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ABSTRACT. In [TV19a] the equivariant quantum differential equation (¢DFE) for a pro-
jective space was considered and a compatible system of difference ¢/ Z equations was
introduced; the space of solutions to the joint system of the gDF and qKZ equations
was identified with the space of the equivariant K-theory algebra of the projective
space; Stokes bases in the space of solutions were identified with exceptional bases in
the equivariant K-theory algebra. This paper is a continuation of [TV19a].

We describe the relation between solutions to the joint system of the ¢DE and
qK Z equations and the topological-enumerative solution to the gD F only, defined as a
generating function of equivariant descendant Gromov-Witten invariants. The relation
is in terms of the equivariant graded Chern character on the equivariant K-theory
algebra, the equivariant Gamma class of the projective space, and the equivariant first
Chern class of the tangent bundle of the projective space.

We consider a Stokes basis, the associated exceptional basis in the equivariant K-
theory algebra, and the associated Stokes matrix. We show that the Stokes matrix
equals the Gram matrix of the equivariant Grothendieck-Euler-Poincaré pairing wrt to
the basis, which is the left dual to the associated exceptional basis.

We identify the Stokes bases in the space of solutions with explicit full exceptional
collections in the equivariant derived category of coherent sheaves on the projective
space, where the elements of those exceptional collections are just line bundles on the
projective space and exterior powers of the tangent bundle of the projective space.

These statements are equivariant analogs of results of G. Cotti, B. Dubrovin, D. Guz-
zetti, and S. Galkin, V. Golyshev, H. Iritani.
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1. INTRODUCTION

1.1. We consider the equivariant quantum differential equation (¢DFE) of a complex
projective space P"~! with the diagonal action of the torus T = (C*)". This equation is
the ordinary differential equation

(qd% - :p*w) I(q,z) =0, (1.1)

where the unknown function (g, z) takes values in the equivariant cohomology algebra
H(P"1 C), and z%,,: Hp(P" 1, C) — Hp(P" ! C) is the operator of quantum mul-
tiplication by the equivariant first Chern class of the tautological line bundle on P*~ 1.
The ¢DFE depends on the equivariant parameters z = (zy,. .., z,) corresponding to the
factors of the torus T. The ¢DFE has two singularities: a regular singularity at ¢ = 0
and an irregular singularity at ¢ = oo.
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In [TV19a] a compatible system of difference equations, called the ¢KZ equations,
was introduced,

(g, 21, .,z — 1,0 20) = Ki(q,2)(q,2), i=1,...,n, (1.2)

where K’s are suitable linear operators. In [TV19b] solutions to the joint system of the
gDFE and qK Z equations were constructed in the form of ¢g-hypergeometric integrals. In
[TV19a] the space of solutions was identified with the space of the equivariant K-theory
algebra K] (P"1). The Stokes bases of the ¢DE at its irregular singular point were
described in terms of the exceptional bases of the equivariant K-theory and a suitable
braid group action on the set of exceptional bases. In this paper we continue this study.

1.2.  We establish relations between the monodromy data of the joint system of the
gDE and qKZ equations for P"! and characteristic classes of objects of the derived
category D4 (P"~1) of equivariant coherent sheaves on P"~1.

Our first result is on the relation between solutions to the joint system of the ¢DFE
and ¢K Z equations and the topological-enumerative morphism.

The topological-enumerative morphism is the map S°, which assigns a solution of
the ¢DE (only) to every element of H%(P"~! C) and whose expansion at ¢ = 0 is the
generating function for the equivariant descendant Gromov-Witten invariants of P*~1.

For E € KJ(P"!) let §(E) be the solution to the joint system of the ¢DE and ¢K Z
equations, assigned to E in [TV19a]. Our B-Theorem 8.2 says that

Q(E) — S° (eﬁ\/jlcl(Pn_l)f;n_ICh’E<E)),

where ¢; (P"1) is the equivariant first Chern class of the tangent bundle of P*~!, T, _, is
the equivariant Gamma-class of P"~!, Chr(E) is the equivariant graded Chern character
of F. In other words, we have the following commutative diagram:

B

K-Theory Equiv. Cohomology

Solutions of ¢DFE

where B(E) := ¢V 1 E T | Chy(E).
Notice that the B-Theorem is an equivariant analog of results of [GGI16, Section 5|

and [CDG18, Section 6] for projective spaces. Moreover it is a refinement of the Gamma
Theorem in [TV19a, TV19b].

Our second result is the identification of the Stokes bases in the space of solutions
to the joint system of the ¢DFE and ¢KZ equations with explicit T-full exceptional
collections in the derived category D4(P"~!) of T-equivariant coherent sheaves on P!
We show that the elements of these T-full exceptional collections are just line bundles
O(i) on P*~! and exterior powers A\’ T ®O(i) of the tangent bundle 7~ of P"~! multiplied
by line bundles, see Theorem 7.26, Corollary 7.27, Corollary 7.28 and Theorem 10.15.
This result is an equivariant version of [CDG18; Corollary 6.11].

Our third result is on the relation between the Stokes matrices and Gram matrices of
the Grothendieck-Euler-Poincaré pairing on K| (P"1).
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Consider a Stokes sector V and the complementary Stokes sector e™~1V. Consider
the two exceptional bases in K (P"!) assigned V and ¢™ =V in [TV19a]. The ma-
trix expressing the second exceptional basis in terms of the first exceptional basis is
called the Stokes matrix associated with the Stokes sector V. We show that the second
exceptional basis is left dual to the first exceptional basis wrt the Grothendieck-Euler-
Poincaré pairing. This fact implies that the Stokes matrix equals the Gram matrix of
the Grothendieck-Euler-Poincaré pairing wrt the second exceptional basis, see Theorem
11.7. This is an equivariant analog of [Guz99| (see also |[CDG18, Section 6| for some
refinements of results in [Guz99]).

