where criticahtsoof the functiono have to be
added. Then, substituting the critical points iff®2) we obtain anm component diagonal
system. However, in this case we have that n of the critical values have trivial dynamics
for they are independent af ¢t. Consequently, the: component system reduces toan
component one.

Example 3.2 Consideru’ = u'(x,t), i = 1, 2. The function

ul
MNe=pt o0 (3.9)

)
_U2

rational in p, satisfies equatiori (3.2) if and only:if, »? satisfy the2 component Zakharov
reduction of Example2.1.

3.2 Reductionsand Loewner equations

It was shown in[[18| 21] that the solution of the initial valpeoblem of ann reduction
is given by a Inverse Scattering Transform procedure (wlhaekls to a particular form of
Tsarev’'s generalized hodograph formidla{1.7)), provided t

o).

o (p) # 0, Im(p) > 0.
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It is thus necessary that, (p) be anunivalent conformal magrom the upper half plane
to some image region. In [1L, 12] it was proved that these aromdl maps have to be
solutions of a system of so called chordal Loewner equatiorfact, if a solution of equation
(3.2) is associated with a—component reduction of Benney, then conditidnsl(3.4) holds
Substituting into equation (3.2), if* are the characteristic velocities associated with the
reduction, we obtain

N
P O AN
; ((v =P 5yt ax % ) AL = 0. (3.10)

As the )\’ are independent, then it follows that

oAy OAY DNy
ON p—uvi Op

1=1,...,n. (3.11)

This is a system of. chordal Loewner equations (see for example [8]). When thetfan
A4 is chosen with the normalization (8.3), this system dessrihe evolution of families of
univalent conformal maps from the upper complex half planthé upper half plane with
n slits, when the end points of the slits are allowed to move@larescribed mutually non
intersecting Jordan arcs. Using the implicit function tteeo it is possible to show that the
inverse functiorp satisfies an analogous system

0p _ @AO
X p—at’

i=1,....n. (3.12)

Figure 1: n—slit Loewner evolution on the upper half plane.
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Forn > 1, the consistency conditions df (3]111) (ér (3.12) equivil§griurn out to be the
Gibbons-Tsarev system. On the other hand, and more ggneavalican consider a set of

Loewner equations,
a)\+ a; 8)\4_

- = . =1,... 3.13
8)\7‘ p _ bl ap ) 1 Y Y n? ( )
for arbitrary functionsy;, b°. The consistency conditions
0PN PN,

ONON — ONON
are then equivalent to the set of equations

@-aj = 8jai (314)
2aiaj
i 1
0;a; e (3.15)
. a;
oY = TRt (3.16)
wherei # j. The first of these equations implies locally the existed@fonctionA°(\!, ... A")
such that
a; = @AO

Consequently, equations (3115), (3.16) become the Giblbearev systeni (2.6), withf =
v'. So, to any solution of a system aofchordal Loewner equations there corresponds a
n-component reduction of the Benney chain.

Example 3.3 The dispersionless Boussinesq reduction, whichds-eomponent Gelfand-
Dikii reduction, is given by

A0 = A
Al = —A°A,

can be described in the picture using the polynomial function
Ay =p® +3A% +3A%
The characteristic velocities are
vt = —/— A0, v? = /—AO,
and the Riemann invariants are given by
A=A (o)) =34 +2(—A%2, A2 = A, (%) =341 — 2(—A%):.

After the renormalization

AAy) = YA = /P34 34% + 3A

we obtain a family of Schwarz-Christoffel maps as in Figu & is easy to verify that the
critical points of the function\(\, )(p) are the same as, (p), while the corresponding new
Riemann invariants ara’ = v/\’.
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Figure 2: The dispersionless Boussinesq reduction.

As a consequence of the Loewner system (3.11) satisfied byiaeBeeduction, it fol-
lows immediately that the critical points af_ (p) are simple. Indeed, taking the limit of the
i—th equation of the system, for— v* gives
A
= 5

1 (v') 9;A°, (3.17)

where we used the identity

oo
ON'PTT T dN ap' TN T
Thus, ,
A i
o V)70,

hence the)’ are simple.

