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CYCLIC STRATUM OF FROBENIUS MANIFOLDS,

BOREL-LAPLACE (a,3)-MULTITRANSFORMS, AND INTEGRAL
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REPRESENTATIONS OF SOLUTIONS OF QUANTUM
DIFFERENTIAL EQUATIONS

GIORDANO COTTI

ABSTRACT. In the first part of this paper, we introduce the notion of cyclic stratum
of a Frobenius manifold M. This is the set of points of the extended manifold
C* x M at which the unit vector field is a cyclic vector for the isomonodromic
system defined by the flatness condition of the extended deformed connection. The
study of the geometry of the complement of the cyclic stratum is addressed. We show
that at points of the cyclic stratum, the isomonodromic system attached to M can
be reduced to a scalar differential equation, called the master differential equation of
M. In the case of Frobenius manifolds coming from Gromov-Witten theory, namely
quantum cohomologies of smooth projective varieties, such a construction reproduces
the notion of quantum differential equation.

In the second part of the paper, we introduce two multilinear transforms, called
Borel-Laplace (e, B)-multitransforms, on spaces of Ribenboim formal power series
with exponents and coefficients in an arbitrary finite dimensional C-algebra A. When
A is specialized to the cohomology of smooth projective varieties, the integral forms of
the Borel-Laplace (c, 8)-multitransforms are used in order to rephrase the Quantum
Lefschetz Theorem. This leads to explicit Mellin-Barnes integral representations of
solutions of the quantum differential equations for a wide class of smooth projective
varieties, including Fano complete intersections in projective spaces.

In the third and final part of the paper, as an application, we show how to use the
new analytic tools, introduced in the previous parts, in order to study the quantum
differential equations of Hirzebruch surfaces. For Hirzebruch surfaces diffeomorphic
to P! x P!, this analysis reduces to the simpler quantum differential equation of P*.
For Hirzebruch surfaces diffeomorphic to the blow-up of P? in one point, the quantum
differential equation is integrated via Laplace (1, 2; %, %)—multitransforms of solutions
of the quantum differential equations of P* and P2, respectively. This leads to explicit
integral representations for the Stokes bases of solutions of the quantum differential
equations, and finally to the proof of Dubrovin Conjecture for all Hirzebruch surfaces.
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4 GIORDANO COTTI

1. INTRODUCTION

1.1 The Main Problem. We consider the analytic Frobenius manifold defined by
the quantum cohomology QH*(X) of a complex smooth projective variety X [Dub96,
KM94, Man99]. Points p € QH*(X) are parameters of isomonodromic deformations
of a linear system of differential equations of the form

;ZC(Z,p) = <U(p) + iu(zﬂ) ((zp). (1.1)

Here ( is a z-dependent vector field of QH*(X), whereas U and p are (1,1)-tensors
on QH*®(X): the first! is the operator of quantum multiplication by the Euler vector
field - a distinguished vectof field on Q@ H*(X') which equals the first Chern class ¢;(X)
along the locus of small quantum cohomology - the second, called grading operator,
keeps track of the non-vanishing degrees of H*(X, C).

Equation (1.1) is a rich object associated with the variety X: it encapsulates infor-
mation not only about its Gromov- Witten theory, but also (conjecturally) about its
topology, its algebraic geometry, and their mutual relations. The study of the mon-
odromy of solutions of (1.1) is the way to disclose such an amount of information, see
[Dub98, GGI16, CDG18]. In this paper we address the following

Main Problem: to find integral representations of solutions of (1.1) for Fano
complete intersections in Fano varieties.

We split the Main Problem in two parts:

(1) to reduce the system of differential equations (1.1) to a distinguished scalar
linear differential equation, the master differential equation;
(2) to find integral representations of solutions of master differential equations.

The study of these questions leads us to introduce some relevant notions, both in the
analytic theory of Frobenius manifolds and in the theory of integral transforms. The
first three ingredients are the notions of cyclic stratum, master differential equations
and master functions of a Frobenius manifold. The second new analytical tool is a
pair of integral multilinear transforms of functions, that we call Borel-Laplace (a, B)-
multitansforms. We are going to briefly outline these objects.

1.2 Master functions and master differential equations. The rich geometry of
a Frobenius manifold M is (almost) completely encoded in integrability conditions of
the extended deformed connection or first structural connection of M [Dub96, Dub99,
Man99]. This is a flat meromorphic connection V defined on the pullback 7*T'M of
the tangent bundle of M on the extended manifold M:=C'x M , by the natural
projection 7: M — M. Equation (1.1) is equivalent to the equation

—

Vaol=0, £eD(xT*M), (1.2)

9
Oz

IPrecise definitions will be given in the main body of the paper.
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the one-form ¢ and the vector field ¢ being identified via a flat metric n on M. We
call master function at p € M any function® ®¢ € O(C*) of the form

_d
Oe(2) = 272 {E(z,p), e(p)),
where ¢ is as in (1.2), and d is the charge of the Frobenius manifold M.

In the first part of the paper, we address the problem of reducing the system of
differential equations (1.2) to a scalar differential equation, whose coefficients depend
on the point p € M. This is a well known problem in the theory of ordinary dif-
ferential equations, equivalent to the choice of a cyclic vector [Del70, Lemma I1.1.3].

On Frobenius manifold, however, we have a natural candidate, namely the unit vector
field e € I(T'M).

In Section 2 we introduce the cyclic stratum Me¢ C M defined as the set of points
(z,p) at which the iterated covariant derivatives
e, /V\age, /V\de, e Vile, n:=dime M, (1.3)
z Oz dz
define a basis of the fiber 7*T'M]|.,). The complement of M in P! x M admits
a natural stratification, whose study is addressed in Section 2.6. A particular role is
played by the Aj-stratum of M, defined as the set of points p € M such that

C* x {p} C M\ M°.

Introducing the cyclic coframe wy ..., w,—; € [(7*T*M) as the dual frame of (1.3),
the system of differential equations (1.2), specialized at points p € M \ Ay, reduces to
a scalar differential equation - the master differential equation - in the function (&, e).
Hence, at points p € M \ Ay, we obtain a one-to-one correspondence

{ Solutions ¢ of the system

<= {Master functi d.’s at pl.
(1.2) specialized at p } {Master functions ®¢’s at p}

See Theorems 2.29 and 2.31. Thus, if integral representations for a basis of master
functions are found, we can consider solved the Main Problem at points in M \ Aj.

Some motivational comments for introducing these new tools are in order. The
notions of master functions and master differential equations define analogs, for an
arbitrary Frobenius manifold, of well-known objects in Gromov-Witten and quantum
cohomology theories. Namely, in the case of quantum cohomology the components of
Givental’s J-function (w.r.t. an arbitrary cohomology basis) define a generating set
of master functions. Moreover, the master differential equation is (up to re-scaling
of the unknown function) a quantum differential equation as defined e.g. in [CK99,
Section 10.3], see Section 5. In our opinion the concepts of cyclic stratum, master
functions, and master differential equations may represent relevant notions in the
analytic theory of Frobenius manifolds. We stress e.g. the “experimental” evidence
of relations with the geometry of distinguished subsets of Frobenius manifolds: in all
the examples considered so far, the Aj-stratum described above coincides with the

2Here C* denotes the universal cover of C*.



6 GIORDANO COTTI

Mazxwell stratum, defined as the closure of the set of semisimple coalescing points. We
conjecture that this holds true in general, see Conjecture 2.26. It would be interesting
to study relations with results of [CDG19, CDG20], concerning the isomonodromic
description of Frobenius manifolds at semisimple coalescing points. This point will be
addressed in a future publication.

1.3 Borel-Laplace multitransforms. In Section 6, we introduce a pair of multilin-
ear transforms in both a formal and an analytical setting.

For h € N*, and a given h-tuple & € (C*)", we introduce a ring #,(A) of Ribenboim
generalized power series [Rib92, Rib94] with both coefficients and exponents in a finite
dimensional, commutative, associative, and unitary C-algebra A. The numbers k;’s
play a role of “weights” for the exponents of the power series. In such a formal setting,
given a, 8 € (C*)", we introduce the Borel-Laplace (ct, B)-multitransforms as two
A-multilinear maps rescaling the weights

h
Bog: R F(A) = For g1 (A), a L —1%::( o fn )
B @ ;(4) s1.x(4) B ] e

h
Lop: ®ﬁ,§j(A) — Fapr(A), a-B-k:=(a1f1Kk1, ..., apPrkn).
j=1

See Sections 6.2 and 6.3 for precise definitions.

In the analytical setting, given h functions ®q,..., ®y: C* — A, we define their
Borel-Laplace (o, 8)-multitransforms by

N dA
Bosl®1,..., 04(2) - 27TZ/H<I> (zajﬁjA5J>eAA,

L1, By (2) = /oo H (275 N e,

provided that the integrals exist. The contour ~ is a Hankel-type contour beginning
from —oo, circling the origin once in the positive direction, and returing to —oo (see
Figure 6.1).

1.4 Main results. Consider a Fano smooth projective variety X, and let ¢: ¥ — X
be a Fano subvariety defined as the zero locus of a regular section of a vector bundle
E — X. The classical cohomology groups H*(Y,C) can be (partially) recovered
by the cohomology groups H*(X,C) by Lefschetz Hyperplane Theorem. Quantum
Lefschetz Theorem is a quantum improvement of the classical result: it describes
how to reconstruct the Gromov-Witten theory of Y starting from the Gromov-Witten
theory of X [Lee0l, CG07, Coal4].

In this paper, by using Quantum Lefschetz Theorem, we give explicit integral rep-
resentations of master functions of Y in terms of Laplace (e, 8)-multitransforms of

master functions of the ambient space X under the following assumptions on X and
E:
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Case 1. We assume that F is a direct sum of fractional powers of the determinant
bundle det T'X of X;

Case 2. We assume that X = X; x .-+ x X}, is a product of Fano varieties X;’s, and
that F is the external tensor product of fractional powers of the determinant
bundles det T'X;.

Our first main result concerns Case 1. Our Theorem 7.1 asserts that any master
function of Y, at points *d € H?*(Y,C) of its small quantum cohomology, can be
expressed in terms of iterated Laplace («, §)-transforms (simple transforms of a single
function) of master functions of X at the point 6 € H*(X,C). More precisely, if
E = @)_, L®%, and detTX = L for an ample line bundle L, then any master
function of Y at +*9 is a C-linear combination of integrals of the form

e_c‘szgefzs 0 00 Lr-dydy dy O L dl dq [ ]
j—1 ¢ ds dy  l—d i
ds 7£_2571

_ / / ( J”ﬁc ) "X Gde LG,

where ® is a master function of X at §, and ¢; € C is a complex number depending
on 0.

Our second main result concerns Case 2. In particular, Theorem 7.4 asserts that
any master function of Y, at points t*6 € H*(Y,C) of the small quantum locus, can
be expressed in terms of Laplace (e, 8)-multitransforms of master functions of X; at
the point §; € H*(X,C), where

h

=) 1® Q65 -1

Jj=1

More precisely, if £ = &?ZlL;@dj and det T'X; = Lﬁj for ample line bundles L;, then
any master functions of Y at (* is a C-linear combination of integrals of the form

i—dj
e " Lo 5P, ., By (2) = €72 / <Z GONG )«MdA,
where (o, B) = (Eld_ldl e éhd_hdh; ‘Z—ll, e Z—Z), (IJj is a master function of X; at d;, and

¢s € C is a complex number depending on 4.

Assumptions of Cases 1 and 2 are clearly satisfied when the varieties X and X’s
have Picard rank one. Therefore, Theorems 7.1 and 7.4 can be applied to all Fano
complete intersections in P" and Fano hypersurfaces in products of projective spaces,
in order to obtain explicit Mellin-Barnes integral representations of master functions.
In particular, if Y C P* ! is a Fano complete intersection defined by homogenous
polynomials of degrees d, ..., dy, our Theorem 7.7 asserts that any master function of
Yat0e H '(Y7 C) is a linear combination of one-dimensional Mellin-Barnes integrals

h

Gj(z) = T T (1 —dys) = "‘Zzzld’“)scp-(s)ds, j=0,....,n—1,
! zm/_ !

k=1



8 GIORDANO COTTI

where ¢ € Q, 7 is a parabola encircling the poles of the factor I'(s)" and separating
them from the poles of the factors I' (1 — dis), and the function ¢;(s) are defined by

exp (27T\/—_1j8) , N even,
exp (27r\/—_1js + 7'('\/—_18) ,  nodd.

In the case of a Fano hypersurface Y C P~ x ... x P"~1 defined by a homogeneous
polynomial of multi-degree (dy,...,d,), then our Theorem 7.8 asserts that any master
function of Y at 0 € H*(Y,C) is a linear combination of the h-dimensional Mellin-
Barnes integrals

—cz h ) h A
Hj(z) = (2;\/_—1),1 /><%- [H F(sz)m%l(sz)} r (1 - ;&) o 2imBidsy L dsy,

=1

p;(s) =

where ¢ € Q, ~; are parabolas encircling the poles of the factors I'(s;)™, and the
functions ¢’ (s;) are defined by

exp (27T\/—_1ji8i) , n; even,
exp (27r\/—_1jisi + 7T\/—_18i> ,  n; odd,

for any h-tuple 3 = (j1,...,Jn) with 0 < j, < n; — 1.

@ (s0) :=

Some comments are in order. Given a Fano variety X, Mirror Symmetry provides
other kinds of integral representations of solutions of equation (1.2).* These are com-
plex oscillating integrals associated with the Landau-Ginzburg models mirror to X, see
[Giv95, Giv9T7, GivIg, EHX97, Kon98, HVO00]. In these representations the cycles of
integration are multi-dimensional®. This fact typically makes more difficult the study
of the aysmptotic expansions of solutions, and of the determination of the correspond-
ing validity sectors in C*. Furthermore, let us recall another technical issue which may
be faced: Landau-Ginzburg models may not have enough critical points, and suitable
compactification procedures have to be applied in order to recover the right number,
see [Rie08, GS15, PR18]. This could represent a delicate point for the computation of
the Stokes bases of solutions of equation (1.1), whose exponential growth is ruled by
the critical values of the Landau-Ginzburg potential.

We believe that one-dimensional Mellin-Barnes integrals of Theorem 7.7 represent
a more advantageous representation of the solutions to the purpose of asymptotic
analysis. Moreover, even for multi-dimensional Mellin-Barnes integrals of Theorem 7.8
the study of their asymptotics is tame: it is equivalent to the study of the asymptotics

3More precisely, for the equations v 22 &€ =0, where t!, ... t" are coordinates on QH®(X), and not
w.r.t. the spectral parameter z.

4N0tice, for example, that already in the case of P™ these oscillating integrals are over n-dimensional
cycles. On the other hand, one-dimensional Mellin-Barnes integral representations of solutions of the
equation (1.1) associated with P™ were obtained in [Guz99]. Their asymptotics in sectors of C* is
easier to study.
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of one-dimensional generalized Faxén integrals

I(Xer,..0y0) = /Oo exp l—)x (:L'“ + chxmkﬂ dX,
0

k=1

with g >my >mg > .--- >m, >0,

which have saddle points whose exponential contributions dominate algebraic terms
in the asymptotic expansion. See [PKO01, Chapter 7], [KP97, Section 5] for a detailed
asymptotic analysis, and also [Bur24, Bak33, Wri40] for some special cases. This will
be exemplified in Section 11.6.

1.5 Dubrovin Conjecture for Hirzebruch surfaces. Equation (1.1) has two sin-
gularities: a Fuchsian singularity at z = 0 and an irregular singularity at z = oo
of Poincaré rank 1. The monodromy of its solutions is quantified by a finite set of
matrices:

e a monodromy matrix My, quantifying the monodromy of solutions of (1.1) at
z =0,

e a Stokes matrix S, describing the Stokes phenomenon at z = oo,

e and a central connection matrix C' gluing the monodromy data M, and S at
the two singularities.

Remarkably, the monodromy data define a sort of “system of coordinates” in the
space of solutions of WDVV equations: from the knowledge of their numerical values,
the whole Frobenius manifold structure can be reconstructed via a Riemann-Hilbert

problem [Dub96, Dub99, Guz01].

In [Dub98], B. Dubrovin formulated an intriguing conjecture concerning the geomet-
rical meaning of the numerical values of the monodromy data of quantum cohomologies
of Fano varieties. In the qualitative part of the conjecture, for a given Fano variety X,
the semisimplicity condition of QH*(X) is claimed to be equivalent to the existence
of full exceptional collections in the derived category D?(X) of coherent sheaves on X.
Moreover, in the refined quantitative part of the conjecture, formulated in [CDGIS,
Conjecture 5.2], the Stokes and central connection matrices (.S,, C,) computed at any
point p € QH*(X) are claimed to be determined by characteristic classes of X and of
objects of a full exceptional collection €, in D°(X).

In particular, the central connection matrix C,, is claimed to equal the matrix asso-
ciated with the morphism

Iy : Ko(X)e —H*(X,C) (1.4)

(é__;‘?dfx exp(—mv/=1e1(X))Ch(F),

Fr—
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where d = dim¢ X, d is its residue class modulo 2, IA“;( is the characteristic class of X
defined by
B dime X 00 C(n)
Iy:= J] T(1-4¢;), D(1—1t)=exp (’yt +> nt") ., 0; Chern roots of T'X,
j=1 n=2

and Ch(F) is the graded Chern character defined on vector bundles by the formula
Ch(V) := ;kz‘{ exp(2my/—1g;), €;’s being the Chern roots of V. The matrix of Iy
is computed w.r.t. the exceptional basis [€,] of Ky(X)c, defined by the K-theoretical
classes of objects of €,, and an arbitrary® basis of H*(X,C). Furthermore, if the
central connection matrix C), is related to the morphism Iy as explained above, then
the Stokes matrix S, automatically equals the inverse of the Gram matrix of the

Grothendieck-Euler-Poincaré y-pairing on Ky(X) w.r.t. the exceptional basis [&,], see
[CDG18, Corollary 5.8].

It is important to stress that the monodromy data (M, S,C) are defined up to
several choices: the choice of a system of flat coordinates on the Frobenius manifold
QH*(X), choices of normalizations (at both z = 0 and z = 00) of solutions of equation
(1.1), and the choice of an “admissible ray” in C*. Remarkably, all these operations
have a geometrical counterpart in derived categories, see [CDG18, Theorem 5.9]. De-
serving special mention is I'- conjecture II of [GGI16]: it consists of an equivalent
conjectural statement about the central connection matrix, though w.r.t. a choice of
a solution in “Levelt form” at z = 0 not natural from the point of view of the theory
of Frobenius manifolds. See [CDG18, Section 5.6] for details.

The explicit computation of the monodromy data of quantum cohomologies is typi-
cally a rather delicate operation. To the best knowledge of the author, the only cases
in which the computation of the complete set of monodromy data (S, C) of equation
(1.1) has been carried out in all the details (including the determination of the corre-
sponding full exceptional collections) are the cases of projective spaces [Dub99, Guz99]
and of complex Grassmannians [GGI16, CDG18]. We believe that the main results of
the current paper, namely the integral representations described in Theorems 7.1, 7.4,
7.7, and 7.8, will represent a fundamental tool for the development of this study [Cot].

As an application, in Sections 10 and 11, we show how to use the Laplace («, 3)-
multitransform, and the main results described above, in order to prove Dubrovin
Conjecture for Hirzebruch surfaces [Hir51]. These are surfaces Fy, with k£ € Z, defined
as the total space of the projective bundle P(O & O(—k)) on P'. The interest of this
example is highlighted by the fact that

e only two Hirzebruch surfaces are Fano varieties (namely Fy and Fy),
e all others Hirzebruch surfaces are deformation equivalent to either Fy or IFy.

Results of A. Bayer already suggested the unnecessity of the Fano assumption for the
validity of the qualitative part of Dubrovin Conjecture, see [Bay04]. Moreover, X. Hu

5The choice of a basis of H*(X,C) in (1.4) corresponds to the choice of a system of flat coordinates
on QH*(X) w.r.t. which the monodromy data (M, S,C) are computed.
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proved that, in a smooth family of complete varieties, the existence of full exceptional
collection on a fiber preserves for the fibers in a neighborhood, see [Hul8]. See also
[BOR20, Corollary B]| for an analogue result for arbitrary semiorthogonal decomposi-
tions. To the best of our knowledge, the study of the monodromy of the isomonodromic
systems (1.1) associated with Hirzebruch surfaces, developed in Sections 10 and 11,
represents the first example in literature which addresses also the quantitative part of
Dubrovin Conjecture, in both the non-Fano case and the case of deformations of the
complex structures.

The case of Hirzebruch surfaces Foy, (resp. Fory1) can be reduced to the single case
of Fo = P! x P! (resp. F; = Bl,;P?). The monodromy data of QH*(Fy) can be easily
reconstructed from the monodromy data of QH*®(P'), see Theorem 10.5. In the case of
QH*(FFy), the computation is more delicate, and reduces to the study of the quantum
differential equation

(2832 — 24)0'® + (28327 — 5902 + 24) Y3 + (226427 + 1922 + 3) ¥°®
— 422 (254722 + 350z — 104) 9P + 22 (—311323 — 992422 + 14762 + 192) =0,

where ¢ := zd%. In Section 11.4, we show that the solutions of this equation can be
expressed as linear combinations of integrals of the form

6729%1,2;%7%)[(1)1, Go;z] =€ /OOO D, (z%/\%) D, (zg/\%) e,

where ®; and ®, are solutions of quantum differential equations of P* and P? respec-
tively, that is

792(1)1 = 422(131, 7.93@2 = 2723q)2.
This allows the study of the asymptotics of solutions in sectors of 6*, to reconstruct
the Stokes bases of solutions of the quantum differential equation of Iy, and finally to
the computation of both Stokes and central connection matrices, see Theorem 11.27.

From these results, Dubrovin Conjecture is proved for all Hirzebruch surfaces Fy, by
making explicit the exceptional collections in D(FF)) which arise from the monodromy
data, see Theorems 10.5 and 11.28.

1.6 Plan of the paper. The paper is organized as follows. In Section 2, we introduce
the notion of cyclic stratum in the general context of Frobenius manifolds theory. A
first study of the geometry of the cyclic stratum, and its complement in the extended
manifold C* x M, is addressed.

In Section 3, we recall basic definitions in Gromov-Witten theory, including the
definition of the Frobenius manifold structure on the quantum cohomology of a smooth
projective variety. In Section 4, we recall the definitions of topological-enumerative
solution of the isomonodromic system (1.1), and also of its monodromy data. We
also recall the main properties and natural transformations of the complete set of
monodromy data.

In Section 5, we recall the definition of Givental’s J-function, and we explain how
it is related to the space of master functions, see Theorem 5.2 and Corollary 5.3. We



12 GIORDANO COTTI

recall the formulation of the Quantum Lefschetz Theorem, and we obtain an upper
bound for the dimension of the space of master functions of a Fano hypersurface of a
smooth projective variety X, see Theorem 5.11.

In Section 6, we recall the notion of generalized power series in the sense of P. Riben-
boim, and we introduce the ring %, (A) of generalized power series with coefficients
and exponents in a finite-dimensional C-algebra. We introduce the notions of Borel-
Laplace (o, B)-multitransforms, in both formal and analytic setting, and we prove the
compatibility of the two definitions, see Theorem 6.13.

In Section 7, we explain how the J-function can be identified (in several ways) with
elements of rings of Ribenboim generalized power series. We prove the main results of
this paper, Theorems 7.1, 7.4, 7.7, 7.8.