1.3. This paper is related to the general theory of D. Maulik and A. Okounkov in [MO19]
connecting quantum groups and equivariant quantum cohomology of Nakajima quiver
varieties. In that context, it was realized that the ¢DFEs of Nakajima quiver varieties
admit some compatible difference equations, called the ¢ K Z equations.

A special case of Nakajima varieties, namely, the case of the cotangent bundles 7™ Fy
of partial flag varieties Fy was considered in [GRTV13] and [RTV15] *. In those papers
the gD FEs and qK Z equations for cotangent bundles were identified with the dynamical
differential equations and ¢K Z difference equations, associated in representation theory
with the evaluation module CV(z;) @ - - - ® CN(z,) of the Yangian Y (gly). This identi-
fication leads to two constructions of solutions to the joint system of the ¢DFE and ¢K Z
equations for the cotangent bundles. One construction in [TV14] gave solutions in the
form of multidimensional hypergeometric integrals and another construction in [TV19b|
gave solutions in the form of multidimensional g-hypergeometric integrals.

Also in [TV19b] a suitable limit of the ¢DFEs for cotangent bundles of partial flag va-
rieties was considered. In that limit the ¢ D Es for cotangent bundles turn into the gD E's
for the partial flag varieties themselves. Moreover, in that limit the ¢ K Z equations for
cotangent bundles survive and turn into new systems of difference equations compati-
ble with the gD FEs for partial flag varieties. These new systems of difference equations
were also called the ¢KZ equations. Furthermore, it was shown in [TV19b| that the
g-hypergeometric solutions to the joint systems of the ¢DFEs and ¢KZ equations for
cotangent bundles have a limit when the ¢DFEs and ¢K Z equations turn into the ¢DFEs
and ¢K Z equations for partial flag varieties.

The special case of that limit was considered in [TV19a] for the partial flag variety
P! In [TV19a] the g-hypergeometric solutions to the joint system of the ¢DE and
qK Z equations for P! were applied to study the monodromy properties of the ¢DFE
for P"1.

1.4. The paper is organized as follows. The basic notions of the derived category of
equivariant coherent sheaves and equivariant Helix theory are collected in Section 2.
In Section 3 we describe the equivariant derived category and K-theory of P"~!. In
Section 4 we introduce the equivariant cohomology of P*~1. In Section 5 we discuss the
equivariant Gromov-Witten theory of P*~!. We introduce the ¢DE and ¢K Z difference
equations, and the topological-enumerative morphism &°.

INote that the partial flag varieties themselves are not Nakajima varieties
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In Section 6 we introduce two fundamental systems of solutions of the ¢DE (only):
the Levelt solution and the topological-enumerative solution. We study how they are
related, and we describe their monodromy.

In Section 7 we study solutions to the joint system of the ¢DE and ¢KZ equations,
their integral representations, their asymptotics. We describe the corresponding objects
and exceptional collections in the derived category. In Section 8 we prove our b-Theorem.

In Section 9 we describe the structure of formal solutions to the joint system of the
gDFE and qK Z difference equations, see Theorem 9.2.

In Section 10 we study the Stokes bases of the space of solutions, their normalizations.
We show that the Stokes bases correspond to T-full exceptional collections in D4 (P™~1).
In Section 11 we prove that the Stokes matrices coincide with the Gram matrices of the
equivariant Grothendieck-Fuler-Poincaré pairing.

In Section 12 we study the specialization of the gD FE at points z such that (ezﬂﬁzl,

. eQWﬁz") are roots of unity. We show that the monodromy group of the ¢DFE is Z,
only for this specialization of the equivariant parameters z.

In Appendix A we prove Theorem A.1 on the formal normal form for a compatible
system of a differential equation and a system of difference equations.

In Appendix B we discuss the relation between the equivariant ¢DFE and the isomon-
odromic system of differential equations attached to the quantum cohomology of P!

Such a system plays a central role in Dubrovin’s theory of Frobenius manifolds [Dub96,
Dub99, Dub98, CDG18|.

1.5.  The authors thank A. Givental, R. Riméanyi, M. Smirnov, and V. Tarasov for useful
discussions, and also the referee for suggestions improving the exposition of the paper.
The authors are grateful to the Max-Planck-Institut fiir Mathematik in Bonn, where this
project was developed, for support and excellent working conditions. The first author is
thankful to his teacher, Boris Dubrovin, for his interest in this project. He will remember
with admiration and gratitude his encouraging guidance.

2. EQUIVARIANT EXCEPTIONAL COLLECTIONS AND BASES

General references for this Section are [GMO03, CG10, GKO04].

2.1. Basic notions. Let GG be a linear algebraic reductive group over C. We denote by

e Rep(G) the category of finite dimensional complex representations of G,
e R(G) := Ko(Rep(Q)) (resp. R(G)c := R(G) ®z C) the ring of finite dimensional
complex representations of G with integer (resp. complex) coefficients.
In particular, for a complex torus T := (C*)" we have R(T)c = C[Zi, ..., ZF]. For
short, we set Z := (Z,,...,72,) and C[Z*'] := C[Z{!, ..., ZF].