Suppose now that, admits an analytic continuation in some neighborhoad ofience-
forth, to simplify the notations, the subscriptwill be dropped from\ ., and we will denote
both the analytic function, and its analytic continuation simply by. Moreover, we will

write o
A(p) = a—p(p),

Then, the functiop()\) has the series development neas )\,

— \/5 )\ )\
p()\)—v+\/m\/)\ X+ 0 (A=), (3.18)

14
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which becomes a Taylor expansion in the complex local pateme= /A — \i. Further-
more, we have

1 1 1L 1A (W)
N(p)  AN'(0F)p—oF  2X7(vF)?

(3.19)

LA (R 1N (oF) )
+ (Z N (F) BX'(vk)2) (=" + 0 (0= 0")7).

This expansion will be useful in Sectidh 5. Finally, we imtuce two sets of contours, in the
p and \ plane respectively, that we will need later for describing Hamiltonian structure
of the reductions. We defing; as a closed and sufficiently small contour in fheplane
aroundv’, andC; as the image of; according to the analytical continuation kf Thus,I’;
andC; are well defined; in particular, it follows from expansiénI8) that\; — the tip of the
slit — is a square root branch point fof) ), henceC; encircles it twice.

3.3 Symmetries of the Benney reductions

A well-known method([13] of obtaining a countable set of syetnes of the Benney reduc-
tion is based on the Lax representation of the dKP hierarchy,

)\tn = {)\7 hn} = (hn)p )\:B - (hn)x )\p, n = 1,2, c..

whereh,, = 1 (A")5o- We assume, unless otherwise stated, ¥hatnormalized as ir_(313).
If the solution\ possesses critical values(v!, ..., v") , the hierarchy can be reduced to

A, = w,A; 1=1,...,n, n=12,...,

n’'x’

with
Oh,,

wi = <8p )|p:m' (3.20)

These are, by construction, components of the symmetriggeeatductions, the first few of
them being

4 , : : o o »
wy =1, wy=17" w;=@)+A" ... i=1,...,n.

Further, the above characteristic velocities can be obthis the coefficients of the ex-
pansion at\ = oo of the generating functions

o1
W) = STV (3.21)

Proposition 3.1 The functiong¥*(\) are solutions of the linear system

OJWZ()\) . aj'Ui

Wil\) —Wi(\) v —ui’ (3.22)
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Moreover, expandingl’“()\) at A =oo we get
Wi\ = f: W (3.23)
n=1 )\" ’
where the coefficients of the series are the symmetriegiven in(3.20)

Remark 4 The first condition3.22) holds in any normalization, but the expansih23)
assumes the normalizati@8.3).

Proof In order to provel(3.22), knowing that

N vi—p’

we can write

R 1 -1 op _ o'
o;W*'(X\) = 0 (p_— Ui) T (p—vi)? (3)@ 5)@‘)

A 11
P\ —p v

0; A°
(p—v)(p—v7)(v/ —v7)

On the other hand
(v —v")

A )

and so . ,
8JWZ()\) o @AO . 8jv’

W)~ W) (00— 0 ol -

In order to provel(3.23), chosen the normalizationl(3.3) haee
w;:l limi [(p—v,-)z (A")+ } 1 res ( (A")+ dp).

(p —v;)? = (p — vi)?

The functionéf_"v)s2 has poles only at = v; andp = oo and therefore

ﬁﬁ(@?ZP@>:‘£§<@¥ZV@):_ﬁ§<@Q2V@)
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where the last identity is due to

Changing variable we obtain

n )\n—l
= i /Fw oo — o P

wherel', is a sufficiently small contour around= oo. Thus,
w' = WHA)ALdA,
T
varyingn we obtain the coefficients of the expansibn (3.23).

O

Remark 5 It will be useful below to consider, as a generating functibthe symmetries,

0 00 i
/4 n,wz

wi(\) = W = — nz Tt (3.24)

=1

which is nothing but the — derivative of (3.21)

We finally observe that, due to linearity 6f(3122), the flions

A=) /C w (N (M)A

still satisfy the system for the symmetries and therefquplyang the generalized hodograph
method, we can write the general solution of the Benney rsalut the implicit form

Z=v'z+t i=1,...,n

The inverse scattering solutions found(in|[10, 21] are of thrm.

4 Hamiltonian structure of the reductions

As it was shown in[[111], any reduction of Benney is a diagaraile and semi-Hamiltonian
system of hydrodynamic type. However, very little is knovaoat the Hamiltonian structure
of these systems, whether local or nonlocal. A few examplekaown explicitly. These
include the Gelfand-Dikii and Zakharov reductions, whicls@ as dispersionless limits of
known dispersive Hamiltonian systems.