In Section 8, we recall the notions of exceptional collections in derived categories of
coherent sheaves, exceptional bases in K-theory, their mutations and helices. We then
describe the refined statement of Dubrovin Conjecture, as formulated in [CDG18].

In Section 9, we describe the classical and quantum cohomology rings of Hirzebruch
surfaces.

In Section 10, we explicitly compute the monodromy data of the quantum coho-
mologies QH*®(Fy), and we prove Dubrovin conjecture for Hirzebruch surfaces Fyy.

In Section 11, we address the study of the quantum differential equations of Hirze-
bruch surfaces Foyy1. We show how to use the Laplace (1,2; %, %)—multitransform in
order to give integral representations of solutions, how to reconstruct Stokes funda-
mental solutions, and hence how to compute the monodromy data. This leads to a

proof of Dubrovin Conjecture for Hirzebruch surfaces Fosy .

Acknowledgements. The author thanks C. Bartocci, A. Brini, U. Bruzzo, B. Dubro-
vin, D. Guzzetti, M. Mazzocco, A.T.Ricolfi, V.Roubtsov, C.Sabbah, M.Smirnov,
A. Tacchella, A. Varchenko, D. Yang for very useful discussions. The author is thankful
to Max-Planck Institute fir Mathematik in Bonn, Germany, where this project was

started, for providing excellent working conditions. This research was supported by
MPIM (Bonn, Germany), and the EPSRC Research Grant EP/P021913/2.

2. CYCLIC STRATUM OF FROBENIUS MANIFOLDS

2.1. Frobenius manifolds.

Definition 2.1. A Frobenius manifold structure on a complex manifold M of dimen-
sion n is defined by giving

(FM1) a symmetric O(M)-bilinear metric tensor n € I' <O2 M ), whose correspond-
ing Levi-Civita connection V is flat;
(FM2) a (1,2)-tensor c € T’ (TM ® O? T*M) such that
(a) the induced multiplication of vector fields X oY :=¢(—, X,Y), for X|Y €
['(TM), is associative,
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(b) ¢ €T (O*T*M),
(c) Ve el (O4T*M);
(FM3) a vector field e € I'(T'M), called the unity vector field, such that
(a) the bundle morphism ¢(—, e, —): TM — TM is the identity morphism,

(b) Ve =0;
(FM4) a vector field E € I'(T'M), called the Euler vector field, such that
(a) Lgc=rc,
(b) £gn = (2 — d) - n, where d € C is called the charge of the Frobenius
manifold.

At any point p € M the triple (T,M, n,,0,) is a complex Frobenius algebra, namely
an associative commutative algebra with unity whose product is compatible with the
metric, in the sense that

np(a o, b, c) =n,(a,bo,c), forall a,b,ceT,M, (2.1)

by axioms (FM2-a),(FM2-b),(FM3-a). Moreover, there exists an open neighborhood
Q C M of p and a function F': {2 — C such that

¢ =V°F, (2.2)
n =V,V?F. (2.3)

This follows from the axiom (FM2-b). Any such a function F' will be called potential
of M.

Remark 2.2. The Euler vector field E is an affine vector field, i.e.
V*E = 0.
This follows® from the axioms (FM1) and (FM4-b).

Convention. By introducing V-flat coordinates ¢t = (¢t*)”_, on M, w.r.t. which the
metric 7 is constant and the connection V coincides with partial derivatives, we have
that . 5
E=> ((1—qu)t*+ra) =,

= ot

Following [Dub96, Dub98, Dub99], we choose flat coordinates t so that % = e and
ro 7 0 only if g, = 1. This can always be done, up to an affine change of coordinates.

G, Ta € C.

SFor a generic vector field X on a pseudo-riemannian manifold (M, g), a simple computation (invoking
the first Bianchi identities) shows that

1
VVaXy = Raapp X" + 3 (VgKar + VaEKpgr — VaKag),

where
Kop = (EXg)aﬁ = VX3 +VgX,.
If X is Killing conformal, and £xg = wg for a function w, then

1
VgVaXy = R)\aﬁuX’u + 5 (gaAa/jw + gﬁ,\aaw — gaﬁa)\w) .

In our case R = 0 and w is a constant function.
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Remark 2.3. The associativity of the algebra is equivalent to the following conditions
for F, called WDV V-equations:

00030, F 1°050.0,F = 0,030, F 17"°050.0,F,
while axiom (FM4) is equivalent to
Nap = 010,03F, LpF =3 —-d)F + Q(t),

with Q(t) a quadratic expression in t,’s. Conversely, given a solution of the WDVV
equations, satisfying the quasi-homogeneity conditions above, a structure of Frobenius
manifold is naturally defined on an open subset of the space of parameters t*’s.

Definition 2.4. We call grading operator of M to be the tensor p € I'(TM @ T*M)
defined by
2—d
uY)i= ==Y = VyE, Y eI(TM).
In what follows we will also denote by U the (1,1)-tensor defined by o-multiplication
by the Euler vector field, i.e.

UY):=EoY, Y el (TM).

2.2. Semisimple points and bifurcation set.

Definition 2.5. A point p € M is semisimple if and only if the corresponding Frobe-
nius algebra (T,M, *,,n,, %|p) is without nilpotents. Denote by M, the open dense
subset of M of semisimple points.

On M, there are n well-defined idempotent vector fields m,...,m, € I'(T M),
satisfying
7Ti*7Tj Iéijﬂ'i, 7](71'@',71']') :5ijn<7ri777i); ’l,jI 1,...,7’L. (24)
Theorem 2.6 ([Dub92, Dub96, Dub99]). The idempotent vector fields pairwise com-
mute: [m;,m;] =0 fori,j=1,...,n. Hence, there exist holomorphic local coordinates
(ug,...,u,) on Mg such that 8%1_ =m fori=1,...,n.

Definition 2.7. The coordinates (ug,...,u,) of Theorem 2.6 are called canonical
coordinates.

Proposition 2.8 ([Dub96, Dub99]). Canonical coordinates are uniquely defined up to
ordering and shifts by constants. The eigenvalues of the tensor U define a system of
canonical coordinates in a neighborhood of any semisimple point of M.

Definition 2.9. Given a Frobenius manifold M, we call bifurcation set of M the set
By of points p € M at which the spectrum of the operator U(p) is not simple, i.e.
u;(p) = u;(p) for some i # j.

Following the terminology of [CG18, CDG20, CDG18], the points of By, which are

semisimple are called semisimple coalescing points. We define the” Mazwell stratum of
M to be the closure of the set of semisimple coalescing points, i.e. M := My, N Byy.

"The name is taken from singularity theory: for Frobenius structures defined on the miniversal space
of deformations of simple singularities the two notions coincide, see [AGZV88, Arn90, AGLV93].
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The caustic of M, is the set-theoretic difference Ky := M \ M.
Lemma 2.10. We have By = My U K. O

Definition 2.11. We call orthonormalized idempotent frame a frame (f;)I, of T Mj,
defined by

fi = 77(7'('1',71'1‘)7%71'1, i=1,...,n, (2.5)
for arbitrary choices of signs of the square roots. The W-matrix is the matrix (Va)7 (-
of change of tangent frames, defined by

% = Z\Ijlafla o = 1, o, n. (26)
=1

Remark 2.12. In the orthonormalized idempotent frame, the operator U is repre-
sented by a diagonal matrix, and the operator p by an antisymmetric matrix:
U :=diag(uy,...,u,), YUY '=T, (2.7)
V=0t viiv=o.

2.3. Extended deformed connection. Given a Frobenius manifold M, let us intro-
duce the extended manifold M := C* x M , and let us consider the pull-back 7*T M
of the tangent bundle of M along the obvious projection 7 : M — M. We will denote
the natural lifts on M of the tensors n,c,e, B, u,U by the same symbols. Moreover,
we also denote by V the pull-backed Levi-Civita connection: it is the connection on
the vector bundle 7*T'M, uniquely defined by the further requirement that

VBQY =0, forallY € 'y,

where z denotes the natural coordinate on C*, and 7, denotes the tangent sheaf of M.
We are going now to define a second connection V on 7*T'M which is a deformation

of V.

Definition 2.13. We define the extended deformed connection V as the connection
on mT'M given by

VxY =VyY +2X 0V,

— 1

VBQY :vagy +UY) - ;,u(Y),
for all X, Y € I'(n*TM).

Theorem 2.14 ([Dub99]). The extended deformed connection ¥ if flat. More pre-
cisely, its flatness is equivalent to the totality of the following conditions:

(1) Ve € T(T*M),

(2) the product on each tangent space of M is associative,
(3) V
(4) SEC = c. O

The connection V induces a flat connection on 7*7* M , denoted by the same symbol.
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2.4. Cyclic stratum, and cyclic (co)frame.

Definition 2.15. Given a Frobenius manifold M, we define infinitely many sections
e; € (m*TM) as

e ::/V\k@e, k € N.
Oz
We will call the cyclic stratum M®¥ to be the maximal open subset U of M such that

the bundle 7*T M|y is trivial and the collection of sections (ex|y)7—) defines a basis of
each fiber. On M%* we will also introduce the dual coframe (wj)?;&, by imposing

<(4.)j, €k> = Ojk- (29)
The frame (e )7—4 will be called cyclic frame, and its dual (wj)?z_& cyclic coframe.

Definition 2.16. Define the matrix-valued function A = (A;,(2,p)), holomorphic on
M, by the equation

n—1
a?a = ZAiaei, o = 1,...,n. (210)
=0

Remark 2.17. The A-matrix should be thought as an analogue of the W-matrix. The
former relates the flat coordinate frame (a%)gzl to the cyclic frame (e;)?=;. The latter

relates the flat coordinate frame (at%)g:l to the normalized idempotent frame (f;)™;.

Lemma 2.18. For j=1,...,n—1, we have /V\agwj = —Wj_1.

Proof. From (2.9), for any £k =0,...,n — 2, we have
(6%%’,6@ + (wj, ex+1) =0 = <$%wj>€k> = —0jk+1
— 6&&@ = —Wj-1. O
0z

Proposition 2.19. The vector fields ey, with k € N, have the following form

where the vector fields pgf(E) do not depend on z and satisfy the difference equations

[()k+1)(E) —E oplg(E%

P N(E) =E o pi(E) — p(pf_y(E)) + (1= j)pf_y(E), j=1,....k
(k+1
k

J

P (E) = — u(pf(B)) — kpi(E),

with the only initial datum pg-o)(E) = dg; - €. O
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2.5. Properties of the function det A. The holomorphic function det A : Meye — C*
extends meromorphically to a function on P! x M.

Theorem 2.20. The function det A is a meromorphic function on P* x M of the form

Zn—2
det A(z,p) = ,
(z,p) 2 A0(p) + -+ An_a(p)
where Aqg, ..., A,_s are holomorphic functions on M.

We need a preliminary result.
Lemma 2.21. For any k € N, the polyvector field egA- - -Ney € DAY 7T M) admits
a pole at {0} x M of order at most k — 1.

Proof. The term of order z7* is given by e A --- A p¥(E). For any k € N, we have
pi(E) = ¢}, - e, for some ¢;, € C. This is easily proved by induction: the key property
is p(e) = —Le. O

Proof of Theorem 2.20. The polyvector field eg A - -+ A e,_1 has the form

1 1
eo N Aen1 =wo(p) + ;wl(p) +... ﬁwn_g(p), (2.11)
where wq, wy, ..., w,_o are holomorphic n-vector fields on M, by Lemma 2.21. Intro-
duce holomorphic functions Ag(p), ..., A,_2(p), such that
0 0
w;(p) = A;(p) AL

From the identity

0 0
oA oA et A - B
Y A A 5 det eg A\ Aen 1,
we deduce
1 1
1 =det A(z,p) (Ao(p) + ;A1(p) +.. o An—Q(p)> ~ U

Theorem 2.22. We have

Ao(p) = Hi<j(ujii)(p—) ui(p))7 Jac(p) = det (nga> ’p.

Proof. The polyvector field wy in equation (2.11) is
n—1

Wy = /\ p(()J)(E)-
=0

By Proposition 2.19, we have that
i’ (B)=E, jeN,
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n

and using the idempotent vielbein (%)izl, we can write wy as follows

1 1
2 2
=| U e Uy AL = )| — A A —
o : Ouy ou, (g(% " )) Ouy ou,
ul_l qul
1 0 0
— R i - . /\ “ e /\ _— |:|
(1;[(% b )) Jac Ot! otn
i<j
Remark 2.23. We also have
0 0 det U 0 0
A A= =det Ufy A--- A fp = P A A —,
ot ot h / I (2, 2)% Ou ouy,
so that ) )
Jac(p) _ H?:l 77(3%273%2)5 _ H?:l 77(3%176%)5
det W , (detn)?

The last equality follows from WI'¥ = 7.

2.6. Geometry of the complement of the cyclic stratum in P! x M. Define the
subsets Pa, My, Moo C P! x M and Ay, Z2, I, € M by
P = {(z,p) eM: 2"2Ap) + -+ Aps(p) = O} ,
My :={0} x M, My :={oc} x M,
Ay={peM: Aop)=---= Ana(p) =0},

Iy ={pe M: Ay(p) =0},

IV :={peM: A, s(p) =0}.
Lemma 2.24. We have the obvious inclusions

C*x Ay C Py, Ay CIYNIY. O

The set Py is an analytic subspace of P! x M of codimension 1 along which the
function det A admits a pole. The function det A admits poles along a further analytic
subspace, namely {oco} x Z%°.

The set P, is the complement M \ Me¥¢ of the cyclic stratum. The complement of
Me¢ in P! x M is the disjoint union
Par U My U M.
The geometry of P, is rather complicated: in general it admits several irreducible
components. For example, A, itself does, and consequently also C* x A,. The projec-

tion 7: M — M, if restricted to Py \ (C* x A, ), defines a ramified covering of degree
n—2.
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Poles of det A PrW ({oo} x I°)
Zeros of det A My \ ({0} x Z3)
Indeterminacy locus of det A {0} x ¢

TABLE 2.1. In this table, we summarize the location of poles, zeros and
indeterminacy locus for the meromorphic function det A on P! x M.

The set {0} x Z3 is an analytic subspace of P! x M of codimension 2 and it is the
indeterminacy locus of the function det A.

Each of the sets Z3°, I3, A, seems to be strictly related to other distinguished subsets
of the Frobenius manifold M, namely its bifurcation set B, and its two components,
the Maxwell stratum M, and the caustic KCj;. We limit to the following observation.

Theorem 2.25. We have Z3° C By,;.
Proof. Let p ¢ By;. On the complement of By, the eigenvalues (uy, ..., u,) define a

holomorphic system of coordinates. Hence, Jac(p) # 0. Moreover, by definition we
have T, ;(u;(p) — ui(p)) # 0. Hence, p ¢ Zg° by Theorem 2.22. O

P! x M

FIGURE 2.1. Configuration of the sets Py, {co} x Z°, and {0} x Z} in
P! x M.

In order to obtain more precise results on contingent relations between the sets

> I3, Ap and By, My, Ky a more detailed study of the polyvector fields pf(E) of

Proposition 2.19 is needed. All the examples considered so far suggest the validity of
the following conjecture, concerning the nature of the A,-stratum:

Conjecture 2.26. The Ay -stratum of the Frobenius manifold M coincides with the
Mazwell stratum. That is Ay = M.
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We plan to address this problem in a future project. We conclude this section with
two examples.

Example. For 2-dimensional Frobenius manifolds, we have Z3° = Bj,. In this case,
indeed, we have

d
eg = e, 61:E+2—e = e Ne=e¢AF.
V4

The bivector e A E vanishes if and only if u; = us.

Example. Consider the As-Frobenius manifold, that is the space M = C? of poly-
nomials f(z,a) = x* + ayx? + a;x + ag, where @ = (ag,as,a;) € C® are natural
coordinate. Fix a, € M, and define the Kodaira-Spencer isomorphism «: T, M —
Clz]/(0.f (2, a,)), by identifying 0,, with the class of 0,, f(z, a,). This allows to pull-
back the product of the Jacobi-Milnor algebra Clz]/(0.f(x,a,)) on T, M. Consider
the Grothendieck residue metric

of o
o 0\ 1/ o
Ma da;" daj) "~ 2miJr, B

du,

(u,a)

where I', is a circle, positively oriented, bounding a disc containing all the roots of
%(u, a). One can show that the coordinates t = (1, t9,t3) given by
1

2
1 =ap— <a3, to=ay, t3=as,

8

are flat for the metric 7. In t-coordinates, the Euler vector field is given by

0 3ty 0 t3 0
E=ti—+—"—+—>—.
‘ot "1 o, 200
The Maxwell stratum is the set {¢; = 0}, and the caustic is the set {8¢3 + 27¢3 = 0}.
We have the following formulae for the A-matrix and for det A:

A(z,t) =
1 22521224212 64221213 —12t3— 1821272221112 —322t3—16212—642211t2+632%t2134+1922212+48211 448
22to (8213 —6t3+272t3) 42(82t3—6t3+272t3)
4(92t2+162t1t3 4(—4zt34+242t1+3
0 2 3
to (8213 —6t3+272t3) 82t3 —6t3+272t3
_ 32zt3 48z
to (8213 —6t3+272t3) 8213 —6t3+27213
64z
det A(z,t) = 3 3 :
(8tat3 + 27t3)z — Glats
We have

.IXO:BM>
.IOIMMU{tgz()},
..AA:MM.
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2.7. Master differential equation and master functions. Let £ € T'(7*T*M) be

a V-flat section. Consider the corresponding vector field ¢ € I'(7*T'M) via musical
isomorphism, i.e. such that {(v) = n(¢,v) for all v € I'(7*TM).

The vector field ¢ satisfies the following system® of equations

0
%C:ZCQC7 o = 1,...,”, (212)
0 1

5= (U n)c (213)

Here C, is the (1,1)-tensor defined by (C)? := .

Multiply by n (on the left) the Lh.s. and r.h.s. of (2.12), (2.13): we obtain the
equivalent system of differential equations

0
ote
0 1
@5 — (uT - zu) £, (2.15)

where ¢ is a column vector whose entries are the components &,(z,t) w.r.t. dt®. At

=2C¢, a=1,...,n, (2.14)

points (z,p) € Me¥e, let us introduce the column vector € by

&= (AN, (2.16)
where A is defined as in (?.10). The entries of € are the components f_j w.r.t. the cyclic
coframe w;. The vector § satisfies the system

o€ iyt a7, OATHT ) -

0 (Z(A ) Ca\™ + ol > 3 (2.17)
aé —I\T7 /T AT 1 —I\T T a<1&_1)T TV ¢

5 = ((A Y UTA — ;(A ) AT+ WA )5 (2.18)

Proposition 2.27. Let £ € T'(n*T*M) be a V-flat section, and let (gj(z,p))?;& be its
components w.r.t. the cyclic co-frame, i.e. § = 3>;§;w;. We have

0 - .
aizj :£j+1, Vi :07...,77,—2. (219)

Proof. We have

8We consider the joint system (2.12), (2.13) in matrix notations (¢ is a column vector whose entries
are the components (*(z,t) w.r.t. 6%). Bases of solutions are arranged in invertible n x n-matrices,
called fundamental systems of solutions.
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by Lemma 2.18. The claim follows. O

Corollary 2.28. The system of differential equations (2.18) is the companion system
of a scalar differential equation in &. O

Theorem 2.29. Consider the system of differential equations (2.15), specialized at a
point p € M \ Ax. The system can be reduced to a single scalar ordinary differential
equation of order n in the unknown function & . The scalar differential equation can
admit at most n — 2 apparent singularities.

Proof. If p € M \ A,, then there exist n — 2 complex numbers zi,...,2, 2, not

necessarily distinct, such that (z;,p) ¢ M. The numbers z; are the zeroes of the
denominator of the function det A(z, p). O

The scalar differential equation at which the system (2.15) can be reduced will be
called the master differential equation of M.

Definition 2.30. Fix p € M. Consider the system of differential equations (2.15)
specialized at p, and set X}, be the C-vector space of its solutions. Let v,: X, — O(C*)
be the morphism defined by

§ Oe(2),  Be(2) := 272 (E(2,p), e(p)),
where d is the charge of the Frobenius manifold. Set S,(M) := im(v,). Elements of
S,(M) will be called master functions at p.

d
2

Theorem 2.31. At points p € M \ A the morphism v, is injective.

Proof. Given ®¢ € S,(M), the function & (z) = zg@g(z) is a solution of the master
differential equation at p. By Theorem 2.29, the solution £(z) can be reconstructed
from the component &;(z) only. OJ

3. GROMOV-WITTEN THEORY

3.1. Notations and conventions. Let X be a smooth projective variety over C. In
order not to introduce superstructures, in what follows we assume that H°¥(X, C) =
0. Denote by b;(X) the k-th Betti number of X.

Attached to X there is an infinite dimensional C-vector space Py, called the big
phase space, defined as the infinite product of countable many copies of the classical
cohomology space of X, that is

PX = H H.(X, C)

neN

Let us fix an homogeneous basis (Ty,...,Ty) of H*(X, C) such that

[ ] TO = 1,
e and Ty,...,T, is a nef integral basis of H?*(X,Z).
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In particular, we have by(X) = r. Set t = (t°...,tY) the dual coordinates of
H*(X,C).

Denote by (7,70, ..., 7,Tn) the corresponding basis of the p-th copy of H*(X,C) in
Px. The element 7,T;, will be called a descendant of T, with level p. The coordinate
of a point v € Px w.r.t. the basis (7,7)a, Will be denoted by t* = (t*?),,. Instead
of denoting by v = (t*P7,T,)a, & generic element of Py we will usually write this as
a formal series

v = Z Z tP T

a=1p=0

We identify H*(X,C) with the 0-th factor of Py, called the small phase space. This
allow us to identify t* = t*% for a« = 0,..., N.

We denote by n: H*(X,C) x H*(X,C) — H*(X, C) the Poincaré pairing defined by

n(u,v) ::/ uUJw,
X
and we set 1,5 := n(Ty,T3) for a, f=0,..., N.

Define the Nowvikov ring Ax as the ring of formal sums
Z aﬁQ/Bv ag € @7
BEH(X,Z)
such that
card{ﬁ: ag # 0 and /w < C} < oo, forany C € R,
B

where w is the Kahler form of X.

3.2. Descendant Gromov-Witten invariants. For any given g,n € N and [ €
Hy(X,Z), let us denote by M, (X, ) the Kontsevich-Manin moduli stack of genus
g, n-pointed stable maps of degree 5 with target X: it parametrizes isomorphisms
classes of pairs ((C,x), f) where

e (' is a genus g nodal connected projective curve,

e x = (r1,...,7,) is an n-tuple of pairwise distinct points of the smooth locus
of C,

e f: C' — X is a morphism with f.[C] = 3,

e a morphism between two pairs ((C,x), f), ((C’, '), f') is a morphism o: C' —
(" such that o(x;) = «} for all i, and making commutative the diagram

C—F——

N

e the group of automorphisms of ((C,x), f) is finite.
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The moduli space M, ,,(X, 3) is a proper Deligne-Mumford stack of virtual dimension
vir dimeM, (X, 8) := (1 — g)(dime X — 3) + //3 c1(X) +n.

Let us denote by £;, with i = 1,...,n, the i-th tautological line bundle on M, (X, 3)
whose fiber are at the point [(( ,x), f)] € Mgn(X,p) is the cotangent space T} C.
Set ¢; == c1(L;) for j=1,...

We have naturally defined evaluation morphisms
ev;!: mg,n(Xa5> _>X’ [((C,Q’J),f)] Hf(xl)
fore=1,...,n.