Let X be a smooth complex projective variety equipped with the action of G. We
denote by
(1) D°(X) its derived category of coherent sheaves,

(2) D&(X) its derived category of G-equivariant coherent sheaves,
(3) Ko(X) (resp. Ko(X)c) its Grothendieck group (resp. complexified),
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(4) K§(X) (resp. K§(X)c) its G-equivariant Grothendieck group (resp. complexi-
fied).
Any complex of G-equivariant quasi-coherent complexes admit flat and injective resolu-
tions. From this one can deduce that on D%(X) all standard derived functors are well
defined. In particular, we have a well defined left derived tensor product ®: D%(X) x
DL(X) — D4 (X), and any f: X — Y, morphism of smooth projective G-varieties, in-
duces left and right derived functors Lf*: D%(Y) — D%(X) and Rf.: DL(X) — DL(Y).
It is possible to show that all the standard properties of the derived tensor product, the
derived pull-back and push-forward functors are valid in the equivariant setting. More-
over, all these equivariant derived functors are compatible with their non-equivariant
versions via the forgetful functor 2.
The structural morphism 7: X — Spec(C) endows Ky(X) and K§(X) with a C-
algebra and an R(G)-algebra structures, respectively. In addition, it induces serveral
push-forward morphisms

T: Ko(X) — Ko(Spec C) 2 Z, m,: K§(X) — R(G).
and functors

Rr,: D'(X) — D*(C), Rr%:DL(X)— D’(Rep(Q)),
which fit into the diagram

Rn€

Dg(X) — D*(Rep(G))

N Jo

DV(X) —" ., Db(C)

where Fx, §pe denote the forgetful functors. If V'€ Ob(D’(X)) we call a G-equivariant
structure on V any object V/ € Ob(D%(X)) such that Fx (V') = V.

2.2. Equivariant Grothendieck-Euler-Poincaré characteristic. The push-forward
morphisms

Tt Ko(X) — Ko(Spec C) =2 Z, 7¢: K§(X) — R(G),
are respectively given by

(V) =) (-1)rk H(X,V) € Z,

nl (V)= (1'H(X,V)] € R(G),

where [H'(X, V)] denotes the R(G)-class of the cohomology space H'(X,V) seen as a
representation of G. These morpshims define the Grothendieck-Euler-Poincaré charac-
teristic of (the isomorphism class of) an object V', and its equivariant version respectively.
They will be denoted by y, x&:

. G _ G
X(V) =m(V), x"(V):=m/(V).
2For the translation of the theory of derived functors from the non-equivariant setting to the equivari-

ant one, the reader may consult [CG10, Chapter 5|, [BL94] for the topological setting, [VV10, Section
1.5], and also [LHO09].
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In both cases, using the duality involutions
(=) Ko(X) = Ko(X), Ew E", (2.1)
(=) K§(X) = K§(X), Ew~ B, (2.2)

we can define a non-symmetric paring, called the Grothendieck-FEuler-Poincaré pairing
(or also the Mukai pairing):

X(E,F):=x(E*®F), x%E,F):=x%FE"®F). (2.3)

These pairings naturally extend to the complexified algebras Ky(X)c and K§(X)c. In
the non-equivariant case, the pairing x is C-bilinear, whereas in the equivariant case the
pairing x¢ is R(G)c-sesquilinear wrt the duality involution naturally defined on R(G)c:

(=)™ R(G)c = R(G)e,  [V]=[V7]. (2:4)

That is, X% (p1E1, p2Ea) = pip2 XO(Er, Es) for By, By € K§(X) and p1, ps € R(G).
We consider the involutive operation on n X n-matrices

(=)": My (R(G)c) = Mn(R(G)c),

which consists in applying (2.4) at each entry. For A € M, (R(G)c) we define the matrix
AT € M,(R(G)c) as follows:

(ANap =A%, a.B=1,...,n (2.5)
If G =T, then the duality involution acts on Rg(T)c = C[Z*!] by the formula:
1(z) = f(z7), (2.6)

where f(Z) = f(Z1,...,Z,) € C[Z*F] and f(Z7Y) := f(Z;1,..., Z1).

n

2.3. Exceptional collections in D%(X) and their mutations. Given two objects
E,F € Ob(D%(X)), we define

Hom{.(E, F) := Rr¢ (E* ® F) € Ob(D"(Rep(@))),
where E* := R #2.(F,Ox) is the ordinary dual sheaf of E.

Definition 2.1. An object E € Ob(D% (X)) is called an exceptional object if and only if
Hom¢,(E, E) = Cg,

where Cg denotes the object of D°(Rep(()) given by the trivial complex one dimensional
representation of G, concentrated in degree zero.
An ordered collection (Ey, ..., E,) is said to be an ezceptional collection if and only if

e all objects E;’s are exceptional objects,
e and Hom¢,(E;, E;) = 0 for j > 4.

The definitions above are the natural equivariant versions of the standard notions of
exceptional objects and collections in D°(X). The following result, due to A. Elagin,
gives an insight on the relationships between ordinary exceptional collections in D’(X)
and equivariant exceptional collections in D% (X). Before stating Elagin’s result, let us
recall that there is a naturally defined operation of tensor product between objects of



¢DE AND ¢KZ EQUATIONS FOR A PROJECTIVE SPACE 9

DL(X) and D°(Rep(G)): if E € Ob(DY%(X)) and V* € Ob(D°(Rep(G))), the tensor
product £ ® V* is defined as the object of D%(X) given by

P E-ie V. (2.7)

This extends the obvious operation of tensor product between objects of Cohg(X)
and Rep(G).

If Aj,..., A, are subcategories of D%(X), we denote by (A, ..., A,) the smallest full
triangulated subcategory of D% (X) containing A, ..., A,.