In this section, we use Ferapontov’s procedure sketcheeldtid® 1.2 for semi-Hamiltonian
diagonal systems in order to determine the metric assalvetd a generic reduction.
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Theorem 6 The general solution of the system (1.11) in the case of Beedections is
g — Do
" @i(A7)

where the functiong;(\?) aren arbitrary functions of one variable, the functiohs ..., \"
being the Riemann invariants of the system.

(4.1)

Proof. From the systeni (1.11), and making use of both the Gibb®asel equation$ (2.6),
which hold for any Benney reduction, we obtain

i A
0j In Gii = ajv - 8] 0 2 - aj In V a2'140 (42)

vi—vt (v — )

from which we obtain the general solution (4.1).

O

In the casep; = 1 the rotation coefficients

O /T
Bij = g]j (43)
Gii
are symmetric:
1 0; A \/0;Ag0; A

ﬁij _ = 8zaj 0 o 0v5 410 (44)

2 aiAoﬁjAO B (Ui - Uj)Q .
We now focus our attention on this case, that is we consiaeEtorov (potential) metric

gii = @AO. (45)

Remark 6 We notice that the choice of potential metric is not resivgtas any other metric
(4.1) can be written in potential form under a change of caueaites

N 0i(\Y), (4.6)

which is exactly the freedom we have in the definition of tkefann invariants. On the other
hand, the choice of the Riemann invariants determines auemegetric which is potential in
those coordinates.

In order to find the Christoffel symbols and the curvaturesterof the metric[(4)5),
one could compute these objects — as usual — starting framdeienitions. However, for a
Benney reduction, this procedure can be shortened. Indegd) the Gibbons-Tsarev system
(2.8), the connection and the curvature can be written aplsiaigebraic combinations of
the quantities

vi, 9AY, 5(vY), S(log /O AY),  i=1,...,n,

18



where we introduced the shift operator

3
&)
y‘QD
>

e
Il
—

We have
Proposition 4.2 The symbols

ij isTJ 1 is j
ij = —g Fik = —§g gjl<agglk + akgls - 8lgsk)a

wherel“fj are the Christoffel symbols associated to the diagonal imety = 0; Ay, for a
Benney reduction are given by

I =0, i£j+k (4.7a)
pi - i L i (4.7b)
’ C ()
a OAy 1 ,
re = Oy o o ik (4.7¢)
0 A0
i A 1 _ 6(In/GA ). (4.7d)
hti 0,A0 (Uz — 'Uk)z &AO

Proof For the metrigy;; = 9,;0; Ay, we get

11
and equation$ (4.7) are obtained from these by substitwingnever is allowed, the Gibbons-
Tsarev equation$§ (2.6b).

O

In particular, the curvature can be expressed solely viahife operatow, acting o’ and

In vV &AO

Proposition 4.3 The non vanishing components of the curvature tensor of g#taa{4.5)
for a Benney reduction can be written in terms of the quaeit{v?), (In 1/9; A?). More
precisely, we have the following identity

o = 000 sz) + ff)li‘ VO A 5(52_- ff)g"). (4.8)
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Proof Since the rotation coefficients of the metfic (4.5) are symnimét is easy to check
that -

Riﬁ =0 (By) -
Using the Gibbons-Tsarev systeim (2.6) we gefl (4.8). Moneawis well known that for a
semi-Hamiltonian system the other components of the Rienemsor are identically zero.

O

Formula [(4.8) presents a compact way of describing the tunwaensor of the Poisson
structure [(1.113) associated with a Benney reduction. Heweve should notice here that
the knowledge of the curvature is not sufficient to write tloesBon bracket. Indeed, what
we need is a decompositidn (1112) of the curvature in terniiseo§ymmetries of the system.
From formulal(4.8) this decomposition looks non-triviak will address this problem in the
next section using a different approach.

5 Hamiltonian structurein the \ picture

The purpose of this Section is to derive an explicit formolafor the Hamiltonian structure
of a reduction of Benney in terms of the functiafp), which defines the reduction itself. In
particular, we will show how the differential geometric ebis associated with Ferapontov’'s
Poisson operator of typé (1113) can be expressed, in theodas®enney reduction with
associated, in terms of the set of data

o, N (@), AT, AT (WY, i=1,...,n,
whereuv?, the characteristic velocities of the reduction, are tlitécat points of\. Moreover,
we will describe the quadratic expansion of the curvatuseeated with the metric.