Definition 3.1. Let di,...,d, be non-negative integers. The genus g descendant
Gromouv- Witten invariants (or genus g gravitational correlators) are the rational num-
bers defined by the integrals

n
(Ta, @1, T, ) o g 1= e — 1T gb Uevj(ay),
gn ':

where a4, ..., a, € H*(X,C), and the class
[mg,n (Xa 5)]Virt € CI—ID (mg,n(Xa 5))7 D = vir dlmC mg,n(X7 B)?
denotes the virtual fundamental class of M, (X, 3).

Definition 3.2. The genus g total descendant potential of X is the generating function
F& € Ax[t*] of descendant GW-invariants of X defined by

B
Z Z Q7<77 s 77>;fn,,8

|
n=0 BEEf( X) n:

SRS

n=0 B oai,...,0n=0p1,....pn=0

$&1P1 {&n:Pn

X
n! <TP1 Tan ce 7TpnTan>g,n,ﬁQﬁ'

Setting t*° = t* and t*P = 0 for p > 0, we obtain the genus g Gromouv- Witten potential
of X

tor . gon

ZZZ

It will also be convenient to introduce the genus g correlation functions defined by the
derivatives

p (T, ... ,Tan)gfnﬁQﬁ. (3.1)

0 0

Fre - (32

oter,d Otondn ™ 9 ( ’Q> t*P=0 for p>1, ( )
t,0—pa

(1, Ty, - - ,TdnTan»g =
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3.3. Quantum cohomology. Let fi,...,5, € Hy(X,Z) be the homology classes
dual to Ty, ..., T,. By the Divisor axiom, the genus 0 Gromov-Witten potential Fy ()

can be seen as an element of the ring C[t°, Q%e!', ..., Q% ¢! t'*, ... tN]. In what
follows we will be interested in the cases when F;¥ is a convergent series expansion
Ffec{t’,Qme", ... Q7" v N} (3.3)

Without loss of generality we can put Q = 1. Under the assumption (3.3), F5*(t)
defines an analytic function in an open neighbourhood Q C H*(X, C) of the point
=0, i=0,r+1,...,N; Ret' = —o0, i=1,3,...,r. (3.4)

The function F;¥ is a solution of WDVV equations [KM94, Man99, Tia94, Voi96], and
thus it defines an analytic Frobenius manifold structure on 2. Using the canonical
identifications of tangent spaces 1,2 = H*(X;C): O +— T,, the unit vector field is
e = O, = 1, and the Euler vector field is

N 1
E:=c((X)+ Z (1 — 2degTa) T,

a=0
which satisfies
LpFy = (3 — dime X)F;.
The resulting Frobenius structure is called quantum cohomology of X, denoted QH®(X).

4. MONODROMY DATA OF QUANTUM COHOMOLOGY

4.1. Topological-enumerative solution. For 5 = 0,..., N and k € N, introduce
the functions
05,:(t) == {715, Lolgy » (4.1)
O5(2,t) == lieﬁ,k(t)z’f. (4.2)
Define the matrix ©(z,t) by
O(z,t)§ = 77“8958(;’75), a,3=0,...,N. (4.3)

Consider the joint system (2.12), (2.13) attached to the Frobenius manifold Q H*(X).
Theorem 4.1 ([Dub99, CDG20]). The matriz Ziop(2,t) := O(z, t)2#2FN s a fun-
damental system of solutions of the joint system (2.12), (2.13). O

The fundamental system of solutions Zi,, (2, t) is called topological-enumerative so-
lution of the joint system (2.12), (2.13).

Let My(t) be the monodromy matrix defined by
Zoop(€™V 712 ) = Zyop (2, 8) Mo (t), =z € C*. (4.4)
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Lemma 4.2. We have

My(t) = exp(2mv/—1p) exp(2mvV—1R), (4.5)
where R is the matriz associated to the operator ¢1(X)U: H*(X) — H*(X). In par-
ticular, My does not depend on t. O
4.2. Stokes rays and /-chamber decomposition.

Definition 4.3. We call Stokes rays at a point p € Q the oriented rays R;;(p) in C
defined by

Rij(p) == {~vV=T(wi(p) — u;(P))p: p € Ry}, (4.6)
where (u1(p), ..., u,(p)) is the spectrum of the operator U(p) (with a fixed arbitrary
order).

Fix an oriented ray ¢ in the universal cover C*.

Definition 4.4. We say that ¢ is admissible at p € €0 if the projection of the the ray
¢ on C* does not coincide with any Stokes ray R;;(p).

Definition 4.5. Define the open subset O, of points p € €2 by the following conditions:

(1) the eigenvalues wu;(p) are pairwise distinct,
(2) ¢ is admissible at p.

We call ¢-chamber of ) any connected component of O,.

4.3.NStokes fundamental solutions at z = co. Fixan oriented ray ¢ = {argz = ¢}
in C*. For m € Z, define the sectors in C*
Iy (p) = {ZE@‘: g0—|—27rm<argz<g0+7r+27rm}, (4.7)
Hrm(p) = {z eC:p—m+2rm < argz < 90+27Tm}. (4.8)
Denote by Bx the bifurcation diagram of the quantum cohomology of X.

Theorem 4.6 ([Dub96, Dub99]). There exists a unique formal solution Zsom(z,t) of
the joint system (2.12), (2.13) of the form

Ziorm(2,t) = W(t) TG (2, t) exp(2U(t)), (4.9)
Gt) =1+ Zlka(t), (4.10)

where the matrices G(t) are holomorphic on 2\ Bx.

Theorem 4.7 ([Dub96, Dub99]). Let m € Z. There exist unique fundamental systems
of solutions Zp, (2, t), Zrm(z,t) of the joint system (2.12), (2.13) with asymptotic
expansion

Zrm(2,t) ~ Zioem(2,1),  [2] =00, 2z €rm(p), (4.11)
ZR,m(zyt) ~ Zform(zat)a |Z| — 00, zE& HRJﬂ(@)a (412)

respectively.
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Definition 4.8. The solutions Zj, ,,(2,t) and Zg,,(2,t) are called Stokes fundamen-
tal solutions of the joint system (2.12), (2.13) on the sectors Il ,,(¢) and Ilg,,(¢)
respectively.

4.4. Monodromy data. Let £ = {argz = ¢} be an oriented ray in C* and consider
the corresponding Stokes fundamental systems of solutions Zp, ,,,(z,t), Zgm(2,t), for
m € Z.

Definition 4.9. We define the Stokes and central connection matrices S™ (p), O™ (p),
with m € Z, at the point p € O, by the identities

Zrm(z,t(p)) = Ztop(z,t(p))C(m)(p). (4.14)
Set S(p) := SO (p) and C(p) := CO(p).
Definition 4.10. The monodromy data at the point p € O, are defined as the 4-tuple
of matrices (i, R, S(p), C(p)), where

e 4 is the matrix associated to the grading operator,
e R is the matrix associated to the operator ¢;(X)U: H*(X) — H*(X),
e S(p),C(p) are the Stokes and central connection matrices at p, respectively.

Definition 4.11. Fix a point p € O, with canonical coordinates (u;(p))i,. Define
the oriented rays L;(p, ), j = 1,...,n, in the complex plane by the equations

Li(p.¢) = {u;(p) + peV™ "G pe R} (4.15)

The ray L;(p,p) is oriented from wu;(p) to oco. We say that (w;(p))’, are in ¢-
lezicographical order if L;(p, ) is on the left of Ly(p,¢) for 1 < j <k < n.

In what follows, it is assumed that the f-lexicographical order of canonical coordi-
nates is fixed at all points of /-chambers.

Lemma 4.12 ([CDG18, Dub99]). If the canonical coordinates (u;(p))i_, are in (-
lexicographical order at p € Oy, then the Stokes matrices S™ (p), m € 7Z, are upper
triangular with 1°s along the diagonal.

By Lemma 4.2, the matrices p and R determine the monodromy of solutions of the
qDE,
My := exp(2mv/—1pu) exp(2mv/ —1R). (4.16)
Moreover, p and R do not depend on the point p. The following theorem furnishes a
refinement of this property.

Theorem 4.13 ([CDGI18, Dub96, Dub99]). The monodromy data (u, R,S,C') are
constant in each (-chamber. Moreover, they satisfy the following identities:

CSTs™ot = My, (4.17)
S = C exp(—mV—1R) exp(—mv/—1p)n H(CT) ™, (4.18)
ST = C~texp(mv/—1R) exp(mv/—1u)n~H(CT) 7. (4.19)
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Theorem 4.14 ([CDGI18]). The Stokes and central connection matrices Sy,, Cp,, with
m € Z, can be reconstructed from the monodromy data (u, R, S,C):

sm =g C™=MC, meZ. (4.20)

Remark 4.15. Points of O, are semisimple. The results of [CDG19, CDG18, CG17,
CG18] imply that the monodromy data (u, R, S,C) are well defined also at points
p € Qg N Bg, and that Theorem 4.13 still holds true.

Remark 4.16. From the knowledge of the monodromy data (i, R, S, C') the Gromov-
Witten potential Fi¥ () can be recostructed via a Riemann-Hilbert boundary value
problem, see [Dub99, Guz01, CDG20, CDG18]. Hence, the monodromy data may be
interpreted as a system of coordinates in the space of solutions of W DV'V equations.

4.5. Natural transformations of monodromy data. The definition of the Stokes
and central connection matrices is subordinate to several non-canonical choices:

(1) the choice of an oriented ray ¢ in C*,

(2) the choice of an ordering of canonical coordinates uy, .. ., u, on each ¢-chamber,
(3) the choice of signs in (2.5), and hence of the branch of the W-matrix on each
(-chamber.

Different choices affect the numerical values of the data (S, C').

For different choices of the oriented ray ¢, the transformation of S and C' can be
described in terms of an action of the braid group B,,, described in Section 4.6.
For different choices of ordering of canonical coordinates, the Stokes and central con-
nection matrices transform as follows:

SIS, Cw— CII™', I permutation matrix.

For different choices of the branch of the W-matrix, we have a transformation of the
following type:

S ISI, Cw— CI, [I=diag(+£l,...,+£1).
See [CDG20, CDG18] for more details.

Moreover, let us also add that the value of all the monodromy data is affected by
different choices of the system of flat coordinates ¢.

Proposition 4.17. Let (£°,...,#") be a system of flat coordinates on Q related to
(t°, ..., tN) by the transformations

i =A5t° +¢*, A%, c*€C, a,8=0,...,N.

The monodromy data ([, R, S, C’), computed w.r.t. the coordinates t, are related to the
data (u, R, S, C), computed w.r.t. t, as follows:

fi=AuA™', R=ARA™' §=5 (C=AC.
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Proof. The transformation of x, R is due to their tensorial nature: they are (1,1)-
tensors on 2. Notice that W = WA~ Zp = AZp and Ziop = AZiop A" s0 that

C=ZgZpo=AZ A AZRo = AC.
Equation (4.18), together with 7j = (A~1)"nA~!, shows that S = S. O

Remark 4.18. In particular, Proposition 4.17 applies in the case of deformations
of the complex structures of X. Consider a smooth proper map f: F — B with a
connected base space B, and set X, := f~}(b) with b € B. Given by, by € B, there
exists a diffecomorphism ¢: Xj, — Xj,, which allows to identify (co)homology groups:

O Ho(Xp), Z) = Ho( Xy, Z), " H*( Xy, Z) — H*(Xy,,7Z).
Using the isomorphisms ¢, ¢*, and by invoking the Deformation Axiom of Gromov-
Witten invariants (see e.g. [CK99, Section 7.3]), we can identify the quantum co-

homologies QH*(X,,) and QH*(X,,): the deformation of the complex structure just
represents a change of flat coordinates on the same Frobenius manifold.

4.6. Action of the braid group B,. Consider the braid group B, with generators
B, ..., Bn_1 satisfying the relations

BiBy = BB, li—jl > 1, (4.21)
BiBiv18i = Bit1BiBit1- (4.22)
Let U,, be the set of upper triangular (n x n)-matrices with 1’s along the diagonal.

Definition 4.19. Given U € U, define the matrices A% (U), withi=1,...,n—1, as
follows

(Aﬁi(U))hh =1, h=1,...,n, h#id,i+]1, (4.23)
(A'gi(U)>i+M+1 = —Uiit1, (4.24)
(4*V), = (AHO),.,, =1 (4.25)

and all other entries of A% (U) are equal to zero.

Lemma 4.20 ([Dub96, Dub99]). The braid group B, acts on U, x GL(n,C) as follows:
B, x U, x GL(n,C) ———  U,, x GL(n,C)
(8:,U,C) —— (A%(U) - U - AP(U), C- A%(U)7)
We denote by (U,C)% the action of B; on (U,C). O]

Fix an oriented ray ¢ = {arg z = ¢} in 6*, and denote by ¢ its projection on C*. Let
Qp1,Q2 be two (-chambers and let p; € €y, for @ = 1,2. The difference of values of the
Stokes and central connection matrices (57, Cy) and (S2, Cy), at p; and p, respectively,
can be described by the action of the braid group B, of Lemma 4.20.

Theorem 4.21 ([CDG18, Dub96, Dub99)). Consider a continuous path v: [0,1] — €
such that
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e 7(0) = p1 and ¥(1) = po,
e there exists a unique t, € [0, 1] such that ¢ is not admissible at y(t,),
e there exist iy, ..., i, € {1,...,n}, with |i, —iy| > 1 for a # b, such that the

r k —
rays’ (Rij7ij+1<t))j:1 (resp. (Rij’ij+1(t>)jzr+l) cross the ray € in the clockwise

(resp. counterclockwise) direction, ast — t, .

Then, we have

(52702) = (SlaCl)ﬁa 5 = (lj 6@) ) ( H 5zh> . [

h=r+1

Remark 4.22. In the general case, the points p; and py can be connected by concate-
nations of paths ~ satisfying the assumptions of Theorem 4.21.

Remark 4.23. The action of B,, on (S, C') also describes the analytic continuation of
the Frobenius manifold structure on €, see [Dub99, Lecture 4].

5. J-FUNCTION AND QUANTUM LEFSCHETZ THEOREM

5.1. J-function and master functions.

Definition 5.1. The J-function of X the H*(X,Ax)[h~!]-valued function of 7 €
H*(X,C) defined by

Ix(T) =1+ h (7, T, 1) ™ T
n=0

The following result will be crucial for us. For its proof see Appendix A.

Theorem 5.2. Let « = 0,...,N and § € H*(X,C). The (1,a)-entry of the matrix
NZop(2,0) equals

dim X

z 2 /TaUJX((S—I—logz-cl(X))
X

Q=1,
h=1
Corollary 5.3. Let 6 € H*(X,C). The components of the function

J(0 +logz-c1(X)) Q1
h=1

w.r.t. any basis of H*(X,C), span the space of master functions Ss(X).

Proof. The functions 2“5 [N Ziop(2,0)]% define a generating set of the space of master

functions S5(X). The claim follows by Theorem 5.2. O

9Here the labeling of Stokes rays is the one prolonged from the initial point ¢ = 0.
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In the notations of Section 3.1, set 6 = 3°/_, ¢'T;. Any formal differential operator

P e Clhd,... . h e, ... e h] such that PJyx(0) = 0 is called a quantum differ-

ot ¢t
ential operator. The equation PY = 0 is called a quantum differential equation, see

e.g. [CK99, Section 10.3]. By Corollary 5.3, the master differential equation, defined
as in Section 2.7 at a point ¢ of the complement of the Aj-stratum of QH*(X), is
equivalent to a differential equation for master functions

Ps(9,2)® =0, ©:= St (5.1)

for a suitable differentiable operator Pj.

5.2. Twisted Gromov-Witten invariants. Given a holomorphic vector bundle £ —
X and an invertible multiplicative'? characteristic class ¢, one can introduce a (E, c)-
twisted version of the Gromov-Witten theory of X.

Given E, there exists a complex 0 — Ep, 5 — E, 5 — 0 of locally free orbi-sheaves
on M, (X, 5) whose cohomology sheaves are R%ft,, 1 .(evi ;1 E) and R'ft, 41 ,(evi, E)
respectively. Here, the forgetful and evaluation morphisms ft,1,ev,.; at the last
marked point fit in the diagram

Mg,nJrl(Xa 6)

y Xﬂ)

Mg,n(X7 5) X

Let us introduce an obstruction K-class E,, 5 € K°(M,,(X,)), defined as the K-
theoretic difference

Eg,n,ﬂ = [ES,TL,B:I - [E;,TL,B:I'

It is possible to show that such a difference does not depend on the choice of the
complex.

Definition 5.4. The (E, ¢)-twisted Gromov- Witten invariants (with descendants) of
X are the intersection numbers

n
d1 dn X,E.c . d; *
o ®- - QT .—/7 c(Eynp) U5 Uevi(ay),
i »Onlans (Mg, (X,8)]¥ir¢ Fans) = jtes)

where oy, ..., a, € H*(X,C).

Remark 5.5. If ¢ is the trivial characteristic class, we recover the untwisted Gromov-
Witten invariants of X.

10A characteristic class ¢ is said to be multiplicative if ¢(Ey & Ey) = ¢(E1)e(Ey). Tt is invertible if
c(F) is invertible in H*(Y, C) for any vector bundle E on a manifold Y.
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5.3. Quantum Lefschetz Theorem. Introduce a C*-action on the total space F
defined by fiberwise multiplication. The C*-equivariant Euler class e is invertible over
the field of fractions Q(A) of HZ.(pt) = Q[A]. Taking ¢ = e we refer to the twisted
Gromov-Witten invariants as Fuler-twisted Gromouv-Witten invariants.

Exaclty as in the untwisted case, (E, ¢)-twisted Gromov-Witten invariants can be
collected in generating functions. In particular, we can introduce the Euler-twisted

J-function as the H*(X, Ax[\])[h~!]-valued function on H*(X,C) by

Tpe(T) =1+ B 1Q TnTa,l,T T s T (5.2)
k,n,B

Assume now that E is convex'!, i.e. HY(C, f*E) = 0 for all stable maps f: C' — X
with C' of genus zero. Let Y be a smooth subvariety of X defined by the zero locus of
a regular section of F.

Theorem 5.6 ([CGO07, Coald]). The non-equivariant limit Jg ¢|x—o exists. Moreover,
it is related to the function Jy by the equation

Cpelao(T) £ Iy (T), T € HY(X,C), (5.3)
where v Y — X is the inclusion.

Remark 5.7. The symbol & means that identity (5.3) holds true after application of
the morphism ¢,: Ax — Ay defined by Q° — Q7.

Remark 5.8. If dim¢ X > 3, then (* is an isomorphism, by Hyperplane Lefschetz
Theorem.

Assume that F = @ ,L; where L; are nef line bundles on X such that ¢;(F) <
c1(X). In such a case, the Quantum Lefschetz Theorems prescribes how to compute the
non-equivariant limit Jg ¢(8)[x=0 at points of the small quantum locus § € H?*(X, C).

Introduce the hypergeometric modification Ixy of the function Jy as follows: write
Jx =35 J3QF, and for § € H*(X,C) define

s >
I)Qy((;) = Z Jg Qﬁ H H + mﬁ) (54)
B

Theorem 5.9 ([CGOT7]). The function Ixy admits an expansion of the form
Ty (8) = F(6) + hG((S) +0 (hQ) 5 € H2(X,C), (5.5)

where F is H(X, Ax)-valued and G takes values in H°(X,Ax) ® H*(X,Ax). More-
over, we have

Iy (9)
F@©) -

JB.e(#(0))|r=0 = p(0) = 2= (5.6)

HGlobally generated vector bundles, and direct sums of nef line bundles are automatically convex.
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Proposition 5.10 ([CG07, CCGKI16]). Moreover, if ¢1(X) > ¢1(F), then we have

F)=1, GO)=6+HG)-1, HO) =Y (wﬂQﬁefazs) B en(X)er ()
B8

for suitable rational coefficients wz € Q.

Proof. The function Iy y(§) is homogeneous of degree 0 w.r.t. the gradings
deg Q° = / e (X) — / c(E), degh=1, degT,=kif T, € H*(X,C).
B B

This is easily seen from the expansion of Jx given in Lemma A.2. Hence, F(0) is given
from the only contribution of the term Jy(d) =1+ % + ..., and H(J) from the terms
for which deg Q% = 1. OJ

5.4. Inequality for dimensions of spaces of master functions. Let Y C X be
te zero locus of a regular section of a vector bundle £ — X, sum of nef line bundles,
with ¢ (£) < ¢1(X). Denote by ¢: Y — X the inclusion. We always assume that both
X and Y have vanishing odd comology.

For a point 7 € QH*(X), denote by S;(X) := S-(QH*(X)) the space of master
functions as 7.

Theorem 5.11. Let § € H*(X,C). We have

dime S,+5(Y) < dime Ss4.(X), (5.7)
where ¢ == c1(X) — 1 (F).
Proof. By the adjunction formula, we have t*¢ = ¢1(Y). The components of the
function Jx(§ + clog z)|Q 1, W t. any basis of H*(X,C), span the space Ssi.(X).
Analogously, the components of the function Jy (¢*d+¢1(Y) log 2)|q=1, w.r.t. any basis
of H*(Y,C), span the space S,«5(Y). =

By Theorems 5.6, 5.9 and Proposition 5.10, we have
Jy (50 + 1 (Y) log z)|%:11 =10 Tv (6 + clog Z)’%:f

The components of the r.h.s. are obtained by linear combinations and rescaling of the
components of Jx(é + clog z)|Q 1 such a linear combination is due to the hyperge-

ometric modification (5.4), namely the U-multiplication by an invertible class. The
claim follows. 0J

Theorem 5.12. Let Y be a hyperplane section of X. Assume that d := dim¢c X s
odd, and that the following inequalities of Betti numbers holds true:

ba—1(X) < ;bdl(y)- (5.8)

Then *(H*(X,C)) is contained in the Ax-stratum of the Frobenius manifold QH®*(Y).
In particular, along *(H*(X,C)) the canonical coordinates of QH®*(Y') coalesce.
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Proof. From Hyperplane Lefschetz Theorem we deduce that (5.8) holds true if and
only if dim¢ H*(X,C) < dim¢ H*(Y,C). Then we have dim¢ S,+5(Y) < dime H*(Y, C)
for any § € H*(X,C), by (5.7). Hence, the master differential equation of QH*(Y")
at ¢*d is not of order dim¢ H*(Y,C). This implies that the denominator of det A is
identically zero at (*0. The last statement follows from Lemma 2.24 and Theorem
2.25. OJ

6. BOREL-LAPLACE (o, B)-MULTITRANSFORMS

6.1. Algebras of Ribenboim’s generalized power series. Let (M,+,0) be a
monotd, i.e. a commutative semigroup with neutral element. We will say that an
order relation < on M defines a strictly ordered monoid (M, +,0, <) if the following
compatibility condition holds true:

ifa<b thena+s<b+sforall se M.

Let R be a commutative ring with unit. The set R[M] := RM of all functions
f: M — R is equipped with a natural R-module structure, w.r.t. pointwise addi-
tion and multiplication by scalars. An element f € R[M] will usually be denoted
by

f=2> fla)z*,

aceM
where Z is an indeterminate. Given two functions f, g € R[M], we could be tempted
to define their product as

frg9:="> ( > f(p)-g(Q)) A (6.1)
(p,9)

s€M €Xs(f.9)

where we set

X(f,9) ={lp.q) eM xM:p+q=s, f(p)#0, glq) #0}.

In general the set X(f,g) is not finite, and consequently the product f - g could be
not defined.