Definition 2.2. Let € := (Fy,..., E,) be an exceptional collection in D%(X). We say
that € is G-full if

DL(X) = (B, @ D’(Rep(G)), ..., B, ® D*(Rep(G))) . (2.8)

Remark 2.3. Thus the exceptional collection (Fji,...,E,) is G-full if and only if the
collection (Ey ® D*(Rep(G)), ..., E, @ D*(Rep(G))) realizes a so-called semi-orthogonal
decomposition of DE(X), see e.g. [Huy06, Chapter 1].

Remark 2.4. Our definition of G-fullness is different from the definition of fullness of
exceptional collections in triangulated categories. In the paper [BO18], L. Borisov and
D. Orlov studied bounded derived category of T-equivariant coherent sheaves on smooth
toric varieties and Deligne-Mumford stacks. In particular, they described and explicitly
constructed full exceptional collections in these categories. Notice that their exceptional
collections consist of infinite sets of objects, while we collect an infinite set of objects in

one symbol E; ® D*(Rep(G)).

Theorem 2.5 (|Ela09, Theorem 2.6]). Assume that (Ei, ..., E,) is a full exceptional
collection of D°(X), and each object E; admits a G-equivariant structure &. Then,
(&1,...,&) is a G-full exceptional collection in D% (X).

Being thus important to know under which conditions an exceptional object of D’(X)
admits a G-equivariant structure, we recall the following result of A.Polishchuk.

Theorem 2.6 (|Polll, Lemma 2.2|). Let X be a smooth projective complex variety
equipped with the action of a linear algebraic connected reductive group G with m(Q)
torsion free. If E € D°(X) is an exceptional object, then E admits a G-equivariant
structure, which is unique up to tensoring by a character of G.

In the present paper we focus on the case G = T, and the assumption of Theorem 2.6
applies.

Definition 2.7 (Mutations of objects). Let E € Ob(D%(X)) be an exceptional object.
For any F' € Ob(D% (X)) we define two new objects

LEFa REF7

called the left and right mutations of F' with respect to E. These two objects are defined
through the distinguished triangles

LypF[-1] — Hom&(E, F) @ B~ F — LyF, (2.9)
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RpF —— F —2 Hom®(F, B)* ® E — RpF[1], (2.10)
where j*, 7, denote the natural evaluation and coevaluation morphisms.

Remark 2.8. As in the non-equivariant case, it can be shown that the objects LgF, RgF
are uniquely defined (up to unique isomorphism) by the distinguished triangles above.
The key property is the exceptionality of E. We leave the details to the reader, see
[CDG18, Section 3.3].

Lemma 2.9. Let E € Ob(D%(X)) be an exceptional object. We have
Hom¢, (E,LgF) =0, Homf(RgF, E) =0,
for all objects F € Ob(D%(X)).

Proof. Apply the functor Homg,(E, —) (resp. Homg,(—, E)) to the distinguished triangle
(2.9) (resp. (2.10)), and use the exceptionality of E. O

Definition 2.10. Let € := (FE;)™, be an exceptional collection in D%(X). For any
integer i, with 0 < i < n, we define two new collections

LZ(QE) L= (E17- .. 7]L’EiEi+laEi e ,En),
Rz<€> L= (El,. .. ,EH_I,]REH_lEZ',. . ,En>

Proposition 2.11. For any i, with 0 < i < n, the collections L;(€),R;(&) are excep-
tional. Moreover, the mutation operators IL;, R; satisfy the following identities:

LR; = R,L; = Id, (2.11)

RR; =RR;, if [i—jl>1, RiaRRiy; = RRi R, (2.12)
Proof. The same as in the non-equivariant case, see |[GK04|, [CDG18, Section 3.3|]. O
Denote by 71, ..., 7,_1 the generators of the braid group B,, satisfying the relations
TiTi1Ti = TigATiTiy1, TiTj = TjTi,  Af |1 —j] > 1.

We define the left action of B, on the set of exceptional collections of length n by
identifying the action of 7; with R;, see identities (2.11)-(2.12).
For our purposes, we modify this action, by setting

7(€) =R, (&), i=1,...,n—1, (2.13)
for any exceptional collection € = (Fy, ..., E,).

Remark 2.12. Formula (2.13) is in agreement with the notations of [T'V19a|, see Remark
3.3.
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2.4. Dual exceptional collections and helices.

Definition 2.13 (Dual exceptional collections). Let € = (FEy,...,E,) be an excep-
tional collection. Define the left and right dual exceptional collections V€& and &Y as the
collections

VQE = 5(@), ﬁ = 7-1(7—271)--'(Tan-"Tl)(TnflTnf2-"Tl)a (214)
¢v = p7l(e). (2.15)
Proposition 2.14. Let € = (Ey,. .., E,) be an exceptional collection, V& = (VEy,...V E,)

and € = (EY, ..., E)) its left and right dual exceptional collections, respectively. The
following orthogonality relations hold true:

Cqg, h=n—k+1,
Homg,(En, E)) =
0, otherwise,
Cqg, h=n—-k+1,
Homg, (Y Ey, Ej) =
0, otherwise.
Moreover, for any F € Ob (Dg(X)) we have the functorial isomorphism
Hom¢, (¥ Ey, F) = Hom{,(F, E)')*. (2.16)

Proof. The argument is the same as in the non-equivariant case, see [CDG18, Section
3.6]. O

Given an exceptional collection &, we introduce the infinite family of exceptional
objects called the helix generated by €.

Definition 2.15 (Helix). Let € = (E, ..., E,) be an exceptional collection. Define the
heliz generated by € to be the infinite family of objects (F;);cz defined by the iterated
mutations

Ei-l—n = RE -"REZ-+1E7§7 Ei—n = ]LE --JLEFlEi 1 € L.