Let us consider a Benney reduction with associated funcétiph In this case, as already
mentioned, a set of Riemann invariants is naturally sedethe critical values ok(p). From
(3.17) and((4.1), it is immediate to check that the companehthe metric which is potential
in those coordinates can be expressed in termsasf

1 dp
Gii aZA )\// (’UZ) pr:eji (}\, (p) ) . (51)

This result was already known in the case of dispersionlets@d-Dikii [5] reductions.
However, it holds for all Benney reductions.

5.1 Completing the Loewner system

We move now our attention from the metric to the Christoffghbols and the curvature
tensor, looking for a way to describing these objects in seah\ and its critical points.
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However, this step is not immediate. Indeed, from equatfdn® and[(4.B) we need to find
an expression in th& picture for the quantities

§(v"), d(log/9;A%),

we will see that the right object to look at is

F(p) = % 3 gfi, (5.2)
obtained from the inverse function afwith respect tg, that is

p=p\ AL LA™, (5.3)
The functionF is thus determined once the functioiip, \!, ..., \") is known. Before

discussing the Christoffel symbols and the curvature, wecansider the properties of this
function in detail. First of all, using the Loewner equasdB.12) and the expressidn (3.17),
we can writeF'(p) in the following form:

1 "L 9,A°
F(p)= —— — :
#)=3 (p) ; p—v

1 i 1 1
TN Z <W) p—v (5.4)

From its expansion (3.19), the functigml@ in v has a simple pole, thereforé;(p) is
analytic atp = v*. Using this fact, we can prove the following

Theorem 7 Let A(p, \,...,\") be a solution of equation (3.2), and let, ..., v" be its
critical points. Defining the functiof’(p) as above[(5]2), we have

F(v') = 6(v") (5.5)

88—1;(1)’) = §(In\/0; A). (5.6)

Proof We have already shown that(p) is analytic atp = v*. In order to prove[(5]5) and
(5.8), we consider the systemwof+ 1 differential equations

ON wi—p

(5.7)

8p _ akAO
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The conditions o2 o2
p p . .
—— ————— =0 5.8
ONON  ONOX 7 8)
give nothing but the Gibbons-Tsarev system, hence ardisdti®r any reduction. So, we
concentrate our attention on the remainingonsistency conditions

Pp Pp
ONONT OXON
which — by construction — are satisfied, to obtain some in&tiom about?'(p). Expanding
both sides we obtain
Pp O/ @
ONOXE  (p — v;)2 ON

0, (5.9)

n

0;A OpA
= [ F) + )
(p—vi) i P~ Uk
OPp  OF Op OF <=[0k0:A O Ao Op
NN Dp O T ox Z:: {p — U * (p— vi)? ( ik W)]

OF 0,A° oF " 10,0, A Ok Ay 0;A°
“p v ow T [p—vk I ETAE (@-wp_v,-)},

k=1

substituting the Gibbons-Tsarev equatidns|(2.6) in theaformulae and rearranging (5.9),
we find that

F(p)—é(vi)+%—i(p)—%(logx/@flo) 1 OF(p)

4 4 — — = (. A
(p —v?)? p— vt 0; A O\ 0 (5.10)
Multiplying by (p — v%)? and taking the limit fop — v¢, we get
F(v') = 6(v").
Then, taking the residue of the right hand side of (5.10) atv’ gives
.
aa—p(v’) = §(log v/ 0; A9).
[l

Thus, specifying the functiof’ turns out to be the analogue, in thepicture, of com-

pleting the systeni (2.6), from which we were able to expries<thristoffel symbols and the
curvature tensor of the metric.

It follows from its definition, that'(p) is obtained fro% by subtracting off its singu-
larities atp = v*. The importance of this function is that it describes theitant properties
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of the reduction. For instance, if a reduction admits a fiemck associated with it such that
F(p) = 1, then the reduction is Galilean invariant. The ca%®) = p corresponds instead
to the scaling invariance of the system. As seen in examptb¢he functionF’, hence
these invariances, are strongly related with the curvaifitiee Poisson bracket.