Definition 6.1. The R-submodule of R[M] which consists of all functions f: M — R
whose support supp(f) := {s € M: f(s) # 0} is

(1) Artinian, i.e. every subset of supp(f) admits a minimal element,
(2) narrow, i.e. every subset of supp(f) of pairwise incomparable elements is finite,

is called the set of generalized power series with coefficients in R and exponents in M.
It is denoted by R[M, <].

Proposition 6.2 ([Rib94, Rib92]). Given f,g € R[M,<], the set X(f,q) is finite,
and the product (6.1) is well-defined. The set R[M,<] inherits the structure of an
associative R-algebra.

Remark 6.3. If (M, <) is itself Artinian and narrow, then all its subsets are Artinian
and narrow. Consequently R[M, <] = R[M].
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6.2. The algebra .Z.(A). Let k := (ki,...,r) € (C*)". Consider an associative,
commutative, unitary and finite dimensional C-algebra (A, +,-,14). Denote by Nil(A)
the nilradical of A.

Define the monoid My, as the (external) direct sum of monoids

J=1

My, = (é fijA> @ Nil(A).
We have two maps v : My, — N and ¢ : My, — A defined by
Ve (kim0 or) = () ), te((rimngd )i r) = Eh: Kinila + 7.
i=1
On M4, we can define the partial order

x < Yy lﬁ VN<$> < Vﬁ(y)7

the order on N” being the lexicographical one. This order makes (M, ,, <) a strictly
ordered monoid.
We denote by %, (A) the ring A[Ma ., <].

By universal property of the direct sums of monoids, the natural inclusions M4 ., —
My, induce a unique morphism

h
Pk - @MA,/@- — MA,H'
i=1
Definition 6.4. Let r, € Nil(A4). We say that an element f € .%,(A) is concentrated

at r, if

supp(f) € <E§ fciNA) X {ro}-

6.3. Formal Borel-Laplace («, 8)-multitransforms. Given two h-tuples a, 8 €
h
(Ch, we set - B:= (a;3;),, and o™ := (i)

a;)i=1"

Definition 6.5. Let F' € C[z] be a formal power series F(z) = Y32, apz*. For
a € Nil(A) define F(«) € A by the finite sum

Fla) =" ara”.
k=0
If F is invertible, i.e. ag # 0, then F(«) is invertible in A.

In what follows we will usually take F'(z) = I'(A + z) with A € C \ Z«y, where T’
denotes the Euler Gamma function.
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Definition 6.6. Let o, 3,k € (C*)". We define the Borel (c, B)-multitransform as
the A-linear morphism

aﬁ ® _>L¢ (A)v

which is defined, on decomposable elements, by

h h 7 s
Iy f Pr (@?:1 ‘ )
7 fzo|] = i Z o)
g Sjei\zéx,ﬁ SjEJ\z/[;ax,nj r (1 + Z?:l LW(‘”)BZ)
j=1,...,h

Definition 6.7. Let o, 8, k € (C*)". We define the Laplace (ct, B)-multitransform as
the A-linear morphism
h
Lop: ®ﬁ,€j(A) — Fapr(A),
j=1
which is defined, on decomposable elements, by

h

h
Zop | X >, VA =Yy <Hf;’i>r<1+zbw $¢) )an(ese (aeBese)
J=1 \8j€Ma,x; ’ 5;E€EMax; \i=1
j=1,..., h

In the case h = 1, the Borel-Laplace (a, 8)-multitransform simplify as follows.
Definition 6.8. Given «, f € C*, we define two A-linear maps
Bop: Fr(A) — 9{1%(14), Lopgt Fu(A) > Fape(4), kel
called respectively («, 8)-Borel and Laplace transforms, through the formulee
Bop | Y. 27 = Y S g

| s€Ma sertn, L1+ fs)

Zos | S £2°| = > LD(1+ Bs)Zo%,

_SGMA,,«V i SGMA,H

Theorem 6.9. The Borel-Laplace (o, B)-transform are inverses of each other, i.e.
%a,,b’ O ga”@ = Id, iﬂa,g o 930[75 = Id. O

6.4. Analytic Borel-Laplace («, 8)-multitransforms.

Definition 6.10. Let «, 8 € (C*)". The Borel (a, 8)-multitransform of an h-tuple
of A-valued functions (®q,...,®;) is defined, when the integral exists, by

L d)\
s ®r, . Bul(2) / @( =% @) @ 2
Dol = o [Ty (7o) o (6:2)

where v is a Hankel-type contour of mtegratlon, see Figure 6.1.
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J\v
T ]S

FIGURE 6.1. Hankel-type contour of integration defining Borel (c, 8)-multitransform.

Definition 6.11. Let o := («y,...,ap), and B := (B1,...,,) be two h-tuples in
(C*)". The (a, B)-Laplace transform of an h-tuple of functions (@4, ..., ®;) is defined,
when the integral exists, by

Lo, By (2) = /O - T @(="%\*) exp(~A)d. (6.3)

Proposition 6.12. Let (vy,...,v,) be a basis of A and ®q,..., Py be A-valued func-
tions. Write ®; = 3, <I>je] for C-valued component functions CIDﬁ The components
of Bopl®Pi,...,Ppn (resp. gaﬁ[®1, ..., ®p]) are C-linear combinations of the h - n
C-valued functions Bo p|PY, ..., )] (resp L@, ... @), where (i1, ..., i) €
{1,...,n}".

Proof. Set c;'.k € C be the structure constants of the algebra A, so that eje;, = -, c§kei.
We have

Bopl®1,..., P Zcmz i Cal ™t Cap  Bagl®L, ..., D).
Similarly for the Laplace multltransform. 0

6.5. Analytification of elements of .7, (A). Let s = ((kin;1a),,7) € M4,. We
define the analytification Z* of the monomial Z* € Z(A) to be the A-valued holo-
morphic function

Z5: C* — A, Z\S(z) = ZZ?:I’”"ZZ—Iog z.
Jj= 1]

Notice that the sum is finite, since r € Nil(A).
Let f € Z.(A) be a series
> faZ°, suchthat card supp(f) < .
SEMA’,,,i
The analytification f of f is the A-valued holomorphic function defined, if the series
absolutely converges, by
FWCC = A, fz = > faZs

SEMA ko
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Theorem 6.13. Let f; € Z,,(A) such that

e card supp(f;) <N fori=1,...,h,
e the functions f; are well defined on R, .

We have

%a,ﬂ[®?:1 f]] = %a,ﬁ[fla cee ?fh]a

"gavﬁ[®?:1 f]] = Za,ﬂ[fl, SRR fh])
provided that both sides are well-defined.

Proof. 1t is sufficient to prove the statement on monomials Z°!,..., Z% . Let s; =
(kjnjla,r;) for j=1,..., h. We have

] ! (i)
e B[® = (1 + X0 Lng(sk)ﬁf) g b

_ 1 Z((a:fej nle);'L=1’ a1 f +m+‘1}:}éh)‘
I (1+ Sy (kenela + 7))

Hence, we have

ZﬁIIZ?Z? oo (ML 4.4 Th J
; = v a o i
Bop|®)12%](2) = - PP g mOn” Nogl 2.
I (1 —+ Zzzl(lﬁgnglA + Tg)ﬁg) j=1 J-
On the other hand, we have
_ , ré
Z%(z) = 2" Z El log’ 2,
so that
_ _— 1 N
%a ZSla-.-,ZSh — / Zsj < Jﬁ]}\ '8]) -
ol ) =5 ”Hl : -
_ 1 / A dA ﬁ( ﬁ)\fgjyjnjzrfl f( a%@-/\fﬁj)
“omi O N Y e

3. h 0
A " 0wl (55 \—Bi
= -] ajBi \7Pi
) /76 )\1+Zé 1 KemeBe H ze: 0! ©8 (Z )

j=1

i R d\ h f - 5
= e — —_— z B )\ J
) /7 )\1+Zé 1 FeneBe I3 Z 1;[ é ( o )

77777
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We have
h Zj h 00 Zj w
" e , T log 2
o TN =TT 3 I (M) ton ) B,
Zj wj
T <logz> 51 "
= — 0 Og)\ 5w. il
wlgwhjl;[l wj'Uj! O‘jﬁj ( J ) ERaC R
Ul y... Up
We have

1 d\ , 1\ ) h
f/ekh—(—log A = (F) <1 + ZWW@Z) ;
=1

270 Sy o\, meneBe
because of the Hankel formula (see e.g. [OLBC10])
1 1 d>\
@ ~omi O N
Thus, we have

%a,ﬂ[z?la"wz—;h]( )

i Jﬁ J logz Wj 1 (uy) h
=z i @;iB; Z H L ( ) () L+ Z el 5w'+“'7£"
L,..8p j=1 w] u] OéJBj r =1 S

Wi,...,Wh
UL,... Up

This coincides with the formula of Bq g[®"_, Z%](z). The proof for the Laplace mul-
titransform is similar, based on the identity

:L/GDA”JB‘AdA. 0
0

7. INTEGRAL REPRESENTATIONS OF SOLUTIONS OF qDFES

7.1. Jx-function as element of .7, (X). Let X be a variety with nef anticanonical
bundle'?. Introduce the basis (31, ..., 3,) of Hy(X,Z) Poincaré dual to (T%,...,T"),

so that
AE:ATUE:%.

T
= aniiTai‘, ¢ € N*.
; J

Set

Consider the C-algebra H*(X,C). For brevity, we set %, (X) := Z.(H*(X,C)) for
any k € (C*)".

12We recall that this means J. cc1(X) =0 for all curves C' in X. If the strict inequality holds true for
any C, then X is Fano by Nakai-Moishezon Theorem. Varieties with nef anticanonical bundle can
be thought as an interpolation between Fano and Calabi-Yau varieties.
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The Jx-function, restricted to the small quantum locus of QH*(X) admits the
following expansion:

JX<5 4 IOgZ . Cl()())’%:ll — €6ZC1(X) + Z Z 662‘[‘3 CI(X)ZCI(X)<TICTO¢7 1>§2,6Ta'
= B#0 k=0

Such a series can be seen as an element of .%,(X) for different choices of k. We

describe two possible choices. In both cases, we have a series in .%,(X) concentrated
at ¢1(X).

Choice 1. Set h = 1 and k = ¢, where ¢ is a common divisor of the numbers

¥ ..., c%. The series can be rearranged as follows
o
Jx (6 +logz - er(X |Q 1= > Ja(8)zr 0,
deN
where

Ja(6) = > (1. Tw, Dooarnry, deEN, T e H*X,Z), ci(X)=cT.

k
In particular Jy(8) = €°.
Choice 2. Set h = v and kK = (¢*1,...,c%). By expanding the sum over § over
the basis (f; ..., [,), the sum above becomes
Jx (6 +logz-c(X |Q 1 = Z Ja(0 dlcail +"'+drca"t+01(X)7
deN
where

Ja(0) = € D (mTo, D)or oy, +-+dipey » 4 €N
k
4

In particular Jy(J) = €°.
7.2. Integral representations of the first kind. Let X be a Fano smooth projec-
tive variety. Assume that det Tx = L®* with L ample line bundle. Let ¢: Y C X be a

smooth subvariety defined as the zero locus of a regular section of the vector bundle
E = @;_, L®%, where the numbers d; € N* are such that >>5_, d; < (.

Theorem 7.1. Let § € H*(X,C), and Ss(X) the corresponding space of master func-
tions of QH®*(X). There exists a complex number cs € C such that the space of master
Junctions S,-5(Y') is contained in image of the C-linear map S(gay: Ss(X) — O(C¥)
defined by

5”(@7(1) [(I)](Z) =e %* ()8 gzz dq— (22— - —d d; [CI)](Z)

T=dy—dg——dj_q

In other words, any element of S,+5(Y) is of the form

e [T [ ( f”ﬁg) Sl . d, (7.1)

for some ® € S§5(X). Moreover, cs #0 only if >;d; = £ — 1
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Proof. Set p := ¢;(L), and p* € Hy(X,Z) be its Poincaré dual homology class. In
particular, we have ¢;(X) = lp and ¢1(E) = (37, d;)p. By the adjunction formula,
we have ¢1(Y) = t*(c1(X) — ¢1(E)). From Lemma A.2, we have

Jx(0+logz-ci(X |Q 1 = Z Jap+ (0 d”cl(x) = Z Jdp*(é)zdﬂép, (7.2)

deN deN

where Jy- (6) = €* X4 (T, 1)§9.4,- T Analogously, from (5.4) we have
Ixy (0 + (a1(X) — c1(E)) log z)]%_zll

s (dzpdp>

:ZJdp*(6+(cl(X)—cl ) log 2) H H dip+m)

deN

s d-d;

= 3 Jape (8)2" 2 O TT T (dip + m)

deN i=1m=1

d;p + dd;)

= S e (8) 4SS, T L dip . 7.3

dEZN dp ( Zl_{ (1 +d2p) ( )

On the one hand, from equation (7 2), one can see that the function Jx (6 + log z -
(X )))|Q 1 is the analytification Jx of the series Jx € .Zy(X), concentrated at

a(X) = Ep, defined by

Z Jd Zd@EBCl )

deN
On the other hand, one recognise in equation (7.3) the analytification of the iteration
of Laplace transforms

5 1
v =Uraa | g 0 Liyon a0 Lisa 4] |

dy  T—dj

(7.4)
which is an element of ﬁz_zs 4, (X). By Theorems 5.6, 5.9, 6.13, and Proposition
5.10, we have

Jy (150 + 1 (Y) log z)|Q -1 = =Ty y(0+ (cr(X) —1(E))) exp(—zH(0)|g=1)-
Thus, the components of the r.h.s., with respect to any basis of H*(Y,C), span the
space of master functions S;+5(Y’), by Corollary 5.3. The factor ¢*IT;_, I'(1 + dip)f1
coming from (7.4) can be eliminated by a change of basis of H*(Y,C). By H*(X,C)-

linearity of the Laplace (a, §)-transforms, the claim follows by setting ¢s := H(0)|q=1-
0J

Remark 7.2. Integral (7.1) is convergent for any z € C*. This follows from the
exponential asymptotics of Theorem 4.7 for z — oo, the Fano assumption on Y (i.e.

*_1d; < (), and the asymptotics [®(z)| < C|logz|"™<X for z — 07 (see Theorem
5.2 and Corollary 5.3).

Remark 7.3. Formula (7.4) generalizes [GI19, Lemma 8.1].
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7.3. Integral representations of the second kind. Let X;,..., X} be Fano smooth
projective varieties. Assume that det Tx, = L?Ej for ample line bundles L;’s. Let Y
be a smooth subvariety of X := H?:1 X defined as the zero locus of a regular section
of the line bundle £ = &?ZlL?dj , where the numbers d; € N* are such that d; < ¢;
forany 7 =1,...,h.

By Kiinneth isomorphism, any element of H?(X,C) is of the form
=) 1® - ®§6® --®1, withd € H*(X;,C).

Denote by ¢: Y — X the inclusion.

Theorem 7.4. Let § € H*(X,C), §; € H*(X;,C) as above, and Ss,(X;) the corre-
sponding space of master functions of QH®*(X;). There exists a rational number cs € Q
such that the space of master functions S, s(Y) is contained in image of the C-linear

map Pea): Qi1 S5,(X;) — O(C*) defined by
@(M) [q)h ceey q)hKZ) = 6706Z a,ﬂ[q>17 ceey (I)h](Z),

where (o, B) = (%, e Ehd_—hdh; ?—11, A ) In other words, any element of Sy«s(Y)
is of the form

d
ecs? / (z 5T )NdA, (7.5)

for some ®; € S5, (X) with j =1,..., h. Moreover, cs # 0 only if dj = {; —1 for some
J.

Proof. Set p; := c1(L;) and let p; € Ho(X;,Z) be its Poincaré dual homology class, for
any ¢ = 1, ..., h. By Kiinneth isomorphism, and by the universal property of coproduct
of algebras (i.e. tensor product), we have injective® maps H*(X;,C) — H*(X,C).
In order to ease the computations, in the next formulas we will not distinguish an
element of H*(X;,C) with its image in H*(X,C). So, for example we will write
c1(E) = Y0, dyp,. The same will be applied for elements in Ha(X, Z).

We have

I
X =

Jx (6 + c1(X)log 2) |q=1 Jx,(0; + c1(X;) log z)|q=1

h=1 ;= h=1

-
Il

Jikip: (8;)2M 0P (7.6)

I
®:

.
Il

1 k;eN

B30 particular, we have inclusions Zg(X;) — Fr(X).
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where Ji g px (6;) = €% 3 (1T, 1>3f§,kipﬂ?. Analogously, from (5.4), we deduce the
formula

Ixy (6 + (c1(X) — c1(E)) log Z)|%:=11

(Zp dpﬂpvzp kaZ)
ki, kn €N i=1 m=1 P
Zp dpkp
_ Z ®Jzk1p i (6i—di)+(L;i—d;)p; H <de,0p+m>
ki,....,kpeN =1 m=1 p
. ®Jzkp A (Ci—di)+(Li—dy )i (1+2pdpkp+zpdppp)‘ (7.7)
k1, kn€N i=1 L1+ 32, dppp)
Each element in the tensor product (7.6) can be easily recognized as the analytification
Jx, of a series Jy, € Z,(X), for each i = 1,..., h. The function in equation (7.7) can

be identified with the analytification of the Laplace (o, 8)-multitransform

h
1
Ixy = < ) Ux Zasl®1Jx,], 7.8
gr(1+zpdppp> ol®imrTx] (7:8)
where (a, B) = (zldldl, cee ehd_hdh; ‘5—11, e ‘;—:) The series Ixy can be seen an element

of Z(X), with & = (¢; — d;)"_,, via the Kiinneth isomorphism. By Theorems 5.6, 5.9,
6.13, and Proposition 5.10, we have

Jy (16 4 ¢ (Y) log Z)’%:f = Txy (8 + (c1(X) — c1(E))) exp(—2H(8)|q1)-

Thus, the components of the r.h.s., with respect to any basis of H*(Y,C), span the
space of master functions S,-5(Y), by Corollary 5.3. The factor .*®{_;I'(1 4+ 3, dppp) "
coming from (7.8) can be eliminated by a change of basis of H*(Y,C). By H*(X,C)-
linearity of the Laplace (e, 8)-multitransform, the claim follows by setting c; :=
H(6)|qor. O

Remark 7.5. Integral (7.5) is convergent for any z € C*. This follows from the
exponential asymptotics of Theorem 4.7 for z — oo, the assumption d; < ¢; for any
j =1,...,h, and the asymptotics |®;(z)| < C|log z|4™c¥i for z — 0T (see Theorem
5.2 and Corollary 5.3).

Remark 7.6. Formula (7.8) generalizes [GI19, Lemma 8.1].

7.4. Master functions as Mellin-Barnes integrals. When applied to the case of
Fano complete intersections in products of projective spaces, Theorems 7.1 and 7.4
give explicit Mellin-Barnes integral representations of solutions of the ¢DFE.

Theorem 7.7. Let Y be a Fano complete intersection in P"~* defined by h homoge-
neous polynomials of degrees dy,...,dy. There exists a unique ¢ € Q such that any
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master functions in So(Y') is a linear of the Mellin-Barnes integrals

2z h h
Gi(2) = 2; = L T(s)" kr:[l [ (1 = dys) 2~ Zhar @05 (5)ds, (7.9)

for 3 =0,...,n—1. The functions y; are given by

e for n even:
©;(s) :==exp (27T\/—_1j8), j=0,....,n—1,; (7.10)
e forn odd:
©;(s) :==exp (27r\/—_1j3+7r\/—_13), j=0,...,n—1 (7.11)
Moreover, ¢ # 0 only if >, dp =n — 1.

Proof. The functions
1 n.,—ns .
gJ<Z) = 27T\/__1‘/yF(S> z gpj(S)dS, ] :O,...,n—17

are a basis of the space of master functions Sy(P"!), see [Guz99, Lemma 5]. The
result follows by applying Theorem 7.1 to the case X = P! ¢ = n. 0

Theorem 7.8. Let Y be a Fano hypersurface of P=1 x -.. x P~1 defined by an
homogeneous polynomial of multi-degree (dy, . ..,dy). There exists a unique ¢ € Q such
that any master functions in So(Y') is a linear combination of the multi-dimensional
Mellin-Barnes integrals

—cz h h

Hji(z) = (2;\/__1>h /X% Ll_[l F(sz)"lgozl(sl)] r (1 - ;sz> P disids) ... dsp,
for 5= (j1,...,jn) € II"-,{0,...,n; — 1}. The function cpzz is defined as follows
e for n; even:

goz(sl) = exp (27r\/—_1ji3i) ., Ji=0,...,n; —1;
e forn; odd:
90;(51) ‘= exp (27T\/—_1ji5i + 7T\/—_18i> , 7i=0,...,n; — 1.

Moreover, ¢ # 0 only if d; =n; — 1 for somei=1,... h.

Proof. The result follows by application of Theorem 7.4 to the case X; = P%~1 ¢, = n,.
For each factor P"~! a basis of the space Sy(P™~!) is given by the integrals

, 1
Example. Consider the complex Grassmannian G := G(2,4): it can be realized as

a quadric in P°, by Pliicker embedding. It can be shown that the space Sy(G) is the
space of solutions ® of the ¢DFE given by

d
PO — 10242190 — 20482 ® =0, ¥ := e (7.12)
z
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By Theorem 7.7, any solution of (7.12) is a linear combination of the functions

1
G(z) = QW\/—_I/WF(SYTG —2s)z ¥ exp (27r\/—1js) ds, j=0,...,5.

Recalling the reflection and duplication formulae for I'-function (see e.g. [OLBC10]),

)1 —2) = ['(2z2) = W*%Qh*lr(z)f‘ (z + ;) :

sin(rz)’

it is easy to see that the function

o2 I'(s)° 4= _
Go(z) = / g
o) =0 /LT (s + 1) sin(2rs) =

is a solution of (7.12). In [CDG20, Section 6] the solutions

Dy(2 475274 ds,

1 I'(s)®
)= QW\/—_l/vl“(s-i—%)
Dy(2) = 27“;__1 A ['(s)°T (; - s) €S48 5 s,

of equation (7.12) were found and studied. It is not difficult to see that ®; and ®, are
linear combinations of the functions Gj;’s.

Remark 7.9. This example can be extended to Grassmannians G(k, n) and other fam-
ilies of partial flag varieties. In the case of Grassmannians it gives different integral
representations of solutions w.r.t. those obtained from the quantum Satake indenti-
fication [GM11, KS08]. More in general, it would be interesting to do a comparison
with the integral representations of solutions obtained from the Abelian—Nonabelian
correspondence [CFKSO08].

8. DUBROVIN CONJECTURE

8.1. Exceptional collections and exceptional bases. Let X be a smooth complex
projective variety, and denote by D°(X) the bounded derived category of coherent

sheaves on X, see [GMO03, Huy06]. Given E, F' € Ob (Db(X)), define Hom*(E, F) as

the C-vector space'*

Hom*(E, F) := @ Hom(E, F[k]).
keZ
An object £ € Ob (Db(X)> is said to be exceptional if Hom®(E, E) is a one dimensional
C-algebra, generated by the identity morphism.

A collection € = (E),...,E,) of objects of D’(X) is said to be an exceptional
collection if

(1) each object E; is exceptional,
(2) we have Hom®(E;, E;) = 0 for j > 1.

MNotice that the category D°(X) is a C-linear category.
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Moreover, an exceptional collection € is full if it generates D’(X), i.e. any triangular
subcategory containing all objects of & is equivalent to D°(X) via the inclusion functor.