Such a helix is said to be of period n. Any family of n consecutive objects (E;, ..., E;iiy)
is called a foundation of the helix.

i+n—1 i—n—+1 °

2.5. Exceptional bases in equivariant K-theory. In this Section we focus on the K-
theoretical counterpart of the notion of exceptional collections introduced in Definition
2.1 and of the action of the braid group on them.

Definition 2.16. An element e € K§(X) is exceptional if

XG(€> 6) = CG'
A basis € := (e;)", of K§(X) as an R(G)-module, is exceptional if
x%(ei,ei) = Cq, xC(ej,e,) =0, forj>i. (2.17)

The following result is a K-theoretical analogue of Theorem 2.5.
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Theorem 2.17 ([Polll, Lemma 2.1|). Let (E,..., E,) be a full exceptional collection
in D°(X). If each object E; admits a G-equivariant structure, then the classes ([E;])T,
form an exceptional basis of K§'(X) as an R(G)-module.

Proposition 2.18. Let E € Ob(D%(X)) be an exceptional object. For any F € Ob(D%(X))
we have

[LpF] = [F] = x“(E,F)-[B], [RpF]=[F]-x°(F,E)" - [E]. (2.18)

Proof. From the distinguished triangle (2.9), and equation (2.7), we deduce

[LpF) = [F] — [Hom{(E, F) ® E] = @ E-i] @ H(X,E*® F)

7

- (Sevn e s F>) &l
Analogously, from the distinguished triangle (2.10), we deduce

[RpF] = [F] — [Hom{&(F, E)* @ @ E|—i] @ H(X,F*® E)*

= [F] - (Z(—l)"Hi(X, F* ®E)> [E].

This completes the proof. O

Definition 2.19. Let ¢ € K§(X) be an exceptional element. Given f € K§(X), we
define its left and right mutations wrt e as the elements

Lefi=f—xC(e.f) e, Refi=f—xC(fe) -e. (2.19)
Lemma 2.20. Let e € K§'(X) be an exceptional element. We have
X(eLef) =0, X“(Ref,e) =0,
for any f € K§(X). O

Definition 2.21. Let K§(X) be a free R(G)-module of finite rank and € := (¢;)"; an
exceptional basis of K§(X). For any 0 < i < n define the two new exceptional bases

Lie = (e1, ..., €1, Le,€igr, €5 €iq0, - - €0), (2.20)

Ri&f = (61, -5 61,6411, Reiﬂei, €12,y - 7€n)~ (221)

This construction defines the action of the braid group B, on the set of exceptional
bases of K§'(X), in which the action of a generator 7;, i = 1,...,n — 1, is identified with
the action of the mutation R,,_;.
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2.6. Dual exceptional bases. Let ¢ := (e;)", be an exceptional basis of K§(X).
Define the left and right dual exceptional bases, Ve and €V, through the mutations

Ve:= (), Bi=T1(nm).. . (Theo. . .T1)(TaciTn_2...T1), (2.22)

gV =B le. (2.23)

Proposition 2.22. Let ¢ = (¢;), be an exceptional basis of K§(X), Ve = Ve,
and €V = (€)1, its left and right dual exceptional basis, respectively. The following

orthogonality relations hold true

X%(en,€)) = Onrnmst,  X(Ver en) = Spirntis (2.24)

for k=1,... ,n. In particular, for any v € K§(X) we have

n

v= Z XG(Uy 6;\1)* €pt+1—h, UV = XG(\/e/u U) €n+1—h- (225)
h=1 h=1

Proof. We prove the first identity in (2.24), the proof of the second is analogous. We
have

xC(en,e)) =0, forh=1,...,n—k,
by Lemma 2.20.

Ife, f € K§(X), eis exceptional and x“(f,e) = 0, then x“(f,v) = x¢(f, L.v) for any
v € K§(X). By iteration of this identity, we deduce

xC(en,e)) =0, forh=n—k+2,...,n,
and
X (en—ri1sel) = X (€nti1, enrs1) = L.
Identities (2.25) follow from the sesquilinearity of x¢. U

Corollary 2.23. Let ¢ = (e;), be an exceptional basis of K§(X), and G the Gram
matriz of x¢ wrt €. Then the Gram matriz of X© wrt Ve equals the Gram matriz of x©
wrt ¥ and equals

J- (6N, where Jop = OatBntl-

Proof. Let X = (X,g);fk:l be the matrix defined by e) := >°7 XJe;. Then X satisfies
the equation GX = J by formula (2.24). Hence the Gram matrix of Y wrt £¥ equals

XT.g.X:J.(gT)—l.J'

The case of Ve is analogous. 0
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2.7. Serre functor and canonical operator. A Serre functor K: D°(X) — D°(X) is
a functor defined (uniquely up to canonical isomorphism) by the condition

Hom*(E, F)* = Hom*(F,K(E)), E,F € Ob(D"(X)). (2.26)
We can take
K = (wx ® —)[dim¢ X]: D*(X) — D*(X), (2.27)

where wy denotes the canonical sheaf of X. Analogously, in the equivariant case a Serre
functor K: D%(X) — DE%(X) is defined by the condition

Hom{, (E, F)* = Hom{,(F,K(E)), E,F € Ob(D%(X)). (2.28)

We can take

K = (w§ ® —)[dime X]: DL(X) — DL(X), (2.29)
where w§ is the G-equivariant canonical sheaf of X. By abuse of language, we will
call (2.27) (and its equivariant version (2.29)) the Serre functor in D’(X) (and D% (X),

respectively).
The Serre duality (2.28) implies the Serre periodicity,

Hom,(E, F) = Hom$, (K(E),K(F)), E,F € Ob(D%(X)). (2.30)

Proposition 2.24. Let € = (E;), be an exceptional collection of length n of D%(X).
The following operations are equivalent, i.e. produce the same exceptional collection when
applied to €:

(1) to act on € with the braid (11 ...Th—1)"",
(2) to take the double right-dual exceptional collection (EY)Y,
(3) to apply the Serre functor to each object of €.