Example 5.4 The2—component Zakharov reduction is known to possess bothe@alénd
scaling invariance. Using the technique above, the fornaer lze explained by saying that,
for the function\(p) given in Exampl& 312, it followB'(p) = 1. Thus, we get

B "L ot
N ONF

k=1

§(v") =1,

where the Riemann invariants are the critical values\¢f). For the scaling invariance,
one can proceed as follows: define the functigp) = In A(p), whereX(p) is the same as
before. This new function has the same critical poiritas \, plus the poles ok(p), which
play no role in the deerivation of the reduction (see Rerhdrii&nce, it is associated with
the Zakharov reduction, and in this cagép) = p. Thus

- "L ot ,
COEDY S = v, (5.11)

where they' = In \’ are the natural Riemann invariants associated witlp), i.e. its critical
values. Itis elementary to show thi&t11)corresponds to the scaling invariance with respect
to the \".

Remark 7 System((5]7) was considered for the first time in connectithnanBenney reduc-
tion by Kokotov and Korotkin [14], in the particular case dfet/N—component Zakharov
reduction, wherd”(p) = 1.

In the next section, we will use the functidnto describe the Christoffel symbols and
the curvature in terms of. Nevertheless, the latter can be expressed directly instefm’
using the following residue formula

Proposition 5.4 In terms of the functior#’, the non vanishing components of the Riemann
tensor satisfy the following identity:

ijo_ re F(p) ) _ RS F(p)
= (ot %) = 55 o, ey 612

wherel'; andT’; are two sufficiently small contours aroupd= v* andp = v’.

Proof. From [4.8) and Theorem 7 it follows immediately that

Ri= 1 K&a—g(vi) + a—F(vj)) _p P = ) (5.13)

(vt — v7)? JOp vt — v
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It is easy to check the chain of identities:

g (0 ) -2
d 'JL%L@F[(MHL%?{@—M o
i g [0 G =)+ s (0 Gy -
= (Gt —om®) * 2 (Gopty—on )

In the last identity we used the fact th&fp) is regular ap = v*, for all 4.

5.2 Christoffel symbolsand Curvature tensor
5.2.1 Potential metric

We are now able to complete the description of the Poissarkbtassociated with a Benney
reduction, in the case where the metric is potential in therdioate used.

Proposition 5.5 The Christoffel symbol@.17) of the potential metrigc.1) can be written,
in terms of the function, as

I =0, £k (5.14a)
g . 1
1 ) (’UZ —’U])Q’ ¢ 7&] ( )
- " i 1

pi = 2 (v) ik (5.14c)

A" (vF) (vr — )%

_ L) 1A

e = :
6N () 4N (v)?2

(5.14d)

The curvature tensg@.8) of the potential metrids. 1) can be written, in terms of the function
A(p) as

R = - o) (x' (1ui) iy (1w‘)> * g . E ( (:))2 - ;&]))2)
! <1 2500 e O WS B i P ))

(v — w)z AN (W) BN (01)2 T AN(I)E BN (09)?
1
n T . (5.15)
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Proof Starting from the definitiori (512) af, and using[(3.19), we can write

1 )\///
2 AH

F'") = (5.16)

aF 1 )\/// (UZ>2 1 AHH
= : : , A7
ap ( ) 4 AH ('UZ)3 6 )\// kz;él )\// _ 'Uk) (5 )
Then, by Theorerhl7, and substituting the above expressoons into (4.4) and[(4.8), we
obtain [5.14) and (5.15) respectively.

O

Remark 8 We note tha(5.14d)is a constant multiple of the Schwarzian derivative\@p),
evaluated ap = v°.

Recalling the expression (5.1) for the the metric, form thapBsition above we find that
the whole Poisson operator associated with a Benney reduaitisymbol\ depends only on
the critical points of\ and on the value of its second, third and fourth derivativeduated
at these points.

We have now all we need to write the nonlocal tail of the Hammilan structure associated
to the metricy; = 0; Ap.