Consider the Grothendieck group Ko(X) = Ky(D*(X)), and let  to be the Grothen-
dieck-Euler-Poincaré bilinear form

X([V],[F]) :== > _(—1)" dimc Hom(V, F[k]), V.F € D*(X). (8.1)

Definition 8.1. A basis (e;); of Ko(X)c is called exceptional if x(e;,e;) = 1 for
i=1,...,n,and x(ej,e;) =0for 1 <i<j<n.

Lemma 8.2. Let (E;)", be a full exceptional collection in D*(X). The K-classes
([E;])y form an exceptional basis of Ko(X)c. O
8.2. Mutations and helices. Let € = (Ey,..., E,) be an exceptional collection in
Db(X). For any i = 1,...,n — 1 define the collections

ng = (El, ey Ei—l; E,L{+1, Ei, EH_Q, ceey En>,

R,¢ = (Ey,....,E; 1,Ei 1, B! E;is,...,E,),
where the objects Ej |, E} sit in the distinguished triangles

E!

Z+1[—1] E— HOm.<E7;, E/l:+1) (029 E1z — E/L'Jrl — B!

i+1

E,g/ E— Ez E— HOHI.(Ei, Ei—i—l)* (%9 Ei+1 — E;/[l]
Remark 8.3. The object £}, (resp. E) is uniquely defined up to unique isomor-
phism, because of the exceptionality of F; (resp. Fi1), see [CDGI18, Section 3.3].

Proposition 8.4. [BK89| For any i, with 0 < i < n, the collections L;& R;& are
exceptional. Moreover, the mutation operators IL;, R; satisfy the following identities:

RiR; = R;R;, if |i—j|>1, RiaRR =RiR (R, O

Denote by 4, ..., 8,_1 the generators of the braid group B, satisfying the relations
BiBi1Bi = Biv1BiBiv1,  BiBy = BB, it |i—j[ > 1.
We define the left action of B, on the set of exceptional collections of length n by
identifying the action of 3; with L;.
Definition 8.5. Let € = (E,..., E,) be a full exceptional collection. We define the
heliz generated by € to be the infinite family (F;);cz of exceptional objects such that
(Elflmm EQ*knu s 7Enfkn) = Gﬁa 6 = (/anl o e Bl)knv k < 2.

Any family of n consecutive exceptional objects (E;ix)r_; is called a foundation of the

helix.
Lemma 8.6 ([GK04)). Fori,j € Z, we have Hom®(E;, E;) = Hom*(E,_,,, E;_,). O

The action of the braid group on the set of exceptional collections in D?(X) admits a
K-theoretical analogue on the set of exceptional bases of K(X)c, see [GK04, CDG18].
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8.3. I'-classes and graded Chern character. Let V' be a complex vector bundle
on X of rank r, and let d;,...,d, be its Chern roots, so that ¢;(V) = s;(1,...,0,),
where s; is the j-th elementary symmetric polynomial.

Definition 8.7. Let () be an indeterminate, and F' € C[Q] be of the form F(Q) =
143,51 0,Q". The F-class of V' is the charcateristic class Fyy € H*(X) defined by

Fy = H§:1 F(éj).
Definition 8.8. The I'*-classes of V are the characteristic classes associated with the
Taylor expansions

P(1+Q) = exp (:mcz =S <¢1>m<§;%") e ClQl, (52)

m=2

where v is the Euler-Mascheroni constant and ¢ is the Riemann zeta function.

It V =TX, then we denote f§ its I'-classes.

Definition 8.9. The graded Chern character of V' is the characteristic class Ch(V') €
H*(X) defined by Ch(V) := S-_, exp(2m/—15;).

8.4. Statement of the conjecture. Let X be a Fano variety. In [Dub98] Dubrovin
conjectured that many properties of the ¢DFE of X, in particular its monodromy,
Stokes and central connection matrices, are encoded in the geometry of exceptional
collections in D?(X). The following conjecture is a refinement of the original version
in [Dub9g].

Conjecture 8.10 ([CDGI18]). Let X be a smooth Fano variety of Hodge-Tate type.

(1) The quantum cohomology QH®(X) has semisimple points if and only if there
exists a full exceptional collection in D°(X).

(2) If QH*(X) is generically semisimple, for any oriented ray ¢ of slope ¢ € [0, 2|
there is a correspondence between (-chambers and helices with a marked foun-
dation.

(3) Let Qq be an L-chamber and €, = (Ey, ..., E,) the corresponding exceptional
collection (the marked foundation). Denote by S and C Stokes and central
connection matrices computed in Qp w.r.t. a basis (Ty)'_, of H*(X,C).

(a) The matriz S is the inverse of the Gram matriz of the x-pairing in Ko(X)c
wrt the exceptional basis [€,],

(S™1)i; = X(Ei, Ej); (8.3)

(b) The matriz C' coincides with the matriz associated with the C-linear mor-
phism

Iy Ko(X)e —H*(X) (8.4)

~

%(é;_)lg)drx exp(—mv/—1e1(X))Ch(F), (8.5)
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where d := dimc X, and d is the residue class d(mod2). The matriz is
computed wrt the exceptional basis €] and the pre-fized basis (T,)"_;.

Remark 8.11. If point (3.b) holds true, then automatically also point (3.a) holds
true. This follows from the identity (4.18) and Hirzebruch-Riemann-Roch Theorem,
see [CDG18, Corollary 5.8].

Remark 8.12. In [Bay04], A. Bayer suggested to drop any reference to X being Fano
in the formulation of Dubrovin Conjecture. He proved indeed that the semisimplicity
of the quantum cohomology preserves under blow-ups at any number of points. It
follows that point (1) of Conjecture 8.10 (the qualitative part) still holds true after
blowing up X at an arbitrary number of points, which may yield a non-Fano variety.
To the best of our knowledge, however, there is no non-Fano example for which both
the Stokes and central connection matrices have been explicitly computed. In Sections
10 and 11 we will provide the first example, in the case of Hirzebruch surfaces.

Remark 8.13. Assume the validity of points (3.a) and (3.b) of Conjecture 8.10. The
action of the braid group B, on the Stokes and central connection matrices (Lemma
4.20) is compatible with the action of B,, on the marked foundations attached at each
(-chambers. Different choices of the branch of the W-matrix correspond to shifts of
objects of the marked foundation. The matrix M, "' is identified with the canonical
operator k: Ko(X)c — Ko(X)c, [F] — (=1)4[F ® wx]. Equations (4.20) imply that
the connection matrices C™ with m € Z, correspond to the matrices of the morphism
Iy wrt the foundations (€, ® w§™)[md]. The statement S™ = S coincides with the
periodicity described in Lemma 8.6, see [CDG18, Theorem 5.9].

Remark 8.14. Conjecture 8.10 relates two different aspects of the geometry of X,
namely its symptectic structure (Gromov-Witten theory) and its complex structure
(the derived category D’(X)). Heuristically, Conjecture 8.10 follows from Homological
Mirror Symmetry Conjecture of M. Kontsevich, see [CDG18, Section 5.5].

Remark 8.15. In the paper [KKP08] it was underlined the role of I'-classes for re-
fining the original version of Dubrovin’s conjecture [Dub98]. Subsequently, in [Dub13]
and [GGI16, I'-conjecture II| two equivalent versions of point (3.b) above were given.
However, in both these versions, different choices of solutions in Levelt form of the

gDE at z = 0 are chosen wrt the natural ones in the theory of Frobenius manifolds,
see [CDG18, Section 5.6].

Remark 8.16. Point (3.b) of Conjecture 8.10 allows to identify K-classes with solu-
tions of the joint system of equations (2.12), (2.13). Under this identification, Stokes
fundamental solutions correspond to exceptional bases of K-theory. In the approach
of [TV19, CV20], where the equivariant case is addressed, such an identification is
more fundamental and a priori: it is defined via explicit integral representations of
solutions of the joint system of ¢DFE and qK Z equations.
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9. QUANTUM COHOMOLOGY OF HIRZEBRUCH SURFACES

9.1. Preliminaries on Hirzebruch surfaces. Hirzebruch surfaces Fy, with k£ € Z,
are defined as the total space of P!-projective bundles on P!, namely

Fk :P(O@O(—k))7 ke Z,

where O(n) are line bundles on P!. More explicitly, they can be defined as hypersur-
faces in P? x P! by

Fk = {([ao:al Zag],[bl 362]) G]PQ X]Pli alb’f:agbg}, k e N. (91)
Hirzebruch surfaces have the following properties:

the surfaces (For)ren are all diffeomorphic;

the surfaces (Fogi1)ren are all diffeomorphic;

the surfaces F,, and [F,, with n # m are not biholomorphic;

the only Fano Hirzebruch surfaces are Fp = P! x P! and F; = Bl,,P%

the surfaces F,, and F,, are deformation equivalent if and only if n and m have
the same parity.

See [Hir51, Bea96].
Remark 9.1. Let 0 < m < %n Consider the family F defined by the equation
F = {([ao say: agl, by : bo),t) € P2 X P x C: a1} — aghly + taghy ™by = O} .

The central fiber over ¢t = 0 is F,,. Any non-central fiber over ¢ # 0 is isomorphic to
From. See [Kod05, Example 2.16]. See also [Suw73] and [Nam79, Example 0.1.10].

Remark 9.2. The only possible complex structures on S? x S? are the even Hirzebruch
surfaces Fo, with £ € N, and the only possible complex structures on the connected

sum P2#P? are the odd Hirzebruch surfaces Fo, 1, with k& € N, see [Qin93].

9.2. Classical cohomology of Hirzebruch surfaces. Using the explicit polynomial
description (9.1) of the Hirzebruch surfaces, let us define the following subvarieties of
Fki

YF = {a; = ay = 0},
¥F = {ay = b, =0},
Y i={a; =by =0},
k= {ag = 0}.

Each of these subvarieties naturally define a cycle in Hy(Fy,Z). Notice that, under
the identification
Fr. = O(—k) U oo section,

we can

(1) identify ¥ with the 0-section of O(—k),
(2) identify ¥% with the oo-section,
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(3) identify both ¥§ and X% with (the compactification of) two fibers of O(—k).

Using the original notations of Hirzebruch, we denote by

o 7, € Hy(F}, C) the homology class defined by %,
e ¢}, € Hy(FFy, C) the homology class defined by %,
e v, € Hy(Fy, C) the homology class defined by both Y% and ¥%.

As it is easily seen, the three classes 7, e, 1, are not Z-linearly independent. They
are indeed related by the equation

Ep = Tk + ka~ (92)

Finally, let us also introduce a homogenecous basis (T x, Tk, Tk, T3 1) of the classical
cohomology H*(Fy,Z), where

TO,k = 1, Tl,k = PD(ék), T27k = PD(Vk), T3,k = PD(pt),

where PD(«) denotes the Poincaré dual class of a € Hq(Fy,Z). We denote the corre-
sponding dual coordinates by (1% tbk 2+ ¢3k)

By Leray-Hirsch Theorem, the classical cohomology algebra is generated by the
classes (T, Tox). More precisely we have the following result.

Theorem 9.3. In the classical cohomology ring H*(Fy,Z), the following identities
hold true:

(1) T12,k‘ — k: . T37k7

(3) ThpTop = Tsp.

Hence, the following presentation of algebras holds:

ClT e, To g

H*(F,,C) = .
(F, ©) (T2, T2 — k- T To )
The Poincaré metric in the basis (T} )7, is given by
00 01
0 k10
1 0 00

Proposition 9.4 ([KN90]). Let k € N. The collection (O, O(X5), O(Zh), O(Z5 +3%))
is a full exceptional collection in D°(Fy). The corresponding Gram matriz of the x-
PAITING 18

1 2 24k 4+Ek
01 k 2+k
00 1 2
00 O 1
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Proof. The Gram matrix can be easily computed by Hirzebruch-Riemann-Roch The-
orem. O

9.3. Quantum cohomology of Hirzebruch surfaces. There exist only two classes
of deformation equivalence of Hirzebruch surfaces, namely (Fox)reny and (Fopi1)gen-
Hence, by the Deformation Axiom of Gromov-Witten invariants [CK99], the quantum
cohomology algebra of For (resp. Foryq) can be identified with the one of Fy (resp.
[Fy), as explained in Remark 4.18. Notice that, the quantum cohomology algebras of
Fy and F; coincide with the corresponding Batyrev rings [Bat93]. This does not hold
true for other Hirzebruch surfaces Fy with k& # 0,1, being not Fano [Spi02]. See also
[Aud97] for a presentation of the quantum cohomology algebra of F;.

9.3.1. Case of Fy;,. The diffeomorphism gy : For. — Fy induces isomorphisms in ho-
mology and cohomology. We have (@or)«(Tor) = 70 and (par)«(v2r) = 1, so that from
equations (9.2) and (9.3) we deduce

o (T0,0) = To 2k, (9.4)
0o (Th0) = Th 2k — kT3 2k, (9.5)
o (12,0) = Ta2k, (9.6)
03 (T30) = T2 (9.7)

Thus, we can identify the quantum cohomologies QH®*(Fy) and QH*®(Fa) via the
change of coordinates

t0,2k — t0,0 t1,2k — tl,O t2,2k‘ — t2,0 _ ktl,o t3,2k — t3,0 (98)
Theorem 9.5. For any k > 0, the following isomorphism of algebras holds true:

C[Tl 2%k s T2 2k, 41, q2]
H*(Fy,) = - ’
QH* (Far) <T2022k — qi g, (Trok = k- To2k)* — q)

where q1 = exp(t"?*) and g, = exp(t*>**).

Proof. 1t follows from the presentation of the quantum cohomology algebra of QQ H*(F)

~ QH*(P') @ QH*(P'), and formulae (9.4)-(9.7), (9.8). O
Lemma 9.6. For all k > 0 we have that
T o 0 T ok = T30, + kq,f@z- (9.9)

Proof. By homogeneity Let Ao ok, 1.2k, A2.2k, A3 2k be the dual basis of He(Fa, C) of
the basis (T;2x);_,- By the Deformation Axiom of Gromov-Witten invariants, for any
r,s € N, we have

Fop _ Fo
(T2, To2ns Ta2k) 0% irny atsnaon = (110 + K120, 12,0, T3,0)0% 100 045001 0—k20.0)
— Fo Fo
= (110, 120, 15,0) 03 (r—sk)ro.0+5:0 T K L1205 12,0, T3,0)03 (r—sk)ro.0521.0

1 1 1 1
= <U’ 17 0>](I)D,3,(T—sk)H<17 g, 0>](I)D,3,(T—sk)H + k<17 1’ O—>]§,3,(r—sk)H<O—7 g, 0>](I)D,3,(r—sk)H

=k- 51,2(r7k5)+163,25+1-
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Here we used the set H € Hy(P!,Z) to be the hyperplane class, and o € H*(P?,Z) to
be its dual. This gives the quantum correction in (9.9). O]

9.3.2. Case of For11. The diffeomorphism @op11: Foryr1 — F; induces an isomorphism
341 in cohomology given by

Pae1(To,1) = Tozn+1, (9.10)
Por1(T11) = Thorr — KT 0841, (9.11)
Pons1(T2,1) = To k41, (9.12)
Papr1(T31) = Ta o1 (9.13)

We can identify the quantum cohomologies QH*(Fy) and QH*(IFy;) via the change
of coordinates

Theorem 9.7. For any k > 0, the following isomorphism of algebras holds true:
ClT1 2x11, To 241, 01, 32

QH*(Fopy1) = - , 9.15
(Foi) T55e — (Tiger1 — (k4 D) Tooei1) a5 go, > (5-15)
(Thok+1 — kT2 241) © (Th 2641 — (B + 1)To0k11) — 1
where ¢, := exp(tY?**1) and ¢y := exp(t>?*F+1).
Proof. The following presentation for Q H*(IFy) holds true:
ClTi1, T2, q1, 2]
H*(F,) = R . 9.16
< ( 1) <T2021 - (Tl,l - TZ,l)QQa Tf,21 —Tip0T5; — Q1> ( )
The result follows by formulae (9.10)-(9.13) and (9.14). O]

10. DUBROVIN CONJECTURE FOR HIRZEBRUCH SURFACES [y

10.1. Ax-stratum and Maxwell stratum of QH*(Fy;). Fix a point p = t127T o, +
t22FT; o, of the small quantum cohomology of For. The matrix form of the tensor U
is given by

0 2q1 +2k¢bqs 2¢%qs 2
Up) =9 g 0 0 2q — 2kqhg
0 2+ 2 9 0

The canonical coordinates are given by

1 k
ui(p) = —2 <q12 —4qiq

DN pof=

). wa) =2

1 E 1 1 E 1
usp) = =2 (af +aias ), wilp) =2 (af +aias).
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The U-matrix at the point p is given by

1 E_1
1 k_1 .2\7272
iqlﬁ(_f_?) qu( ’ 2)(\/47*kqf/2qu> 1, ST 1 5
2 g2 1(-% 1)2%/?2 241 V42 3% 2
1 kE_1 . 2\7272
WOEY WY (adtm) | e —
Up)=| e 2@ M VI U V2
= 1 k_1
1(_k_1 2\7272
q1§<—§‘§) qf( ’ 2)(k¢q3qf/2+ﬁ) P P
2@ - 2@ T2 V2 3h Ve
1 E_1
1 k_1 2\7272
3(-5-%) q12< ’ 2)(k¢q?QT/2+@> L e
A lq 4 q lq * v/
2@ 2@ 2 Vi 2R Vi

Proposition 10.1. The small quantum cohomology of Ty, is contained in the I3-
stratum of QH®(For). Moreover, the point p is in the Ax-stratum of QH®(Fq) if and

only if 1 = qfqa.

Proof. The function det A(z, p) is given by
1
256 (1 — 20f)
By Theorem 2.20, we deduce that A;(p), As(p) = 0. O]

det A(z,p) = —

Corollary 10.2. Along the small quantum locus of QH®*(Fyy) the Ap-stratum coin-
cides with the Mazwell stratum Mp,, .

Proof. If q1 = q¥qo, then we have coalescences of canonical coordinates uy, us, us, uy.
Any point of the small quantum locus, however, is semisimple. O

10.2. Small ¢DE of Fy,. In the coordinates (t%2*)2_,, the grading tensor p has

a=0»

matrix g = diag(—1,0,0,1). The isomonodromic system (2.15) is
0 1
;zl =(2-2k)& + 28 + ;51,
0
52 (9k 4 206+ & (et +201)
M oe
B 2814142 + 24,
¢ 1
37; = 2641 @2 + &3 (2(]1 - qulffh) - 254'

In the complement of the A,-stratum, can be reduced to the single equation in &7, the
master differential equation

48451 2[.2 k d 4 k 2
Ao =2 [P Bde +80) — 1] S 320 — (<162 (00— afe2) P - 3) & = 0.

0z4
(10.1)
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Given a solution & (z,t) of equation (10.1), we can reconstruct a solution of the system
H;Y through the fomulae

(—4(k + D222t + 40k + 1)qu2* + k — 1)
&=~ - &
162° (fh - CI2Q1)
(4(3k — Dg2?¢f + 4k —3)qu2® — k + 1) 0&,
1622 (fh — C]QQf) 9z
(k—1) 93&
16 (1 — o) 02
(—4q222q’f +4q,2% + 1)
= &
162 (fh - Q2CI1)
(12q2z2q’f +4q,2% — 1) o0&,
1622 (Ch - Q2qlf) 0z
1 3
+ n il,
16 (‘h - Q2Q1) 0z
(4q222q{“ +4q2% — 1) 1 0& 18251

== 32 '8 9: T892

Looking for solution of the form
&(z,t) =2 D(2,1),
the equation (10.1) can be rewritten as the (small) quantum differential equation
0
2 (90 = 20°0) — 82 (¢ + gfqn) [P + 0D + 162" (1 — q’fq2)2 d=0, i=z—.

10.3. Proof for QH*(Fy). Let us specialize the system Hy" at the point 0 € QH*®(Fq),
for which ¢, = ¢ = 1:

88521 = (2 = 2k)&3 + 26 + iél?

Oj;; = (2k +2)6+ & (2k +2),
He:

% = 251 + 2547

0z

9 1

af; =26 +6(2-2k) — &

The point p = 0 is in the Aj-stratum of QH*(FFy;), and so in the Maxwell stratum.
Hence, the study of monodromy data of the system of differential equations ), fits in
the analysis developed in [CDG19, CDG20]. In particular, the isomonodromy property
is justified by [CDG20, Theorem 4.5]. As explained in Remark 4.18, we can reduce
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the computation of the monodromy data of the system #), to the single case of Hj,.
The system Hj, can in turn be integrated using solutions of the isomonodromic system
of QH*(P') [Dub99, Lemma 4.10].

Proposition 10.3. Let (apgi),gpg)) with i = 1,2 be two solutions of the system (2.15)
for the quantum cohomology of P!, specialized at 0 € H*(P*,C), i.e.

8@1 1
9 =
0z P2t 9, 1
8g02 1

=201 — .
0z LT 5,72
Then the tensor product

1 2
0 2) 90%1; ' 9052;
(%)) ® (ﬂz)) ="t
P2 P2 P21
03 - o
is a solution of the system Hy. O

Remark 10.4. In order to explicitly compute the monodromy data of H., one could
still develop the study of solutions of the small quantum differential equation, and then
reconstruct the Stokes solutions of H), doing a similar argument to the one developed
in [CDG20, Section 6] for the quantum cohomology of G(2,4).

Theorem 10.5. The central connection matriz of QH®(Far), computed at the point
0 € QH*(Fy), w.r.t. an oriented admissible line { of slope ¢ €]7, 37”[ and for a suitable
choice of the determination of the V-matriz, is equal to

1 1 1 1
2w 2 2 2
it ota 1
Ck = _(k—l)7(r'y—i7r) ivrk:—;ryk-i-v —i 4+ 'y—w’yk w—w'yk )
2(y—im)? 2y (y—im) 2y (y—im) 27
and the corresponding Stokes matriz is equal to
1 -2 -2 4
0o 1 0 =2
5= o 0 1 =2
0o 0 0 1

The matriz C}, is the matriz associated with the morphism

— . 1~ —Tic
N, : Ko(Fap)c = H*(Fa, C): [F] = %FF% U el y Ch(F),
w.r.t. an exceptional basis € := (E;)!_, of Ko(Far)c and the basis (T;a1.)3_o of H*(Fa, C).
The exceptional basis & is the one obtained by acting on the exceptional basis

(oL (03], (o), (05 + 534)])
with the element (J;/',by,) € (Z)27)* x By, where
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(171’(_1);@7-&-17(_1);0)’ ka=2p+1,
Ty = b - = pY.
(17 L, (_1)}7, (_1);0)’ /Lf k = 2p,

Proof. Step 1: Let us show that for suitable choices of oriented line ¢ and ¥-matrix,
the central connection matrix computed at 0 € QH*(Fy) is

1 1 1 1
2m ~ 2m ~ 2,;1' 2771'
coo—| TUtr T'fx = T (10.2)
0= o o4 ~ . o4 o4 .
¢ + 75 s t + ™ s
2(y—im)?  2y(y—im)  2y(y—im) 292
™ s ™ s

According to [CDG18, Corollary 6.11], the central connection matrix C' of QH*(P')
computed at the point 0, w.r.t. an oriented line ¢ of slope ¢ €]%, %[ and w.r.t. the
following choice of W-matrix

(34)

C::\/;_w<2(vim) 217)

This is the matrix associated with the morphism

Sk
l-51

equals

~

I Ko(P)e — H(P',C): [F] - (22)1111;1 U e—ma®) | Ch(.F),
)2
w.r.t. the bases
e ([0],[0(1)]) of Ko(P)¢ (the Beilinson basis),
e (1,0) of H*(P',C).