Proof. The equivalence of points (1) and (2) follows from the well-known identity of
braids in B,

(1...7Ta)" = B% (2.31)
where 8 := 7(7o71) ... (Th2...T1)(Tn_1Tn_2...71) is the braid that appears in (2.14)
and (2.22), see [KT08, Theorem 1.24|. The equivalence of (2) and (3) follows from the
functorial isomorphism (2.16). O

Remark 2.25. Note that the element (2.31) of B,, is the generator of its center Z(B,),
see [KT08, Theorem 1.24].

The K-theoretical version of the Serre functor is the so-called canonical operator
k: K§(X) — K§(X), defined through the identity

X(e /) = XO(f,k(e), e f € KG(X). (2.32)
The K-theoretical analog of (2.30), i.e.
X%(e, f) = xO(k(e), k(f), e fe K7 (X), (2.33)

shows that the canonical operator k is a x“-isometry.
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Proposition 2.26. Let ¢ = (e;)", be a basis of K§(X), and G the Gram matriz of x¢
wrt €. Then the matriz of the canonical operator k: K§(X) — K§(X) wrt the basis ¢
18 equal to

G 'gh. (2.34)

Proof. 1t follows from identity (2.32), written in matrix notation. u

3. EQUIVARIANT DERIVED CATEGORY, EXCEPTIONAL COLLECTIONS AND K-THEORY
orF P!

3.1. Symmetric functions. Consider the algebra C[Z*'] = C[Z{!, ..., ZF!] of Lau-
rent polynomials in n indeterminates. The elementary and complete symmetric functions
are defined as the elements

s(Z):= > 1]%, k=1...n, (3.1)

1<t << <n j=1

mp(Z) =Y Z{'...Zr, k€L (3.2)
i1>0,...in,>0

Put s =1, mg = 1. We have

> (~1)'mi(Z)sk—i(Z) =0, k€ Zs. (3.3)

1=0

3.2. Torus action. Let n > 2. Consider the diagonal action of T = (C*)" on the space
C". Such an action induces an action of T on P"~!, the projective space parametrizing
the one dimensional subspaces F' C C". If (uy,...,u,) denote the standard basis of C",
denote by pt; € P! with [ = 1,...,n, the point corresponding to the coordinate line
spanned by u;. The points pt;, I = 1,...,n are the fixed points of the T-action.

3.3. Derived category. The action of T on C" induces naturally a T-structure on the
structural sheaf Opn—1 and the tautological line bundle O(—1) on P"~!. Any vector
bundle obtained from Opn-1 and O(—1) through tensorial operations inherits a “natural”
T-structure.

The derived category D°(P"~!) admits a well-known full exceptional collection, the
Beilinson exceptional collection

B:=(0,0(1),...,0(n —1)).

Such an exceptional collection, with its natural T-structure, is an exceptional collection
in Dh(P"~1). Its K-theoretical counterpart ([O(i — 1)]), defines an exceptional basis
of Kj (P 1) (in accordance with Theorem 2.5, Theorem 2.6 and Theorem 2.17).
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3.4. Equivariant K-theory. The equivariant K-theory algebra K (P"~!)c admits the
following presentation

Ky (P e = ClXH, Zﬂ]/(H(X —Zj)), (3.4)

j=1
where the variable X corresponds to the tautological line bundle O(—1) over P"~! and
the variables 71, ..., Z, are the equivariant parameters corresponding to the factors of

the torus T = (C*)™.
Under the presentation (3.4), the duality involution (2.2) is given by
f(X.2) = f(X71Z7Y), feK (P ).

The equivariant Grothendieck-Euler-Poincaré pairing x* on K (P"!)¢ is given by the
formula

f(Z 9(Za, 2Z) _ (X, ZYg(X, Z)
; ,..0 R~ ZR@SX 2 XHJ a-xz) &9

by the Atiyah-Bott equivariant localization theorem [AB8&4].
Remark 3.1. By putting Z; = 1, for i = 1,...,n, in (3.4) and (3.5), we obtain the pre-

sentation of the non-equivariant K-theory of P*~! and its non-equivariant Grothendieck-
Euler-Poincaré pairing.

The class of the T-equivariant canonical sheaf [wg,_,] is obtained by twisting the class
X" = [O(—n)] with a character of T:

Xn

[Wn-1] = m in K (P"1h). (3.6)
Lemma 3.2. Fori,j € Z we have
( m;i(Z71), i<,
0, j<i<j+n,
XH([0@)],[0()]) = n
()" 'misn(Z2)[[ 2. i=j+n
j=1

O

Remark 3.3. In [TV19a], instead of the pairing xT on K] (P""!)c, it is studied another
non-symmetric pairing A defined by the formula

Alf.9) =, (f* - <—1>"‘1%> ’ (37)

where f,g € KJ(P" )¢ and 7: P! — Spec(C). In [TV19a, Section 6], a notion of
exceptional bases of K (P"~!)c wrt the pairing A, analogous to Definition 2.16, is given.
From (2.29), (2.32) and (3.6) we deduce the following relationships between A and x©:

A(f.9) =x"(g. )" (3.8)
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This implies, in particular, that A-exceptional bases of K (P"!)c are exactly x'-
exceptional bases, although ordered in the opposite order. Moreover, if we denote by
LA R4 (resp. LX',RX") the morphisms of left /right mutations wrt A (resp. xT), then