Proposition 5.6 The non-vanishing components of the Riemann tensor of threc (e 1)
admit the following quadratic expansion

DR 4 )
i — [ i
R 5 Cw (N w? (N)dA. (5.18)

whereC' = C; U - -- U C,, with C; described as above, and the functions

ap
wi 2\ = o ’
W= om —op
are the generating functions of the symmet{®&&4) Consequently the non local tail of the
Hamiltonian structure associated to the metgjc= 0; A, is given by

1o (L) woonia
27 J o * \dz e

Proof We prove the Proposition showing that the integralin (5i$8he same as the right
hand side of[(5.15). First, writing the integral

— [ w'(N)w (N)dA

2m Jo
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in terms of the variablg we obtain

1 n 1
ij 1 N (p) N (p)
A : —dp = , —dp | . 5.19
S oo T s oo e ) 619
Using (3.19), the integrand can be expandedifer1. ..., n, as

1 1 1 B 1 )\l"(vk) _'_ EA///(fuk)z B lANN(rUk)
(p—v')2(p—v7)> \N"(vF) p—ovh 2N (v*)?

.k
4 )\”('Uk)g 6 )\"(Uk)z) (p v )+ * ) *
Thus, fork # i, j we get

1
X(p 1
. —dp | =
= ((p —v')*(p —v7)? p) X

=

(’Uk) (Uk: _ 'Ui)z(l)k _ ,Uj)Z’
while
1 " ;
N () B 3 1 1 A (vh)
ﬁiwaww—wv@>‘w—wvxwo+w—wwxww
+ 1 lA/// (UZ)2 B lA//// (UZ)
(vi—v)2 \4 X' (v)2 6N (v1)2)
t 3 1 1 A(W)
N (p) _ v
;$<@—WP@—wP@>_W—WVY@ﬂ+

(o7 — 0P V(072

N 1 LA ()2 1A ()

(vi — )2 \4 X' (vi)3 6N (v1)2)’
From these, formula (5.15) for the curvature tensor followWse last statement of the Propo-
sition is a consequence of the general theory of Ferapontov.

O
Remark 9 Alternatively, one can prove the above result using stgrtiom the functiorf’,
namely deforming the integral

1 F
S / (p) dp
2wt Jr

iUFj (p - Ui>2(p - /Uj)2

which is shown in Propositidn 3.4 to be equal to the curvatin® (5.18) In order to do so,
it is sufficient to verify the following identity

n 1
v Ticipat L %
2mi I;Ul; (p—v)2(p — vi)? 2mi —(D;Ur;) (p —v?)

P __J
(p—vi2
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that can be proved by straightforward computation. Indesdce the left hand side is the
sum of residues at = v* andp = 7 of a function having a pole of order 3 at= v, v/ we
obtain
1 d? < (p — v") Ok A
l.h.s=— [ li li —— .
s ( m + lm) 2 dp> ; [(1) — v3)2(p — k)

p—vt p—v7

O Ao 2 1 _ 2 1
=2 oy [i—w')(vi—vkﬁ(vi—vk)? (o = 0h) (03 —oF) | (07 — o)

k;ﬁzg

=2 e

- i o k\2(nd _ k)2°
&, W = vFR( —oF)

On the other hand the right hand side is the sum of residugs-atv”, for k # i,j of a
function having simple poles at= v*

(p—v")zx
dp

O Ao
hs.= ) . _ = . , ~Lhs.
o K] ok (p— 0)2(p— v k;ézu (v' = v*)? (0] — vh)? ’

Recalling the results above, we have the following

Theorem 8 The reduction of Benney associated with the funclign A\, ..., A") is Hamil-
tonian with the Hamiltonian structure
g d 1 9p \i d\' & N
M9 = X' (1)o7 — + TP N — [ —0A "= () __0A "% ) 5.20
(W07 + "o L ) =0 (dm) ooy~ 620
where
3 \o— M
1 \k __ T T . .
MDY W o) ]

- 1 )\IIII< ) 1 )\III( Z) ) Z k
IDUES ( . )N — . :
F 6 X' (vi) 4\ ; N'( - Uk)

andC = C,U---UC,. Here, they’ are the critical points of\, and the\’ the critical values.
In this coordinates, the metrig; = |s potential.

5.2.2 Thegeneral case

As we pointed out previously, any metric (4.1) associatetth &ireduction can be put in
potential form, after a suitable change of the Riemann iamés. However, it is often con-
venient to write the expression of the Poisson operatorergéed by these metrics in terms
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of the Riemann invariants selected byThus, we consider the metrics

0 A 1
i — : N - 7 N ) 521
95 = 500 = w0V (o) (:21)

whereyp; = ;(\") are arbitrary functions, and we proceed as before.