By taking the Kronecker tensor square C®2, we obtain the central connection matrix of
QH* (P! xP') computed at the point 0, w.r.t. the same line ¢ (which is still admissible)
and w.r.t. the choice of the U-matrix given by the Kronecker tensor square WU§?:

_1 _1 _1 _1

27 27 27 27

_y—wm _x _ = _

C®2 _ . . T T
- _ )y _ )y _ _

T T T T

_20y=im)? _ 2y(y—im)  _ 2y(y—im) 292

™ ™ T T

By changing all the signs of the rows of W§?, ie. acting with (—1,—1,—1,—1) €
(Z/27)* on C®?, we obtain the matrix C” associated with the morphism

~

1 .
T U e~ PP | Ch(.%),

T+ Ko(P' x Ph)e — H* (P! x P, C): [F] > -

written w.r.t. the bases
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o ([0],[0(1,0)],[0(0, 1)}, [O(1,1)]) of Ko(P' x P')c,
o (l,o®1,1®0,0®0)of H*(P! x P}, C) = H*(P!, C)%2

See [CDG18, Proposition 5.11]. In the notations introduced before for Hirzebruch
surfaces, this exceptional collection is

(0,0(), 0(5),0(5 + %)) .

It is a 3-block exceptional collection, coherently with the fact that 0 € QH*([Fy) is
a semisimple coalescing point, see [CDG20, Section 6] and [CDG18, Remark 5.4]. In
particular, the braids (3 and 35 3 act as a mere permutation of the central objects,
and of the two central columns of the matrix C’. Such a permuted matrix is exactly the
matrix Cy in (10.2), and it corresponds to the matrix associated with the morphism
I, w.r.t. the collection

(0,0(2), 0(9),0(5 + %)) .

So, for suitable choices of ¢ and W, the central connection matrix computed at 0 €
QH*(Fy) is

1 1 1 1

‘27r ~ .27r - 2’;r 2’?

G-| TTE TR AL 3
J— -4 £ —_ L . )

it 30—k

2(y=im)?  2y(y—im)  2y(y—im) 297

s s s s

which coincide with the matrix associated with the collection
(0,0(29),0(9),0(5 + %)) .

Step 2: The central connection matrix computed at 0 € QH*®*(Fy), w.r.t. the same
choices of ¢ and ¥V, equals

L 1 1 1
,271- .277 27 2m
TR
Ck = (kil)('yfiﬂ') irk—yk+y . ~—vk y—~k
_ i
v T o T
2(’7_”1—)2 2’7(7—171') 27("/—17‘() ﬁ
T T p po

The corresponding Stokes matrix is independent of k, and it is equal to

1 -2 -2 4

01 0 -2
S=1o o 5| (10.3)

1
0 0 0 1
Step 3: Let us define the matrix J;, € (Z/27Z)* as follows:
(1’17(_1)p+1’(_1>p)’ 1fk:2p+17
Jk =
(L1, (=17, (=1)"), if k= 2p.
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We claim that by acting on CyJ;, with the braid S5 ¥ we obtain the matrix associated
with g, and w.r.t. the exceptional collection

(0,0(53).0(3), 0(53F + £34)) .

namely the matrix

1 1 1 1
27 2m 2 2
o I R
Ep:=|  =0)(Tim) imk—kiy  (k=D)(y—im) imk—yk+y
T ™ T T
2(y—im)? 27y (y—im) 2vy(im(k—=1)+7)  2v(irk+7)
T T T T

Notice that the claim is equivalent to the following statement: the matrix A%(Jy,-S-Jy),
with 3 = 83" and S as in (10.3), is equal to

10 0 0
_ 01 0 0
E1CLJ, = 00 K+l K - T (10.4)

00 -k 1-k

Given a generic 4 x 4 unipotent upper triangular matrix X, the action of subsequent
powers of the braid fs, or of its inverse 33 ', simply changes the sign of the entry in
position (3,4): more precisely,we have that

[(XPlsa = (-1)"[X]34, if 8= 57"

For example, by acting twice with the braid S3 we have

1 a b c 1 a ¢ b—cf 1 a b—cf c+ f(b—cf)
01 d e = 01 e d—ef . 0 1 d—ef e+ f(d—ef)
001 f 001 —f 0 0 1 f
0001 0 00 1 0 0 0 1
In particular, the matrix A%(X), with 8 = 5", is equal to
. 10 0 0
o o o)

00 (—1)z 1 |°
0 0 1 0

In the case X = J, - S - Ji, we have

J=1

r = (—1)F12,
So, in conclusion, we have to prove that the following identity holds for all k£ > 0:
10 0 0 10 0 0
1ot 0 0 01 0 0
11 0 0 k1 = - -
et (—1) 2 1 00 k+1 k&
00 1 0 00 —k 11—k
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We prove the claim by induction on k. The base case k = 0 is evidently true. Let us
assume that the statement holds true for £ —1, and let us prove it for k. We have that

10 0 0 10 0 0
15101 0 0_1:[01 01 0 0
sl oo (=1)i+k+i2 1 [ Sloo 1J+k+121 00 —2 1
00 1 0 0 0 1 00 1 0
/10 0 10 0 0

o1 o0 0 ; 01 0 0

oo kK k-1 | {00 21|

00 1-k 2—k 00 1 0

and in both cases k even/odd, the last term is easily seen to be equal to (10.4).

11. DUBROVIN CONJECTURE FOR HIRZEBRUCH SURFACES Foy 4

11.1. Ajx-stratum and Maxwell stratum of QH*(Fy,). Fix a point
p= tl’%HTl,zkH + Z52’2k+1T2,2k:+1

of the small quantum cohomology of Fo;, 1. The matrix associated to the U-tensor at
pis

0 2¢1 0 3¢¥ g
Ulp) - 2 T a1 0
1=2k k(—kgaf — die) —kedt —dfe  2a
0 2k + 3 2 0
The canonical coordinates are the roots ui(p), ua(p), us(p), us(p) of the polynomial
j(u) = u' + g — 8qru® — 36ugi™t gy — 27g3¢7 + 1647, (11.1)

Hence the bifurcation set Bp,, ., along the small quantum cohomology, is defined by
the zero locus of the discriminant of j(u), i.e.

3
BF2k+1 = {p Q%M—Q ; (27Q§QEI€ + 256(]1) = O} . (112)

Since any point of the small quantum cohomology of Fo; 1 is semisimple, the set above
actually coincides with the Maxwell stratum Mp,, . The determinant of the A-matrix
is given by

z
det A(z,p) = — . 11.3
=) (27¢3%¢3 + 256¢1)z — 2424} (11.3)
Hence, the Aj-stratum is given by
An = {p: 2773 + 256q, = 0} (11.4)

Also in this case, the Maxwell stratum and the Aj-stratum coincide along the small
quantum cohomology of Foy ;.
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11.2. Small ¢DFE of F;. At the point p, the grading operator p has matrix p =
diag(—1,0,0,1). Hence the isomonodromic system of differential equations (2.15) for
QH*(Fax41) is given by

S é
5, = (1 =2k)& + 26 +
qg0d. P (2k + 3)&4 + k&2goqy + k&3 (— G2qy — Q2q1> + 28141,
873 = 6024t + & (—kaaat — at) + 26,
0
;4 = 3§1Q2qlf+1 + 2&3q1 — é.
< z

As explained in Remark 4.18, the computation of the monodromy data of Hg¢ can be
reduced to the single case HS".

The point 0 € QH*(F,) is not in the Aj-stratum, as it follows from equation (11.4).
At the point 0 € QH*(F,), indeed, the system H5¢ can be reduced to the small
quantum differential equation

(2832 — 24)0'® + (28327 — 5902 + 24) V3P + (226427 + 1922 + 3) ¥°@  (11.5)
42 (2547,22 + 3502 — 104) 9D + 22 (—311323 — 992422 + 14762 + 192) P =0.

Given a solution ®(z) of (11.5), the corresponding solution of the system Hg® can be
reconstructed by the formulae

&(z) =z P(2), (11.6)

&(2) = m (16923§;(z) + 236 (2) + 20423, (2) — 823, (2) — 92%€)(2)
—1052°€1(2) — 82€](2) + 9261 (2) + 861(2)) , (11.7)

E(z) = z2(2831z—24) (=557 (=) — 2%€1(2) — 4082361 (2) + 1627, ) (=) — 6:2€] ()
—T732%61(2) + 1628 (2) + 6261 (2) — 1661(2)) , (11.8)

€4(2) = 22(28312_24) (—28z3§;(z) +3523¢7(2) — 2182%¢1 (2) + 32°¢,¥(2) — 352%¢](2)
—32°¢](2) + 162761 (2) + 6281 (2) + 35261 (2) — 6€1(2) ) - (11.9)

These formulae are obtained by the identity

&
o

1
3)
1

€= A"

)
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where the A-matrix at 0 € QH*(F;) is
1 20423 1052249248  —40823—7322462—16 —218234+1622+352—6

22(283z—24) 22(2832—24) 22(283z—24)
0 16922-92—8 —5522—62+16 —2822 35246
= 2(283z—24 2(283z—24 z(2832z—24
A(z,0) . (283:-24) +(253:20) (283:-24)
283z—24 283z—24 283z—24
0 __ 8z 162 3z
2832z—24 283z—24 283z—24

Remark 11.1. The quantum differential equation (11.5) has one apparent singularity

at z = %. This coincides with the zero of the denominator of the determinant of the

A-matrix:

z

The W-matrix at the point 0 € QH*(F;) is given by
1 1 1 1

aie; aidy afop ajivg
1 1 1

onieg 042%52 a%ag 042?)2 | (11.10)
ajes aids 303 Qivus
oéal a4%54 a%ml a%m
where the numbers «;, €;, 9;, v; satisfy the algebraic equations
af +ad —6a? —283 =0,

283¢f 4+ 62 —g; — 1 = 0,

28307 — 267 —96; — 1 = 0,

2830} — 3207 —0;+1 =0,

283v; — 28307 + 10507 — 17v; + 1 = 0.

Their numerical approximations are

a; ~ 4.21193, 1 ~ 0.237421,

s & —0.204399 — 3.734574, o~ —0.0146116 + 0.266969i,
s ~ —0.204399 + 3.734574, 3~ —0.0146116 — 0.266969i,
ay ~ —4.80313, s ~ —0.208197,

&, ~ 0.353808, o1 = 0.194489,

8y 2 —0.122264 — 0.276482i, oy~ —0.240929 — 0.07194764,
83 ~ —0.122264 + 0.276482i, o3 ~ —0.240929 + 0.07194764,
84 ~ —0.10928, o4 ~ 0.28737,

vy ~ 0.28083,
vy ~ 0.279666 — 0.0511337i,
vs ~ 0.279666 + 0.0511337,
vy A 0.150837.
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The reader can check that ¥7W = 7, and that

VUV = diag(xy, 2o, T3, T4), (11.11)
where the canonical coordinates z;’s are the roots of the polynomial
x4 2% — 822 — 362 — 11 = 0. (11.12)
Their numerical approximations are
1 ~ 3.7996, (11.13)
T ~ —2.23455 + 1.94071z, (11.14)
T3 ~ —2.23455 — 1.940714, (11.15)
x4 = —0.3305. (11.16)

11.3. Coordinates on S(P') ® S(P?). Consider the spaces S(P'), S(P?) of solutions
of the ¢DE’s of P! and P? specialized at the origins of H?(P' C) and H?(P? C),
respectively: these equations are

9?0 =420, (11.17)
PO =272, (11.18)
Solutions ®;(z) of equation (11.17) have the following expansion at z = 0:
00 ZZm
@1(2) = nIZZO(Am’l -+ Am,O log Z)W, (1119)

where Ay, Ao, are arbitrary complex numbers, and the other coefficients are uniquely
determined by the difference equations

Am—10 = Anmyo, (11.20)
Am,O

Am—l,l = —|—Am’1. (1121)

in particular, notice that from the equation (11.21) we deduce that
Am’1 = A(),l - AO’()Hm, m 2 0, (1122)

m 1 denotes the m-th harmonic number.

where H,, := 3", ;

Analogously, solutions ®5(z) of equation (11.18) have the following expansion at
z=0:

00 3n
By(2) = 3 (Bua + Builog z + Byglog 2) (z T (11.23)
n—0 n:

where By, Bo.1, Bo2 are arbitrary complex numbers, and the other coefficients are
uniquely determined by the difference equations

By—1,0 = By, (11.24)
2
anl,l = *Bn,O + Bn,la (1125>
n
Burs = —=Buo+~Bui + B (11.26)
n—1,2 — 3712 n,0 n n,1 n,2-. .
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From the difference equation (11.25) we deduce that
By = Box — 2BooH,. (11.27)

The products Ay ; By ;, with ¢ = 0,1 and j = 0,1, 2, define a natural system of coordi-
nates on the tensor product S(P') @c S(P?).

11.4. Solutions of the ¢DFE of F; as Laplace (1,2; ;, %) multitransforms. Ac-

cording to Theorem 7.4, the space of solutions of the quantum differential equation
(11.5) can be reconstructed from the spaces of solutions of the ¢DE’s (11.17) and
(11.18). From the polynomial equation (9.1), indeed, it follows that Theorem 7.4
applies with the specialization of the parameters h = 2, £ = (2,3), d = (1, 1).

Hence, we expect to reconstruct the solutions gf the differential equation (11.5) via
a C-bilinear operator 2: S(P') ® S(P?) — O(C*) involving the Laplace (1,2; 3, 3)-
multitransform:
9[@1, @2](2) =€ —czg [(I)l, (I)Q] = 6_62/ (I)l (Z%)\%) (I)Q (Z%)\%) 6_)\61)\7
0
for a suitable number ¢ € Q to be determined.

Lemma 11.2. We have ¢ = 1.

Proof. Along the locus of small quantum cohomology, the J-function of P*~! is

5 1
Jpn-1(0) = en Y Qe T
P = )

where H € H*(P"~!,C) denotes the hyperplane class. Hence, the I-function Ipiyp2
equals

. 8 =tH,

92

S
IIP’1><IP’2,IF1 (61 X 1 + 1 (29 52) = GT} RKen-

tldy €t2d2 di+d2
> oQf I[ (Hi®1+1® H, + jh)

.dl,d2>o ? (Hdl (H, + kh))2 ? (Hdz (Hy + k:h))3 j=1

1,
:1+ﬁ( et +61®1+1®52)+O(h2>

e

where we set

o H, € H*(P!,C) and H, € H?*(P? C) are the hyperplane classes,
e 0, = t'H, and 6, = t?H, with ¢!, € C,
e Q, = Q%, 3; being the dual homology class of H;, for i = 1,2.

In the notations of Proposition 5.10, we have H(6; ® 1 +1®d,) = Q{*e'". The number
¢ equals

c=H(0)|go1 = 1. O

For brevity, in all the remaining part of this section, we will simply write £ to

denote the Laplace (1,2; 1, )-multitransform.
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11.4.1. The subspace H. The space S(P') ® S(P?) has dimension 6. We are going to
identify a subspace H of dimension 4 which is isomorphically mapped to the space
S(IFy) via the operator 2.

Theorem 11.3. Let ®1(z) and Py(z) be two solutions of the quantum differential
equations of P and P? respectively, namely

P20, (2) = 42°®(2), PPDy(2) = 272Dy (2).

The function
D(2) := e *L[Pq, Dy; 2]

is a solution of the quantum differential equation of Fy if the following vanishing con-
ditions are satisfied:

D[ D1, Q05 2] =0, D[Py, Py; 2] =0,
where
D@1, y; 2] : =222 L[, Py; 2] — wacpl, P2 Dy; 2] + 32’3[@1,792(1)2; 2],
D@1, By; 2] =22 LD, Py 2] — 232,,%[(1)1,19(1)2; z]

- Sg[q)l, 192(132; Z] + 23[19(1)1, 19(132, Z]

Proof. Let us look for solutions of the equation (11.5) in the form
(I)(Z) = €_Zz172;%7%)[¢1, (I)Q, Z],

where ®; and ®, are solutions of the quantum differential equation for P! and P?
respectively, that is

2O, = 4270, (11.28)
P30y = 27230, (11.29)

Given arbitrary functions f and g, we have
L1 (5).g(s):2) =2 { L1, 9(5); 2] + 5 210,1(5), (5): 2
521 (6),Dug(s)i2) ~ Z(£.9) |

with

Wl
~—
Q
~—~

N
|
g
ol
N~—
>
>
Il
8

I(f.g) == X~ f(z7A (11.30)
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Applying the previous identity to ®; and ®,, and using equations (11.28),(11.29), we
deduce the following identities:

L[0°B,, By 2] — 42 {g[@l, By; 2] + ;.,5,”[19@1, By: 2] + ;z[@l, 9y z]} LR
L[P®), Py; 2] = 8(2 + 2°)L[P1, Py; 2] + (82 + 427) L[y, Py; 2]
+ i (z + z2) L[, 9P9; 2] + éz,%[ﬁd)l,ﬁcbg; z] + Ra,
LDy, §y; 2] = 16(2 + 42* + 2°).L[ D1, §o; 2] + 8(32 + 527 + 2°) L [Py, §y; 2]
+ 136(2 + 527 4+ 2°).L[®1,9Py; 2] + 136(2 + 22).ZL[D1, 9Dy; 2]
+ 19622,2”[@1, V?®y; 2] + R,
LB, 9PDy; 2] = 2727 {$[<1>1, Dy; 2] + ;qun, Dy; 2] + ;,s,ﬂ[cbl, IDy; z]} + Ry,
L[P1,9*Py; 2] = Zz2{18$[<1>1, Dy; 2] + 12.L[® 1, IPy; 2] + 2.L[D1, 02 Dy; 2]

+ 93[19@1, (I)g, Z] + 33[19(1)1, 19(1)2, Z]} + Rg),

L1, 9 0y; 2] = 542° L[D1, ©y; 2] + 27(2° + 2°) L[9D1, By; 2] + 182° L [P, 9Dy; 2]
+ 922.,%[19@1, 19(1)27 Z] -+ Rﬁ,

L[9PD1, 92 By; 2] = 362°. L[, §o; 2] + 182° L[9D ), By; 2] + 1225 L[y, 9 Dy; 2]

+ 42 L@, 92 ®y; 2] + 22 L[0P, 92 Py; 2] + Ry,

LP,9Py; 2] = 8(2 + 22)L[®1,VPy; 2] + (82 + 42%).L[9D, I Dy; 2]

8 4

+ g (Z + 2’2) g[q)l, 192(1)2; Z] + 523[’(9(1)1, 192©2; Z] + Rg,

1 1
L[, 0Py 2] = 4z {3[@1, IPy; 2] + 53[19@1, VPy; 2] + géf[@l, 92Dy z]} + R,

where R; with j = 1,...,9 denote some negligible boundary terms due to the cumu-
lations of terms like (11.30). Using these identities, after some computations, we can
rewrite the quantum differential equation (11.5) as follows

(=72 + 16742 + 2832%) 2, [®1, Py] + (36 + 7242 + 48112%) Dy [Py, ®5] = 0. O

An explicit computation shows that 2;[®;, ®y; z] and Zy[P1, Po; 2] have the follow-
ing expansions

D[ @1, Py; 2] = O1(2) log® 2 + Og(2) log” z + O3(2) log z + O4(2), (11.31)
Do[®1, By; 2] = A(2) log® 2 + Ay(2) log? z + As(2) log z + Ay(2), (11.32)
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where the functions 6;(z ) and A;(z) are of the form

Z Z (m + ") (Ag.i) (m,n) + Ag) (m,n)z + AEJ) (m, n)z2> 22 (11.33)

mOnO

=y (m + n) (BY’(m, n) + B (m,n)z + BY (m,n)2?) 22+ (11.34)
m=0 O

fori =1,2,3,4. See Appendix B for the explicit expressions of the coefficients .A@, B(-i).

n=

Lemma 11.4. For all m,n > 1 and 1 = 1,2,3,4, the following identities hold true

(m +n)AY (m,n) + m* A (m = 1,n) + * AP (m,n — 1) =0, (11.35)
(m +n)BY (m,n) + m*BY (m — 1,n) + n®BY (m,n — 1) =0, (11.36)
A (m,0) + mAY (m — 1,0) =0, (11.37)

B(’ (m,0) + mBY (m — 1,0) = 0, (11.38)

A(0,n) +n2AY(0,n — 1) =0, (11.39)

BY (0,n) +n*B(0,n — 1) = 0. (11.40)

Proof. The reader can check the validity of these identities using the explicit expres-
sions in Appendix B, equations (11.20), (11.21), (11.24), (11.25), (11.26), and the
following identities (see e.g. [OLBC10]):

—1)"k!
PP (z+1) = 9pW(z) + (zi)ﬂ k=0,
1"/
¢(0>(n) = Hn—l -7, n 2 1a ¢(Z) = F((j)) |:|

Theorem 11.5. Let ®1(z) € S(P'), ®y(2) € S(P?) be as in equations (11.19) and
(11.23), respectively. Then the function ®(z) := e *ZL[P1, $o; 2] is a solution of the
qDE of Fy if

A070B070 = 0, 4A071B070 = 3A070B071. (1141)

Proof. Let us rearrange the double series (11.33) as follows:

©i(2) ={A§i)(0,0) + i i (W?—i_n)! 1' )zt
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where

(1) the black summands cancel by equation (11.35),
(2) the red summands cancel by equation (11.37),
(3) the blue summands cancels by equation (11.39).

The proof for A;(z) is identical. O

Definition 11.6. Let H be the 4-dimensional subspace of C S(P!) ® S(P?) defined
by the linear equations (11.41).

Corollary 11.7. The space H is isomorphic to the space of solutions S(Fy) via the
operator . 0

11.4.2. BCL8€S O? S(P ) Deﬁne
g\z): i . z S, .

where £; is a parabola (Re s)? = —c-Im s + ¢, for suitable ¢,¢ € R, so that it
encircles all the poles of the integrand at s € 2Z,. It is easy to see that the integral

(11.42) converges for all z € C* and that its value does not depend on the particular
choice of ¢, .

Proposition 11.8. The functions g(e”"z), g(z) define a basis of solutions of the ¢qDE
of PL. 0

Define the bases (g1(2), g2(2)) and (s1(2), 2(2)) of S(P') by
(2 ) <o (#009). (2)=am (5.

where
_iy  ilytim) -1 2
M1 = 2-47" 472- , M2 = . (]_144)
Lemma 11.9. For z — 0, the following asymptotic expansions hold true:
g1(2) = log z + O(2*log 2), (11.45)
92(2) =14+ O(2*log 2). (11.46)

Proof. The proof is a simple computations of residues: by modifying the paths of
integration £;, one obtains the asymptotic expansions of g as a sum of residues of the
integrand. 0

Lemma 11.10. We have

in the sector |arg z| < 3m.