LA=RY, RA=LX. (3.9)

3.5. Diophantine constraints on Gram matrices. In this section, we show that
the Gram matrices of YT wrt exceptional bases of K (P"!) satisfy certain Diophantine

constraints.
Given G € GL(n,Z[Z*"]), denote

pg(A) :==det (\-1—G7'G") € Z[Z*") ). (3.10)

Lemma 3.4. We have

pg-1(A) = pg(A)7, (3.11)
where for any f(Z,\) € Z[Z*, \] we define f(Z,)\)* := f(Z71,\).
Proof. Notice that pg-1(\) = det (()\ -1 - g—lgT)T> = pg(N\)*. O

Theorem 3.5. Let ¢ := (e;)"; be a basis of K (P"™Y), and let G be the Gram matriz of
xT wrt e. The following identity holds true:
A) =D (1N [ (1) ()T ) 3.12
o) = (-1, (I ey B sy

J=0

Proof. From presentation (3.4) and equation (3.6), it is readily seen that the eigenvalues
of the canonical operator k are

zZ7 z"0
—)rt ()
( ) Sn(Z> ? ? ( ) Sn(Z)
Then, identity (3.12) follows from Proposition 2.26. O

If we expand (3.10) in powers of A, i.e.

n

pa(X) = (—1)'A"p,(G), (3.13)

J=0

for suitable polynomial functions p;(G) of the entries of G and G, from the identity
(3.12) we deduce the validity of n constraints:

pi(G) = s; ((—D”HSHZ(?Z),...,(—1)”“%) . j=1,...,n (3.14)

If G is a Gram matrix of x7, then det G = 1, and we have

o (1) = Someo (3,19

so that

pn—i(G) =p;(G)*, j=0,...,n. (3.16)
Thus, we are left with [7] constraints for the entries of G. Let us write the constraints
forn =2,3,4.
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Proposition 3.6. Let € := (e1, es) be an exceptional basis of K (P'), and let

6= (o 1), sezzz

be the Gram matriz of x* wrt €. Then, the Laurent polynomial g is a solution of the
equation

. (Lt 2Z)?
=" 1
99 77 (3.17)
All the solutions of (3.17) are of the form
9(Z1, Z5) = 2323 (Z + %) € Z[ZF, 23], (3.18)

where a, B € 7.

Proof. We have pg(\) = A\* + (gg* —2) A+ 1, and the only non-trivial constraint (3.14)
1s

(3.19)

which coincides with (3.17). Notice that g is a solution of (3.17) if and only if v :=
g - s1(Zy1,Zy)"" is a solution of yy* = 1, whose solutions are v(Zy, Z,) = Z2Z5 . with
a, B €. O

Remark 3.7. By Lemma 3.2, the matrix G corresponding to the solution (3.18) coincide
with the Gram matrix wrt the exceptional basis ([p ® O], [¢® O(1)]), where p,q €
R(T) = Z[ZF', ZF'] are characters of T such that p*q = Z0H1 20

Proposition 3.8. Let € = (ey, e, €3) be an exceptional basis of K (P?), and let

1 a b
G=10 1 c|, abeceZZ 77" 75,
00 1

be the Gram matriz of X* wrt e. Then, the triple (a,b, ¢) is a solution of the Markov-type
equations

3+ 73+ 73

aa” 4+ bb* + cc* —ab*c =3 — 7770 (3.20)
B LTI, 23235+ 2375 + 2373
aa® 4+ bb* + cc* — a*bc* =3 — G0 (3.21)
Notice that the triple (a,b,¢) = (s1(Z), s2(Z), s1(Z)) gives a solutions of (3.20) and

(3.21).
The properties of the Markov-type equations (3.20)-(3.21) and its solutions are dis-
cussed in [CV20].

Remark 3.9. In the non-equivariant case, the Gram matrices wrt exceptional bases are
upper triangular matrices with ones on the diagonal and integer entries (a, b, ¢) satisfying
the equation

a® +b* + ¢ — abe = 0, (3.22)
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see [GKO04, Bon04]. This Diophantine equation is equivalent to the famous Markov
equation,

a? +b* + ¢ — 3abc = 0, (3.23)

see [Aigl3]. A triple of integers (a, b, ¢) is a solution of (3.23) if and only if the triple of
integers (3a, 3b, 3c) is a solution of (3.22).

If a,b,c € Z[Z{', Z5", Z5'] is a solution of equations (3.20) and (3.21), then putting
7y = Zy = Z3 = 1 in the Laurent polynomials a,b,c we obtain a triple of integers
satisfying the Markov equation (3.23). For example, the solution

(51(Z),52(Z),51(2))

gives the minimal Markov triple (3,3,3). Thus equations (3.20) and (3.21) may be
considered as a Laurent polynomial deformation of the classical Markov equation.