Proposition 5.7 The Christoffel symbols appearing in the Hamiltonian stuue are given
by

=0, iFi#k
r;ljz(?jig_pijm)z, i # ]
¥ = @ggﬂ_ i)
"t 7

. 1 )\////( ) 1 )\///( 2)
Fi - SOZ <6 )\"(U-) 4 )\"(U-) + 2@2

Here we denote

’ d(p :
= ——(\").
vi = a (V)
The nonlocal tail appearing in the Hamiltonian structurdh&n given by
Bp )\2 d -1 Bp )\g
—% - A) d. 5.22
2ri Z/Ck (dx) (p()\) v7)? k(M) ( )

Proof The proof of the formula for th@fj is a straightforward computation. Let us prove
the second statement. Since nothing new is involved in sanfpatations we will skip the
details. For the metri¢ (5.21), the non vanishing compamefithe curvature tensor are

g 3 2 .
R 0 S 007
R (=) (i OA° + ¢;0;A°) — (07— 0)? (i 00" — ; 0;07)
1
m (QOZ 82 In \V 82140 + PLj 8j In \/ 8jAO>
©r O A 1 @+
T Z (v — vF)2 (v — k)2 - 2 (vi —vi)? (5.23)

k#i,j
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Expression[(5.23) can be written, in terms\ofas
G_ 3 o v 1 X)) (@)
® Gy (vt * 0 ) o v )
1 (A1) LA ()2 1A ()
‘%uﬂ—vnz<¢l<4xxvﬁ 6A%v>>'*¢ (4A< OE 6X%v>>)

Ok 1 ¢ +¢;
4 . — . 5.24
'+;; ) o — P =P 2 (= v 524

The equivalence betwedn (5122) and the right hand side24)6an be obtained by rewriting
the integrals above in the-plane,

n

1

211
k=1

P00 3
/rk (p—v")2(p— Uj)zdp' (5.25)

and using the same arguments of the main theorem, excegbthateryk, in the integral
aroundl’;, we have to consider also the contribution of the functipt\(p)) which expands,
atp = v*, as

or(Ap)) = pr + —>\( M(p—vF)?+. ..

It follows from the above that we have

Theorem 9 The reduction of Benney associated with the funckign A, . .., A\*) is Hamil-
tonian with the family of Hamiltonian structures

. v od .
19 = o A" (069 — + TP \F
dz

1< I\ d\"' 2N
— —0 T | — ) —2 T 0 (N)d\ 5.26
T o ;/C PO — )2 (dx) ooy — o VA (5:26)
with
ij k_‘Pj)‘;_%)\g: .
Fk )\m_ ('Ui—’Uj)2 Z%ja
g LA () 1X"(v')? vi goz- Ak
INADUEERPE = — = 4 AL T
k‘ T (p (6 AH ('Ij ) 4 AH ('Ij ) + 907, kz;éz AH _ ’Ijk)z
wherey;, . .., ¢, are arbitrary functions of a single variable. Here, theare the critical

points of)\, the coordinates\’ the corresponding critical values, and thg are the contours
defined above.
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6 Finitenonlocal tail: some examples

In the expressior (5.26) for the Poisson operator, the coemts of the curvature are ex-
pressed as integrals of functions around suitable conialascomplex domain. A natural
question to ask is whether this integral can be reduced toita 8am, and we will show
now some examples where this is possible. For simplicityywleconsider the case when

01 (\) =+ = p,(\) = \F, for k € Z. In this case the curvature can be expressed as
2
. 1 (@) A\F
v~ O — d\ kcZ.
W= | oo ke

Essentially, the finite expansion appears whenever is lpledsi substitute the the contolr
with a contour a round = oo and a finite number of other marked points. We illustrate this
special situation in two simple examples.

6.1 2-component Zakharov reduction

In this case (see examples]2.1,13.2), sinds a single-valued rational function of it is
convenient to work in the-plane. In order to calculate the curvature, the non vangshi
components of the Riemann tensor are given by

2 AP)* 57
R2 = res A7) dp |, kelZ.
. ;pﬂﬂ' ((P —01)*(p — 12)? Y

The abelian differential

k 1
)‘(p) )\,(;D)
(p—v1)2(p — v2)?
has poles at the points= v, p = v, as well as:

dp

if k> 2
p=00, p= al (poles of))
Ag
if k<0
2 3\1/2 _ 2 3\1/2
p=s = LA+ (A7 — 44) D=8y = LA — (A7 — 44) (zeros of)),
2 A(] 2 AO

while for £ = 0,1, 2 there are no other poles. Since the sum of the residues ofeamb
differential on a compact Riemann surface is zero, we castgute the sum of residues at
p = vy, v9 With, respectively

-zero if k=0,1,2,
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- minus the sum of residues at= oo, p = 4+ if k> 2
- minus the sum of residues@t= s;, p=s,, Iif k <O.