Proof. The estimate follows from application of steepest descent method. O
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11.4.3. Bases of S(P?). Define

1 S 3 Tis
h ::—/ r() 5 sds, 11.47
G)= g I, T g) ev = ds (11.47)
where £, is a parabola (Re s)? = —c-Im s + ¢, for suitable ¢,¢ € R, so that it
encircles all the poles of the integrand at s € 3Z<. It is easy to see that the integral
(11.47) converges for all z € C* and that its value does not depend on the particular
choice of ¢, .
Proposition 11.11. The functions h(e_%z), h(z), h(e%z) define a basis of solutions
of the qDE of P2. OJ

Define the bases (hy(z), ha(2), h3(2)) and (p1(2), pa(2), p3(2)) of S(P?) by

hi(z) h(e_%z) p1(2) h(e_%z)
ha(z) | = Ny h(zz) : pa(z) | = Ny h(2_z) : (11.48)
ha(z) h(es z) p3(2) h(eF 2)
where
—18y2—72 182 —24iyn+7r%  18y2+12iyn+572
21672 21672 10872
-1 3 -3
M= | g g s L M= 00 10
0 0 -1
__1_ __1_ 1
1272 1272 672
(11.49)

Lemma 11.12. For z — 0, the following asymptotic expansions hold true:

hi(2) = log® z + O(2*log® 2), (11.50)
hy(2) = log z + O(2%log? 2), (11.51)
hs(2) = 14+ O(2%log? 2). (11.52)

Proof. The proof is a simple computations of residues: by modifying the paths of
integration Lo, one obtains the asymptotic expansions of h as a sum of residues of the
integrand. 0

Lemma 11.13. We have

5. 3 211
h ~ e 3™ — 3e73 —
(z) ~e . exp( e z) , 2 — 00,

in the sector —m < argz < gﬂ'.

Proof. The estimate follows from the steepest descent method. OJ
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11.5. Basis of solutions T of S(IF,).

Theorem 11.14. The tensors
1 1
391®h2+192®h1; g1 ®@hs, g2 ®hy, g2 ® hs. (11.53)

define a basis of the subspace H.

Proof. Each of the vectors (11.53) satisfy the constraints (11.41), by Lemmata 11.9
and 11.12. 0

Corollary 11.15. The functions

1 1
T =2 (59 ®h2—|—4gz®h> (11.54)
Ty =P (91 ® hs), (11.55)
T3:=2 (92 ® ha), (11.56)
Ty:= (g2 ® hs) (11.57)
define a basis of solutions of the gDE of Fy. O

Remark 11.16. Explicit double Mellin-Barnes integral representations of solutions
Tq,...,T4 can be obtained: for any j, k we have

P (g(e™z) @ h(e ¥ 2))

—z 2 3
- 6—/ r (S) r (t) r (1 5 t) ek 501-2) ;5 =% g1
(27TZ)2 £1><£2 2 3 2 3

The functions T;’s are linear combinations of the integrals above, in accordance with
Theorem 7.8.

11.6. Asymptotics of Laplace (1,2; %, %)—multitransforms. Consider the integral
I(z) = / B, (2ENF) Dy (23 N3 )e NN, (11.58)
0
where
®1(2) = 2P exp(zuy), @o(2) = 272 exp(zuy), (11.59)

with Dy, Dy, uy,us € C. The integral Z(z) is convergent for all z € C~.

Set z = re™™ with r > 0, and change variable of integration \ = «az:

“roo

Z(z) = 21+D1+D2/ ozDglJng,? exp{ ( o+ ula% + uza%)} do. (11.60)
0

Change variable o = 3%, by taking the principal determination of the sixth root:

ik

I(z) — G ltD1+D: /Oe m55+3D1+2D2 exp {z(—ﬂ6 +u153 —|—u262)}d6. (11.61)

Define
f(Biur,ug) == —B% +u 8% +ueB?,  for B €C, (11.62)
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and consider the z-dependent downward flow in the S-plane defined by
s _Of dp af
i _Zﬁ7 i —z%.
The equilibria points . are the critical points of f, that is
oy,
9 B=Bc

For a fixed z, we associate to each critical point 5. a curve L., a Lefschetz thimble,
defined as the set-theoretic union of the trajectories of the flow (11.63) starting at
B. for t — —oo. Morse and Picard-Lefschetz Theory guarantees that the cycles L.
are smooth one-dimensional submanifolds of C, piecewise smoothly dependent on the
parameter z, and they represent a basis for the inverse limit of relative homology
groups

(11.63)

I'&HHl(C,(CT,Z), Cr. ={B € C: Re(zf(Bu1,uz)) < =T}, T eR,.
T

Lemma 11.17. The Lefschetz thimble L. is the steepest descent path at [.: the func-
tion t — Im(zf(B;u1,us)) is constant on L., and the function t — Re(zf(5;u1,us))
is strictly decreasing along the flow.

Proof. We have

d (dB o dB O\ [zf—zf]
D)= (dt o "t ag) [ T
d dg 0 dB O\ [zf+=f ofl?
el S e e = —|z—=]| . OJ
gt RG] <dt o5 ag) [ 2 1 ik
We are interested in the following cases, by Lemmata 11.10 and 11.13:
w = £2, uy =3¢k, (= exp 237” k=0,1,2. (11.64)

For any possible pair (uj,us), define fy as the critical point of f(f;uy,us) with
maximal real part (the red one in Table 11.1).

Lemma 11.18. We have

NG

1 2m
I(Z) ~ 622+D1+D2ﬁ3_+2D1+3D2 <9ulﬁ++8uQ> exp Z(—ﬁ_?_ + Ulﬁi + u25i),

for |z| = oo in the sector |argz — arg f(B4)| < .

Proof. After choosing an orientation for each Lefschetz thimble, the path of integration
7. = e7'6 -R,, defining the function Z in equation (11.61), can be expressed as integer
combination, v, = >-7_; n;(2)L; with n; € Z, of the thimbles £, for any value of z not
on a Stokes ray R;;, defined by

Riji={2€C:2=r(f(Bi) — f(Bej)), TERL}, ij=1,....5
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Kz u; | Be \ f(Be) | f(B:) —1 |
2 3 —0.724492 0.6695 —0.3305
2 3 0. 0. —1.
2 3 1.22074 4.7996 3.7996
2 3 —0.248126 — 1.03398i | —1.23455 + 1.94071i | —2.23455 + 1.940713
2 3 —0.248126 + 1.03398i | —1.23455 — 1.94071i | —2.23455 — 1.94071i
2 | 3% 0. 0. —1.
2 3% | —0.771392 — 0.731875i | —1.23455 — 1.94071i | —2.23455 — 1.94071i
2 3e%" —0.610372 + 1.0572i 4.7996 3.7996
2 3e%" 0.362246 — 0.627428i 0.6695 —0.3305
2 3¢ 1.01952 + 0.302108; | —1.23455 + 1.940715 | —2.23455 + 1.94071¢
2 | 3¢—5(2im 0. 0. 1.
2 | 3¢=52im | _0.771392 4+ 0.731875¢ | —1.23455 + 1.940714 | —2.23455 + 1.94071i
2 | 3¢-52m | _0.610372 — 1.0572i 4.7996 3.7996
2 | 3632 | (0.362246 + 0.627428i 0.6695 —0.3305
2 | 3¢5 | 101952 — 0.302108; | —1.23455 — 1.940714 | —2.23455 — 1.940714
-2 3 —1.22074 4.7996 3.7996
-2 3 0. 0. —1.
-2 3 0.724492 0.6695 —0.3305
-2 3 0.248126 — 1.03398; | —1.23455 — 1.940717 | —2.23455 — 1.940714
-2 3 0.248126 + 1.03398; | —1.23455 + 1.94071¢ | —2.23455 + 1.94071;
2] 3% 0. 0. —1.
—2] 3% | —1.01952 — 0.302108 | —1.23455 4+ 1.94071i | —2.23455 + 1.94071i
—2| 3% | —0.362246 + 0.627428i 0.6695 —0.3305
—2| 3% 0.610372 — 1.0572i 4.7996 3.7996
—2| 3% 0.771392 + 0.731875i | —1.23455 — 1.940714 | —2.23455 — 1.94071i
—92 | 3e~3@m 0. 0. 1.
21 3e73@m™ | _1.01952 4 0.302108 | —1.23455 — 1.94071i | —2.23455 — 1.94071i
—92 [ 3e~3(2m | _0.362246 — 0.627428i 0.6695 —0.3305
—2|3¢735@m | 0.610372 + 1.0572 4.7996 3.7996
92| 3e=5@im | (0.771392 — 0.731875i | —1.23455 4+ 1.940714 | —2.23455 + 1.94071i

TABLE 11.1. For any possible value of the pair (ui,us), we list the
corresponding critical points (. of the function f(/3; u1,us), and the cor-
responding critical values f(f3.). Notice that the numbers f(/.)—1, with
Be # 0, equal all possible values of the canonical coordinates x1, x2, 3, T4
at the origin of QH*(IF;). In red, we represent the critical point 3, with
maximal real part.
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where (.; are the critical points of (11.63). If we let z vary, the Lefschetz thimbles
change. When z crosses a Stokes ray R,;;, Lefschetz thimbles jump discontinuously:
in particular, for z on a Stokes ray there exists a flow line of (11.63) connecting two
critical points f.’s. A detailed analysis of the phase portrait of the flow (11.63), for
cach pair (uy,us) as in (11.64), shows that in the sector |argz — arg f(84)] < ™ we
have T = L4, &+ L§ £ L', where L} is only one half of the Lefschetz thimble £y, and
L’ denote the sum of Lefschetz thimbles attached to other critical points (.. Hence,
we have three contributions in the asymptotics of Z(z): one from the integration along
Lz, , one from other critical points, the last one from the integration along £j. The
last two contributions are easily seen to be negligible w.r.t. the first one. So, by the
steepest descent method, we obtain the estimate

2
f"(B+)

Remark 11.19. Note that the arbitrariness of the orientations of the Lefschetz thim-
bles can be incorporated in the choice of the entries of the U-matrix. Consequently, it
will affect the monodromy data by the action of the group (Z/27)*.

I(Z) ~ :|:6Z%+D1+D253’>F+ZD1+3D2 (_

)2 exp 21 (51 o

Proposition 11.20. Let now &1, Py be two functions with asymptotic expansions
®1(2) ~ 2P exp(zuy),  Po(z) ~ 272 exp(zuy), (11.65)
for |z| — oo in the sectors
Al <argz < By, As;<argz < By, (11.66)
respectively. We have that
iﬂ(l,z;%%) (D1, Py; 2] ~ 02%+D1+D2 €xXp Z(—Bi + Ulﬂi + Uzﬁi%

where

C = 65+2P1+3Ds 2m :
) * 9U16+ + 8u2 ’

for |z| = oo in the sector A" < argz < B’', where

A’ := max {Al —3arg By, Ay —2arg [y, argm - 7T} ) (11.67)
B = min{Bl —3arg 8y, By —2arg By, arg f(By) + 7T} : (11.68)

Proof. The statement follows by application of the steepest descent path method and
Lemma 11.18. Notice that the sector A" < argz < B’ is chosen so that the critical
point of the logarithm of the integrand lies in the region (11.66) of validity of the
asymptotic expansions (11.65). OJ
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FIGURE 11.1. In this figure we represent the downward flow (11.63)
and the mutations of Lefschetz thimbles for |z| = 10°, and |argz —
arg f(B+)| <  for the pair (u1,us) = (2,3e5 ). Lefschetz thimbles are
in red. The path of integration in equation (11.61) is drawn in green.
Continues in the next page.
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FiGurRE 11.2. Notice that, for a certain range of values of arg z, there
is also a contribution in the asymptotic expansion coming from a third
critical point. Such a term is negligible, since it is dominated by the
exponential term from the critical point 3.

11.7. Stokes basis of the ¢DFE of ;. Set
Sij =S8 ®p; € S(]P)l) &® S(]Pﬂ), (1169)
fori=1,2and j =1,2,3.

Theorem 11.21. The following linear combinations of the tensors s;;’s define a basis

of H.:
511 — DS2p — 6893,  S12+ S23,  S13 — S22 — 2523,  Sg1 — 4529 — DSa3. (11-70)

Proof. Define the column vectors
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lw | w [ A | B
2 3 —T %
2 3¢5 | —3.71775 | 0.471036

T

2 3¢5 | —1.00423 | 1.62336
2] 3 —T 3
—2 3% | —1.00423 | —0.706554

A

—2|3es | —1.62336 | 1.00423

TABLE 11.2. In this table we represent the values A’ and B’ predicted
in Proposition 11.20 for all possible values of u; and wus.

N

e g=1(g1,92)" and s = (s1,52)7, bases of S(P!),
o b= (hy,hy, h3)T and p = (py, p2, p3)T, bases of S(P?), respectively.

In what follow we denote by A ® B the Kronecker tensor product of two matrices A
and B. Hence we denote

e by g ® h the basis (¢; ® h;);; of S(P') @ S(P?).
e by s ® p the basis (s; ® p;);; of S(P') ® S(P?).

We have
g@h=[MM"') e (NN;")s® p, (11.71)

where we represent the basis g ® h and s ® p as column vectors. Multiply on the left
both sides of (11.71) by the matrix

E1 =

S OO OO
O oOwRr O = O
SO OODOoO = OO
O ORIrFO O O
SO OO oo
_o O O oo

We thus obtain the relation

g1 @ hy
g1 @ hy
g1 @ hg
%91 ® ha + %92 ® hy
g2 @ hy
g2 @ hg

sop=X (11.72)
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where X is the matrix
X =[(MiM;") @ (NN, DB

54 36(y + 1lim)
54 —36(y + ir)
54 36(y + 3ir)
54 36(y + 9ir)
—54  —36(y —im)
54 36(y + ir)

Multiply on the left each sides of (11.72) by the matrix

*

* K K X X X
* ¥ ¥ X X

* K KX X X X
* K ¥ X x X

100 0 -5 —6
01 00 0 1
0010 -1 =2
E2=109001 -4 =5
000O0 1 1
000O0 O 1
We obtain
511 — DS — 6593 g1 ® hy
S12 + So3 g1 @ hy
S13 — S22 — 2823 g1 @ hs
So1 — 4892 — DSz | £k 501 ®@hy+ 592 @by |
S22 1 S23 g2 @ hy
5923 g2 @ h3
and we have
0 0
0 0 Ci
BX=| | 8 (11.73)
0 729w * % %
54 36(y+im) | * x  *
This proves the claim. O

Remark 11.22. The matrix C} in equation (11.73) is
24(=3iy — 2m)m  —216im  36m(—5iy + 97) 37 (—42iy? + 92y + 17in?)

o — T2ivyT 216ir 367 (5iy + ) 3m (42072 + 12yw — im?)
e —T2iym —216im  36m(—=biy +7) 3w (—42iy? + 12y71 + in?)
—487? 0 0 —48ym?
Corollary 11.23. The functions
21 i:gZ(SH — 5822 — 6523), (1174)
22 I:@(Slg + 323)7 (1175)
23 I:9<813 — S92 — 2823), (1176)
24 Z:@(Sgl — 4522 — 5823) (]_177)
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define a basis of solutions of the ¢DE of ;. O

Proposition 11.24. The Stokes basis Zp of H3 on the sector Tp(e) can be recon-
structed, using formulae (11.6),(11.7),(11.8),(11.9), from a basis Xy of solutions of the
gDFE of Fy of the form

for a suitable choice of the coefficients \; € C, with j =1,...,10.

Proof. The canonical coordinates 1, x9, x3, x4 are in lexicographical order w.r.t. a line
of slope ¢ > 0 sufficiently small. The functions above have the expected expnential
growth exp(z;z) in the sector I1g(e) defined by an oriented line of slope e. This follows
from the data in Tables 11.1 and 11.2, and from the configuration of the Stokes rays
R;j = {—rv/—1(7; — T;): r € Ry }: these are given by

Ry = {argz =7}, Ry3 = {arg z = 2.36573},
Ryy = {argz = 1.88197}, Ry3 = {arg z = 0.775863},
Ry = {arg z = 1.25962}, Ray = {argz = ;} ,
see Figure 11.3. O
R14 R34 R24
Ry Ras

N
N

FI1GURE 11.3. From the left to the right: Stokes rays corresponding to
the origin of the quantum cohomology of P!, P2, and I, respectively.

Remark 11.25. Notice that, according to Proposition 11.20, the function Y3 has
the expected exponential growth exp(zzs) in the sector in which this is minimal
w.r.t. the dominance relation, i.e. in which it is dominated by any other exponential
exp(zz1), exp(zx3), exp(zxy). Hence, we expect that A3 = 0.

11.8. Computation of the central connection and Stokes matrices. Denote by
H{ the system of differential equations H5¢ specialized at 0 € QH®*(F;). Consider the
fundamental system of solutions of H

(le(z) 2T1(z) 2Y41(2) le(z))

—

Zr(z) = , (11.78)

reconstructed from the basis (T, Vo, T3, 4) of the ¢DE of F; (see Corollary 11.15)
by formulae (11.6), (11.7), (11.8), (11.9).
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Proposition 11.26. We have

Ev(z) = Zop(2) - Co, (11.79)
where
L0 0 0
_ 1 0 0
Co := A T (11.80)
—~15, —2 3 U
6v2+7% vy v g
72 2 3

Proof. From Lemmata 11.9 and 11.12, we can compute the asymptotic expansions of
T;(z) for z — 0. We have

1 1
Ty(z) =y (1610g2(z) — 20y 1log(2) + 67* + 7r2) + TSZOOg(Z) —v=2)
1, 20N _ 2 2
+ % (1610g (z) — 20ylog(z) — 17log(2) + 6 + 7° + 13y + 2)
2% (43210g°(2) — 5407log(z) — 7501og(z) + 16292 + 2772 + 426 + 311)
+
1944
+...,
1 21, 1,
Ty(2) zi(log(z) — ) — 5T 3¢ (4log(z) — 4y +5) + 367 (181og(z) — 18y — 37)
1
+ @24(24 log(2) — 24y +13) + ...,
2log(z z 1 1
Ts(z) =— % + §( ) t3+ ﬁzz(8log(z) — 4y —9) + ﬁz3(36 log(z) — 18y — 17)
Ly
—27(481 — 24y -4 .
b o 48 log(2) — 247 —49) ...

4

z
T4(z):1+22—|—z3+z+....

After some computations, one finds that the first terms of the asymptotic expansion
of Zy(z) for z — 0:

ET(Z) ==
L2z (1610g2(z) — 20vlog(z) + 672 + 7T2) tz(log(z) —7) = (21ng(2’) - %) 2
log(z) _ v 0 1 0
log(2)+iz(106 (2)_9 —1) - X Lz 2 0
9, 18708 v R 272 3
Ez(Zlog(z) —v—=1)+ 1 5 0 0
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The leading term of the asymptotic expansion of =,,(z) for z — 0 is

Siop(2) = 022" + hoot.

4zlog?(z) 3zlog(z) 2zlog(z) =z
3log(z) 1 1 0

2log(2) | o o |Thob
. 0 0 0

where p = diag(—1,0,0,1) and R is the operator of U-multiplication by ¢;(FF;) on
H*(FF,,C), that is

0000
2000

R=1710 00 (11.81)
0320

By comparison of the leading terms of the asymptotic expansions of Zy and Zy,p, one
obtains the matrix Cj in formula (11.80). O

Theorem 11.27. The central connection and Stokes matrices at 0 € QH*(Fy), com-
puted w.r.t. an admissible oriented line of slope € > 0 sufficiently small, equal

1 1 1 1

21 2 o “om
- —1 it -2
C=1 1(=+2) -xm  1(i42) -amm |, (11.82)
7(—i+2$) 7(—2’—277) QW(V:”) _2(vtrm)2
12 -1 -3
01 1 -1
=100 1 2 (11.83)
0 0 O 1

Proof. Denote

e by =, the fundamental system of solutions of H;, constructed from the basis
3y of Proposition 11.24,

e by =y the fundamental system of solutions of #;, constructed from the basis
Y of Corollary 11.23.

We have
0 0 0 X\ 0 0 0 X\
= = )\1 )\3 )\6 )\10 _= HTOT )\1 >\3 )\6 )\10
AT 0 )\2 )\5 )\9 =T ! 0 )\2 >\5 >\9 ’

0 0 X Mg 0 0 X Mg
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where C] is as in Remark 11.22 and

0100
1 000
M= 0010
0001

Thus, we obtain

0 0 0 M\
)\1 )\3 /\6 )‘10
0 X A5 X |
0 0 A Ag

o = R T T
o)\ = :mpC)\, C)\ = C()H Cl

where Cj is given by (11.80). In order to determine the values of A for which Zy is
the Stokes basis, let us compute the product

CTnemte™ iy (11.84)

If =, is the Stokes basis, then the matrix above is the inverse of the Stokes matrix
S, by equation (4.18): in particular, it is an upper triangular matrix with 1’s along
the main diagonal. An explicit computation gives the following result: the columns of
(11.84) are

—576m\2
—57671’4/\1)\3
—5767T4)\1)\6 ’

—57671'4)\1 (3)\7 + )\10)

(11.85)

57671'4)\1 (2)\2 — )\3)
—57677'4 ()\2 — )\3) 2
—5767T4 (/\3)\6 + )\2 ()\4 + /\5 - 2)\6)) ’
5767'('4 ()\2 (/\7 — /\8 - /\9 + 2)\10) — )\3 (3/\7 + )\10))

(11.86)

—57671'4/\1 ()\4 - 2/\5 + /\6)
—5767T4 (/\2/\5 + )\3 ()\4 — 2)\5 + )‘6))
=576 (A3 4+ (A5 + X6) M+ (A5 — Xg) 2) :
—5767T4 ()\6 (3)\7 + )\10) + )\4 (5)\7 + )\8 + )\10) + )\5 (—)\7 + )\8 + )\9 - 2/\10))
(11.87)

5767T4)\1 (6)\7 - /\8 + 2)\9 - )\10)
—5767* (A2 (6A7 + Ag) + A3 (—6A7 + Ag — 2X9 + A10))
=576 (A5 (6A7 + Ag) + Mg (6A7 + Ag + Ag) + A (=67 + Ag — 209 + A1g))
—5767* (1322 + (11 + 5Ag — 3A10) Az + A2 + (Mo — A1o) 2+ As (Ao + A1o))
(11.88)
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The matrix (11.84) is upper triangular with 1’s along the diagonal if and only if
2 1 2 1

! 57674 2 57674’ (11.89)
1

A3 = M= _——— 11.
3 07 4 57674’ ( 90)
As = — A, A = 0, (11.91)

1

MN=- —— Ag = — 2\ 11.92
7 576m4 i n (11.92)
)\9 - — 3)\7, )\10 - — 3)\7 (1193)
For the choice \{ = Ay = Ay = A7 = —ﬁ, we obtain the central connection and
Stokes matrices (11.82) and (11.83). O

Theorem 11.28. The central connection matriz of QH®(For11), computed w.r.t. an
oriented line of slope € > 0 sufficiently small, and a suitable choice of the branch of
the V-matriz, equals

1 1 1 1
b o or o
: — i oiZ3
Cy = y—2yk—ir y—2yktin  —2yk—i(2rk+m)+y  (2k—1)(y+im) | . (11.94)
o 2 o 2 2 (21‘ ) 2(27-1‘ )2
S 2y L 2y Y(yFim y+ir
7(—Z+7) 7(‘“7) — T

This is the matrix associated with the morphism

1 ~ .
Iy, . - Ko(Forpr)e = H*(Fops1, C): [F] = —Tg,  Ue ™)y Ch(F),

o Fogq1

w.r.t. an exceptional basis € = (E;), of Ko(Fars1)c and the basis (T;a11)5, of
H*(Fory1,C). The exceptional basis € mutates to the exceptional basis

([0, [O(=3 )], O3], [0(S54 + B35, (11.95)
by application of the following natural transformations:

(1) action of the braid B38231 3032,
(2) action of the element J), € (Z/27.)*

(_17_17(_1)p7(_1)p+1)’ ka: 2p,

Jk =
(_17_17(_1)p+1’(_1)p+1>7 ka: 2p+]—a

(3) action of the element 3%.