Summarizing, we have

R =, k=0,1,2,

ij
)\(p)k )\’1
(p)
, — k> 2
><p—w>2<p—w>2 8 e

RY = — | res + res
J pP=00 Al
P="40

g Ap)* A=
R? = — [ res + res L k <O.
J p=s1  p=s2) (p— v)2(p — v9)?

Moreover, as a counterpart in theplane of the above formulae we have

R =0, k=0,1,2,

R = =2 res (wl(A)w2(>\))\k d>\>, k> 2,
ij_ 1 2 k

R = ~2res <w (\w?(A)A d>\>, k<0,

and this shows that the residues have to be computed aroutk@ar@oints, which not de-
pend on the dynamics of the reduction. Expandin¢)\) andw?()\) near\ = oo, we get

= kw!
1 _ k __
wi(A) =~ AL
k=1
3 9 3
1 200 3245+ ATH241A5) 1 4(AD + 64,45 + 345 +3A4745) 1
Az A? e Al \5
= kw?
2 k
k=1
3 9 3
120 32A5+ AT -24045) 1 4 (AT 464,45 —345 —34745) 1 N
A2 A3 A? 2 A3 b
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and nean\ = 0

w'(A) f:zih A= 2A5(—VAl - 4143% 42' A)
(41— VA 28] +243) /AT — 443
8A% (/AT = LAF(A} — AD) + A} — 34,47 + 247

- (- VAT A 2a])

wi(A) = izzh)\h:_ 2A3(—\/A%_4A§42‘A1)
o (41— VAT =245 - 245) /AT =143
SA% (VAT = LA(AF — A7) + A3 — 34,43 — 247 )

eyt (4 - VA - 24])

and taking into account that the coefficients of the expamare characteristic velocities of
symmetries, we easily obtain the quadratic expansion oRthmann tensor. For > 2 we

have
12 1.2 1.2
Ri5 = Z (wiwj —i—ijl-) ,
i+j=k—1

+

A

+

A

while for £ < 0, we obtain
12 1.2 1.2
Rj5 = Z (zz-zj +zjzi) ,
i+j=k+1

which can be putin the canonical form (11.12) after a lineangje of basis of the symmetries.
The expressions of these expansions in the Rieman invagantbe found by using formulae
given in Examplé Z]1.

6.2 Dispersionless Boussinesq reduction

The case of the dispersionless Boussinesq reduction caedted in a similar way. From
Exampld_3.B, we will consider a functionwhich is polynomial inp,

A=p* 4+ 3A4% 4 3A%,

thus meromorphic on the Riemann sphere. The choice of adiffenormalisation reflects
in the expansions below, where we have to consider an expamnsithe local parameter
t = \"3. For simplicity let us consider only the caBe> 0. We observe that, apart from the
poles ap = v; andp = vy, we have only an additional pole at infinity (starting fram= 2).
Following the same procedure used in the Zakharov case vagnobt

7 =0 k=01
RY =3 res (w' (t)w?(t) ¢~ ER gt) k> 2.

(]
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The expansions af'(t) andw?(t) neart = 0 are given by

wh(t) = kb 7 =t 4 2(=Ag)2 1 + 4 (Al - (—AO)%) 7

k=0

+5 (241(~Ag)t — 43) 5+ ..

wAt) = 3kl =t —2(=Ay)2 £ 14 <A1 n (—AO)%) 7
k=0

+5 (—zAl(—AO)% - Ag) B4
From these formulas we immediately get the quadratic exparmg the Riemann tensor:
k=0: R{3=0,

k=1: Rj3=0,
k=2: Rj=3(w"+v*) =0,

More generally, we have
R12 _ 3 1,2 1,2 k 2
275 Z (w3;w3; + w3jws;) > 2.
i+j=k—1

The expression in the Riemann invariants can be obtained Ewamplé 3.3.
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