Proof. The matrix associated to [y, = w.r.t. the basis (11.95) is O
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82
1 1 1 1
27 2 27 2
<Y1 it 2 7
Ep = | (-2m(2im) —2yk+i@rkim)+y (1—2k)(y—im) —2yki(Srk+m)+y
2T 2T 27 2
Ay—im)? 20y (it 2ik+ 2) oy (i + 2ik + 2)
Set €4 := O35 We have
-1 0 0 0
- 0o -1 0 0
CO7E=| o o 1-k -k

o 0 -k k-1
It is easy to see that this is the matrix representing the action of the element (jk, By e
(Z)27.)* x By: the argument is the same as in Step 3 of the proof of Theorem 10.5. [J
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APPENDIX A. PROOF OF THEOREM 5.2

We need some preliminary results.

Lemma A.1. Forn >0, and § € H*(X,C), we have

(/T u5”+1>+ZZQij6 (oo T U6, 1) 5-

(7T, 1>>0(6) =

(n + 1)! B#0 v=0
Proof. We have
o 0 > Qﬁ x
(1 Tn, 1)4(0) = P —— (1, Ty, 1,6 ..., 0) :
0 at ato 0 0 5 I;) ; k?' 0,k+2,8

We have two cases:

e if 3 # 0, then for k > 0 we have
X k! . v
(T 1,6 Oy = 3 (//35) (T To U 8", 1), 4,

oy !

by the Divisor Axiom of Gromov-Witten invariants. Here any invariant with
T_, with » > 0 is vanishing.
e If 5 =0, then for k > 0 by Divisor Axiom we have'®

<TnTa7 17 6 s 75>()](k+2 0~ <Tn7k+1Ta U 5k7 17 5>0,3,0 = (/ Ta U 6k> 5k,n+1-
’ ’ X

So, we have

(7T Lo (8) = m ( / T, U 5n+1)
+ZZ il Z i (/ )M(Tn ST, U8 1,

B0 k>0 ptv=k M

\ Qel’ .
n+1 </TU6+1)+ZZ T T U8 s O

B0 >0

Lemma A.2. Let § € H*(X,C). We have

o 1y Qlels” efﬁé
B#0 n=0 k+p=n

I5Here, we use the fact that £ is trivial on Mo 3(X,0) and hence has zero Chern class. This follows
from the fact that Mg 3(X,0) = X, and the frogetful morphism Mg 4(X,0) — Mo 3(X,0) is the
projection X X HOA — X.
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Proof. By Lemma A.1, we have

= +Z - (/T Ué”“)

Y Y A ey @D’ (1T U 67, 1), 5T
o 0,2,3

B#0 n=0 k+p=n

— h (n+1) Q efﬁé o
Y Y Y b (T U 67, 1Y%, T 0

B#0n=0 k+p=n p

Lemma A.3. For § € H*(X,C), we have

z0 X
Zop (0, 2) T = ¢ U 2200, 4 3° 5 s < Y TA> T, (A1)
B£0 A 1=z 02,8

Proof. For 7 € H*(X,C), we have

00,

A
otA T

(7:2)

O(r,2)T, =O(T, z)ng —

=3 (o1 Tl

_Zzzk' ToTo, 1,0 Ty T gy s T

p=0k=0 B

Consider the contribution coming from (k, 5) = (0,0): by the Mapping to point Axiom
of Gromov-Witten invariants, we have'®

Zz%pTa,1,TA,>gf37OTA = zp (/ T, UTA> S0, T = T
0

p=0 p=

By the Fundamental class Axiom, instead, the contribution from (k, ) # (0,0) can
be re-written as

ZZZ k! TP 1TOMT>\7 T,.. >02+kﬂT>\

p=0 k=1 30

Thus, we have recovered the formula

Or,2) =1+ Y " (,(=), Ti)y(r) |- T™
p=0
which was used in [CDG20, Proposition 7.1] to define ©. At this point the proof is
known, and can be found in [CK99, Proposition 10.2.3]: the parameter A of loc. cit.
has to be replaced by our z, and pre-composition with z#2°1(X) has to be taken into
account in order to obtain formula (A.1). O

16 A150 here, we use the fact that £ is trivial on ﬂo’g(X, 0).
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We are now ready for the proof of Theorem 5.2.
Proof of Theorem 5.2. Let us compute the entries of the first row of the matrix
nO(6, z) 2z %),
By Lemma A.3, we have

{77@(5, z)z“zcl(X)]i =1 (1, O(4, z)z“zcl(X)Ta>

20 X
- (1’6““2“2“<X>Ta+ Sy v, 1) TA)
z
B

BH#0 A a 0,2,

=n(1,e* U 2z (0T

X
Ly el < U cl(X)Ta,TA> ™.
— 21 2.8

B#0 A 0.2,
Using the identity of endomorphisms of H*(X,C)
2o (RFU) o 2 = 27%(hFU), he H*(X,C), keN,
and the n-skew-symmetry of u, we can rewrite the first summand as
n(1,e? U 2t23T)) = (1, 24’ 22 0T)
=n(z7"(1), 20T,
= zdimgx / ez
X

For the second summand, notice that

(1) the only nonzero contribution comes from A = 0,
(2) for any p € H*(X, C) we have that

T U= Z Z ¢k5n Fo,

nOkO

(3) and that

o0 y4 .
Z'uzcl(X)Ta _ Z (105'2) ZZ[+degT§—d1mXCI (X)ZTQ
£=0 ’

(4) the Gromov-Witten invariant
(110" 1 (X) To, 185

is nonzero if and only if

2k+2(n—k)+2€+degTa:2dim<cX+2/cl(X)—Q.
B
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So, we obtain that

2626 X

< U 2tz 1>
1— 21 02,4
nox IOg Z TL 24+dcha—d1mX n—

- Z Z Z €| S < 5 g ( )KTOH 1>é{2,6

n=0 k=0 ¢=0

dmX | e1(X) (log z) . p X
h= 0m+€+k pooo

h=0 k-+p=h P

Putting this all together, we obtain that
1
[77@(5, z)z“zcl(X)}

_ | amx (/ @ z1NT, 4 Y el 2l Z Z (m(6 + log 2 - Cl(X))meDé(w)
X 1<

B0 h=0 k+p=h P

d1m X

—> /T U Jx(8 +logz - (X))

Q=1,
h=1

The last equality follows by Lemma A.2. This completes the proof. O
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APPENDIX B. COEFFICIENTS A?,BJ@

The coefficients Ag-i), Bj(-i) are

AP (m,n) =

& (m,n) =

AP (myn) =

8
Agl)(ma n) =— §mn2Ao,oBo,o,
8
Aél)(mu n) = §n2A0,oBo,o,

8
A:(al) (m,n) = §on,oBo,0,

4
§n (4mnAoyoBo70Hm + 6mnAoyoBo70Hn

— 477171140713070 — 377171140703071 — 4mnA07oBo70w(0) (m +n 4+ 1)
—4mAp 0Boo — 2nAoBoy) ,

4
— §n <4nA07oBO70Hm + 6nA07oBO’OHn

—47’LA070B0701/J(0) (m +n+ 1) — 471140713070 — 3nA070B071 — 4140703070) s
4
- § (6mA0’0B0,0Hn + 4mA0’()B0,0Hm

_4mAO,OBO,0w(O) (m +n+ 1) — 4mA0,1B(370 — 3mA07oBO’1 — 2AO,OBO,O) ,

— ; (24mn2A0,03070HmHn — 24mn*Ag 1 BooH, — 12mn® Ao By 1 H,,

— 8mn2A0,OBOVOHm1/)(O) (m+n+1)— 18mn2A0,OBO70Hn1/)(O) (m+n+1)
— 16mnAgoBooH,n — 12mnAgoBooH, — 12n* Ag o BooH,

+ 12mn2A071B071 +9mn®Ag o Bno + 5mn2onoBovo¢(0)(m +n+1)?
+4n?Ag0Bo o)™ (m +n + 1) + 5mn?AgoBo oy (m +n + 1)

+ 8mn®Ag 1 Bo ot (m + n + 1) 4+ 9mn*Ag 0By 11 (m +n + 1)

+ 16mnAg 1By + 6mnAggBoi + 12mnA07OBO,0¢(O) (m+n+1)
+2mAgyoBoo + 6n*Ag 0B + 8nAooBoy ),
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m,n) = 3 (2402 Ag 0 Bo o Hyn H,, — 120 Ag 0 Bo 1 Hi
— 8n2Ag 0 Bo o Hyth @ (m +n + 1) — 1802 A9 0Bo o Huth O (m +n + 1)
— 16nAg o BooH,, — 24n* Ag 1 BooH,, — 12nAg0Bo o H,
+ 5n2A070B0701/)(0)(m +n4+1)%+ 5n2A070B0701/)(1)(m +n+1)
+8n2A01Bo o0 (m +n + 1) + 9n*Ag 0By 10 (m + n + 1)
+12nA0,0Bo o @ (m +n + 1) + 12n*Ag 1 By + In*Ag 0B
+ 161491 Boo + 6nAg0Bo + 2400Boyo ) ,

2
A:(g?)) (m, n) = § (24mA07()BO’0HmHn — 24mA07lBO,0Hn

(4)
1

— 8mAgBooHymh O (m +n + 1) — 18mAgoBooHuh (m +n + 1)
—12mAg0Bo1Hpm — 12400BooH, + 9mAg By

+ 5mAgoBoot ¥ (m +n + 1)% + 4400Bo o0 (m +n + 1)

+ 8mA0,1Bo70¢(0)(m +n+1)+ 9mA0,0B071¢(0)(m +n+1)

+ 5mAg Byt (m +n + 1) + 12mAg 1 Bo 1 + 6A400Bos ),

2
(m,n) =— g (—18mn2A070HmBn72 — 2mn2A070B070Hm¢(0)(m +n 4 1)

— 6mn*AgoBooHuh O (m +n +1)? — 6n2Ag0BooH o (m 4 n + 1)

+ 12mn2A070B070HmHn1/)(0)(m +n+1)

—12mn? Ao Bo o H, 0 (m 4 n + 1) — 6mn?Ag 0 Bo 1 Hpt® (m 4+ n + 1)
— 2mn*AgoBooHpmt™W (m +n + 1) — 6mn>AgoBooHatp™W (m +n + 1)
+ 24mnAo o BooH, Hy, — 24mnAg 1 BooH, — 12mnAyoBo1H,p,

— 8mnAgoBooHm ™ (m +n + 1) — 12mnAgoBooH, ) (m +n + 1)
— 4mAgBooH,, — 12nA00BooH, + 18mn® A1 B,y »

+ mn?Ag 0Bt (m +n 4 1)% + n2A0,0Bo otV (m + n + 1)

+ 2m7’L2A071B070¢(0)(m +n4+1)%+ 3mn2A07OBo711/)(0) (m+n+1)?2
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+ 3mn? Ao 0 Bo o™ (m 4 n 4+ DO (m 4+ n 4 1)

+ 3n2A07OBO,11/1(0) (m+n+1)+ 6mn2AoﬁlBo711/J(0)(m +n+1)
+ 9mn? Ao 0B o0 (m +n + 1) + n*Ag 0 Bo bV (m +n + 1)
+ mn2A07OBo701/)(2) (m+n+1)+ 2mn2A07lBo,0¢(1)(m +n+1)
+ 3mn®Ag o Bo o™ (m + n 4+ 1) + 12mnAg1 By,

+ 4mnA07oBo70w(0)(m +n+1)%+ 2mA0,oBo,0¢(0) (m+4+n+1)
+ 4nA0,OBO701/)(0) (m+n+1)+ 8mnA07lBo,ow(o) (m+n+1)

+ 6mnA070B0,11/1(0)(m +n+1)+ 4mnA07OBO,02/J(1)(m +n+1)
+4mAg1Boo + 9In*AgoBna + 6nAg B + 2400Boo )

2
== § (—18n2A0,0HmBn72

— 2n2A07OBo7OHm¢(O)(m +n4+1)% - GTLQAQ,()B[)’()H”@/J(O) (m+n+1)°
+12n%Ag 0 Boo Hy Hot© (m +n + 1) — 12n% Ao Bo o Ho ' (m + 1 + 1)
— 6n2A00Bo 1 Hpt ) (m 4 n + 1) — 2n%AgoBooHpnd™W (m +n + 1)

— 6n2A00BooHyt™W (m 4 n + 1) + 24nAg 0 Bo o Hy H, — 12nAg0Bo 1 Hp,
— 8nA90BooHpnt® (m +n+ 1) — 120400 Bo o Hy )@ (m 4 n + 1)

— 4A40BooH,, — 24nAg 1 By oH, + n*AgoBo o (m +n + 1)3

+ 2n2AoleO,0¢(0) (m+n+1)%+ SnZAO,OBOﬂ/)(O) (m+n+1)°
+3n2A400Bo oM (m +n + DO (m +n + 1)

+6n%Ag1Bo 1@ (m +n+ 1) + 9n*Ag 0B ot (m 4+ n 4 1)

+ n2A07OBO7O¢(2)(m +n+1)+ 2n2A071B070w(1)(m +n+1)

+ 3n2Ao,oBg,1¢(l)(m +n+1)

+4nAgoBo ot (m +n + 1)2 4+ 2400Bo ot (m +n + 1)

+ 8nA0,1BO,0@/)(0)(m +n+1)+ 6nA07OBO71¢(0> (m+n+1)
+4nAgoBoob™ (m +n + 1) +18n%Ag1 B + 120401 Boy + 4401 Bog )
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2
A:(;l) (m, n) = — § (18mA070HmBn72

+ 2mA070B070Hm¢(0)(m +n4+1)2+ 6mA0,OBOVOHn@/J(O) (m+n+1)°

— 12mAg 0 BooHin Hy O (m +n + 1) + 6490 Boo H, ' (m +n + 1)
+12mAg 1 Boo H,t© (m +n + 1) + 6mAg By Hypyth® (m +n + 1)

+ 2mA070B070Hm¢(1)(m +n+1)+ 6mAOVOBO70Hn@/J(1)(m +n+1)
—18mAg 1 Bno — mAgoBoot0™ (m +n + 1)* — Ag 0By (m + n + 1)*
— 2mAg 1 Bo ot (m 4 n 4 1)% = 3mAg o Bo 0 (m +n + 1)?

— 3mA0’OBO,O¢(1)(m +n+ 1)¢(0)(m +n+1)— SAOVOBOJ@D(O) (m+n+1)
— 6mAg1Bo @ (m +n+1) — 9mAg Bt (m +n +1)

— AgoBoo™M(m 4 n+1) —mAgeBo o (m+n+1)

— 2mA0’130,0¢(1)(m +n+1)— 3mAgvoBO’1’g/J(1)<m +n+1)—9A400B,2 ),

2
B%l)(m, n) = §nA070B070(m —n),
2
Bgl)(m,n) = - §nA0,oBo,0,

2
B:(al)(m> n) = §AO,OBO,07

B§2) (m,n) =— S;(m —n) (4nAp0BooHy + 6nAg0BooHy

—4nAo B (m +n + 1) — 4nAg 1 Boo — 3nAooBor — 2A0,OBO,0) ;
B (m,n) = ; (4n 400 BooHy + 6100 BooH,

—4nAo,oBo,0¢(0)<m +n+ 1) - 4nA0,1Bo,0 - 3nA0,oBo,1 - 2Ao,oBo,o) )
B (m, n) :é (—4A0,0BooHm — 6A00BooH,

+4A07oBO70¢(0) (m +n+ 1) + 4140’130’0 + 314.0’03071) s
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1
B§3) (m7 n) :E (_24n2A0,0B0,0HmHn

+ 12n2A070BO71Hm + 8n2A070B070Hm77Z)(0) (m +n+ 1)

+ 18n2A0’OBO’0HndJ(O) (m +n 4+ 1) -+ 16nA07oBO70Hm
+ 24mnA07OBO,OHmHn - 24mnA07lBO,0Hn

— 12mnAy 0By H,, — 6mAg o BooH, — 8mnA070B070Hm¢(0) (m+n+1)
— 18mnAgoBooH,p© (m +n + 1) — 8mAg g BooH,, + 24n* Ay Bo o H,,
— 512 Ag,0Booth @ (m + n + 1)? — 5n2Ag 0 Bo oty (m +n + 1)

— 8n2A07lBOVO@/J(O) (m+n+1)— 9n2A07OB()71¢(0) (m+4+n+1)

+ 12mnAp1Bo1 + ImnAgoBn2 + 5mnA0,OBO,01/1(O) (m+n+1)?

— 8nAg0Bo ot (m +n + 1) + 5mnAgoBo o™ (m +n + 1)

+ 8mnA071B070@/)(0)(m +n+1)+ 9mnAOVOBO’1@/)(O)(m +n+1)

+ 6mAg 0By (m 4 n + 1) + 8mAg1Boo + 3mAgoBoa

— 12n%Ap1Bo1 — In*Ag B2 — 16nAg 1By + 2400Boo ) ,

B (m,n) :118 (—24n.A0 0 BooHy Hy, + 120400 By 1 Hy
+ 8nAOVOBO’OHm@/J(O) (m4+n+1)+ 18nA070B070Hn¢(0) (m+n+1)
+ 8A0,0BooH + 6A00BooH,y, + 24nAg 1 BooHy,
— 5nA0,0Boot0'” (m +n +1)* = 6400Bo o0 (m +n +1)
— 8nA071B070@/)(0)(m +n+1)— 9nAoﬁoBO,11/z(0)(m +n+1)
— 5nA0,0Bootv™M (m +n +1) — 12nAo1Bo1 — InAgoBn.s
— 8A401Boo — 3400801 ),

1
Bg?)) (m, n) :E (24A07QBO70HmHn — 8A0,OBO,OHm¢(O) (m +n+ ].)
— 18A0,OBO,OHn¢(O) (m +n 4+ 1) — 12A070B071Hm
— 24A0’1BO70Hn + 5A07oBo7077Z)(0) (m +n+ 1)2 + 8A071B07077Z)(0) (m +n+ 1)

+9400Bo10 ™ (m +n+1) 4+ 5A00Bo o™ (m +n +1)
+9A00Bn2 + 1240151 ),
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1
(m, n) :TS (—n2A0,OBO70w(O) (m +n+ 1)3 + mnA07()BO’01/J(O) (m +n+ 1)3

+ 2mA070B0701/)(0) (m+n+1)?— 3nA070B070¢(0) (m+n+1)°

+ 2n2H,, Ao 0Boo™ (m 4 n + 1)* — 2mnH,, Ao 0 Bo.o” (m + n + 1)?
+ GnQHnAO,OBO,Oiﬂ(O) (m+n+1)* — 6manAo7oBo70w(0)(m +n 4 1)
— 2n2A071B070¢(0) (m+n+1)%+ 2mnA07lBO7O¢(O) (m+n+1)?

— 3n%Ag0Bo 19 (m +n + 1)% + 3mnAo o Bo v (m + n + 1)

— 4mH,, AgoBo o™ (m +n + 1) + 8nH,, Ao Bo o (m +n + 1)

— 6mHnA0’OBO,O¢(O) (m+n+1)+ 6anAO7OBO,01/)(O) (m+n+1)
—12n%H,,,H, Ag 0 Boot)® (m +n + 1)

+ 12mnH,, H, Ag o Bo o™ (m +n + 1)

— 302 (m +n+ 1) A0 0B (m 4+ n + 1)

+ 3mnab™ (m + n + 1) Ag 0 Boob @ (m +n + 1)

+4mAg 1 Bo otV (m +n + 1) — 8nAg1 Boot” (m +n + 1)

+ 12n2HnonlBO’0¢(0)(m +n+1)— 12manA0’1BO70¢(O)(m +n+1)
+ 3mAgoBo 11V (m +n + 1) — 3nAg o Bo 10" (m +n + 1)

+ 6n°H,, Ao o Bo 0™ (m +n + 1) — 6mnH,, Ao 0Boa” (m +n + 1)
— 612401 Bo1 " (m 4 n + 1) + 6mnAg, Bo1 " (m +n + 1)

— 92 A0 0B (m +n 4+ 1) + 9ImnAg Bty (m +n + 1)
+4H,,A00Boo + 12mH,, H, Ao Boo — 24nH,, H, Ao 0Boo

— 6H, Ao oBoo + Zm@D(l)(m +n+1)Ap0Boo

— 3y (m +n + 1) AgoBoo + 2n* Hyytp™ (m +n + 1) Ao 0B

— 2mnH,, )™ (m +n + 1) Ag0Boyo

+ 6n2Hn@/J(1)(m +n+1)Ap0Boo — 6man¢(1)(m +n+1)Ag0Boo
— 2@ (m 4+ n+1)Ag0Boo + mny® (m +n + 1) A Boo

— 12mH, Ao1Boo + 24nH, Ay 1 Boo — 2n*™V (m +n + 1) Ag1 Boo
+ 2mny D (m +n + 1) Ag1Boo — 4401 Boo — 6mH,, Ao Bo

+ 12nH,,Ag 0 Bo1 — 3n* 0™ (m +n + 1) Ao Bos

+ 3mny™ (m +n + 1)AgoBoa + 3400Bo + 6mAg 1B,
—12nA01Bo1 + InAooBps + 18n*H,, Ao o B2

— 18mnH,, Ao Bna — 18n*Ag 1 Bpo + 18mnAg 1By ),
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1
' (=12A0,0BooH H,

+18nAgoH,Bpa + 20400 BooHpntp'® (m 4 n + 1)

+ 61.40,0BooHu b (m +n +1)? + 4400 Bo o Hpn @ (m 4 n + 1)
—12nA00Boo Hyp Hy 0 (m +n + 1) + 6400 Boo Hp b (m +n + 1)

+ 12nA07lBOVOHn¢(O) (m+n+1)+ 6nA0703071Hm¢(0) (m+n+1)

+ 2n.A0 0 Boo Hyth™ (m + n + 1) + 6n.Ag o Bo o Hyp™ (m +n + 1)

+ 6A0,0B01 Hy + 12A01Bo o H,, — nAo,oBo,o¢(0) (m+n+ 1)3

— 2400Boo @ (m +n+1)? — 2nAg1 By o0 (m +n + 1)

— 3nAo0Bo 10 (m +n +1)% = 3ndg o Bo oM (m +n + 19O (m +n+1)
— 4401 Bo o0 (m +n 4+ 1) — 3400Bo 19 (m +n +1)

— GnAo’lBngb(o)(m +n+1)— 9nA07OBn72¢(0)(m +n+1)

—2400Bo o™ (m +n 4 1) — nAgoBo oy (m +n +1)

— 2nAg1Boop™M (m +n +1) = 3nAgoBo 19"V (m +n+ 1)

— 18nAy 1B, 2 — 640181 ),

5 (Z18400Hn By

— 2A0,0BooHp 0 (m +n +1)% = 6A40,0BooHyt© (m 4 n + 1)
+12A40,0Boo Hy Hy 0™ (m +n + 1) — 1240, Bo o H, 0 (m +n + 1)
— 6A00Bo1 Hpnt'Y (m +n 4 1) — 2400Boo Hpn ™ (m +n 4 1)

— 6A0,0BooH, W (m 4 n+ 1) + AgoBoo0 (m +n + 1)

+ 2401 Boo ™ (m +n +1)? + 3400Bo. 190 (m +n + 1)
+3A400Bootd™M(m +n+ 1)y (m +n+ 1) + 6401 Bo 0 (m +n + 1)
+940,0Bn 2O (m 4+ n+ 1) + AgoBoov® (m 4+ n + 1)

+ 2401 Boo™M (m +n+1) 4+ 3400Bo 1M (m +n +1)
+18401Bps ).
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