Proposition 3.10. Let € = (ey, €9, €3,€3) be an exceptional basis of K (P?), and let

Y a7b7c7d7€7fGZ[Z?::[?Z;::[’Z;:I’ZZ::L:L

o O O
OO~ Q
O = Qo
— S~ 0 O

be the Gram matriz of X* wrt . Then, (a,b,c,d, e, f) is a solution of the equations

aa* +bb* + cc* +dd* +ee* + ff*

—a*bd" —a*ce® — b cf* —d'ef" +a*cd” f* (3.24)
ZyZnZy | InZyly  ZyZaZy | ZyZaZs

=1
e ANRI Baki

—2aa” — 2bb* — 2cc® — 2dd* — 2ee” — 2f f*

+ab*d + a*bd" + ac*e + a*ce* + bcf* + b f +de* f + dTef”

—ab'ef* —a*be* f — bc*d*e — b*cde”

+aa* ff* 4 bb*ee* + cc*dd”* (3.25)
VAVARAVASVAY AN A YA B A YA B AYA

——6
7T nn B nn B 7z

aa* +bb* + cc* +dd* +ee* + ff*
—ab*d — ac*e — bc* f — de* f + ac*df (3.26)
Zy Z3 Z3 Z3

VN aZals  ZiZaZs  ZiZaZs | 7177

=4
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Remark 3.11. In the corresponding non-equivariant case, these Diophantine constraints
on the Gram matrices wrt exceptional collection reduce to the equations

A+ +E+d* e+ f2—abd — ace — bef — def + acdf =8, (3.27)
(af —be + cd)* = 16, (3.28)

on the integers (a, b, c,d,e, f), see e.g. [Bon04]. These constraints may be re-obtained
by putting Z; = Z, = Z3 = Z, = 1 in equations (3.24)-(3.26).

4. EQUIVARIANT COHOMOLOGY OF Pn—!

4.1. Equivariant cohomology. Consider the T-equivariant cohomology algebra Hp(P"~!, C).
Denote
e by z the first equivariant Chern class of the tautological line bundle O(—1) on
P! with its standard T-structure,
e by y = (y1,-..,Yn_1) the equivariant Chern roots of the quotient bundle Q (if
F C C" is the line represented by p € P!, then the fiber Q, is the quotient

Cr/F),
e by z = (z1,...,2,) the equivariant parameters corresponding to the factors of
the torus T,

e by ) the complement in C™ to the union of the hyperplanes
Zi—zj=m, 4,j=1,...,n, i#j, mEeZwl.
It is well known that

H2(P"',C) = Clz, z]/<H(m - zi)> (4.1)

~ Clz,y, Z]Gn_1/ <(u — ) l:I(u — ;) — H(u — za)> , (4.2)

where C[z,y, 2]~ is the algebra of polynomials in x,¥y,z symmetric in the vari-
ables y1,...,y,_1. The equivariant cohomology H3(P"~!,C) is a module over the ring
H2(pt,C) = Clz]. By setting all the equivariant parameter z;’s to zero in (4.1), we
obtain the presentation of the classical cohomology algebra

H*(P" ' C) = Clx]/{z").

4.2. Extension of scalars. Denote by Oq the ring of holomorphic functions on the
domain Q. This ring is a module over the ring Hp(pt,C) = C[z]. Set

HP (P ) = H3(P"',C) @usp,c) Oa (4.3)

A class o € HP(P™ ') is uniquely determined by the restrictions |, € Oq at fixed
points.
Following the notations of [TV19a], we will use three different bases of H:(P"~1):

(1) the standard basis (1,z, ..., 2z, 1), where z, := x%
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(2) the basis (g1, .., gn) defined by

n

gi = H(m—za), i=1,...,n—1, andg,:=1; (4.4)

a=1i+1

(3) the idempotent basis (A1, ...,A,) defined by the Lagrange inteprolating polyno-

mials
T — z;
A~::|| J =1,... 4.
T , A Zz _ Z]’ /I' ) 7”7 ( 5)
J#i
We have

4.3. Poincaré pairing and D-matrix. Denote by
n: Hy(P"™',C) x Hy(P"™',C) — Hz(pt,C) = Clz] (4.7)
the equivariant Poincaré metric given by equivariant integration

= "L 0(2q, 2)w(2q, 2)

n(v,w) := /Pn1 veow = ; oo 2) v,we Hp(P",C). (4.8)

The equivariant cohomology H3(P"~*, C) with the equivariant Poincaré metric 7 is a
Frobenius algebra over the ring H3(pt, C) = C[z]:

n(a-b,c) =nla,b-c), a,bcec HM P C). (4.9)

By bilinearity, we extend the Poincaré pairing to H¥(P"~1). The idempotent vectors
are pairwise orthogonal:

1
n(A;, Ay) =n(A; - Ay, 1 :/ Aibij = 0ijxiy Xi' = 5~
(Ai, A5) = 1( i1 o B = 0 [T —2)

Define the matrix D = (Dj,) as the matrix of the base change

(4.10)

xa:ZDjaAj, a=0,...,n—1.
j=1

Lemma 4.1. We have
,Dja:’zjq7 a:O,...,n—l, .]:177”’

Thus D is the Vandermonde matrix

2 n—1
1 2 2 ... Z X
1 2z 22 ... 2y~
D =
2 n—1
1 oz, 2z, ... 2z
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Its inverse D1 is

0<a<n—1,

a=n-—1,

where

sfﬁ(z) = Z Zmy - - Py

1I<mi<---<mp_<n
mi,..., mnfk#.j

Proof. The identity x = 211+ - -+ 2,A,, implies the identity z, = 20 A1 +... 20A,. O
Lemma 4.2. Let n = (ap)a.p, With
Nag = 1(Ta; T5),
be the Gram matriz of the equivariant Poincaré metric. We have
0 ifa+pf<n—1,
Nap = 1 ifa+pf=n—-1,
Matpn+1(2) ifa+B>n—1
Proof. Tt readily follows from the identity DT - diag(x1,...,Xn) D = 1. O

4.4. Equivariant characteristic classes. Consider a T-equivariant vector bundle V
of rank r on P"~!, with equivariant Chern roots &, ...,&,.

Definition 4.3. Define the graded equivariant Chern character of V' as the characteristic

class
,

Chr(V) := Zexp(%r\/—_lgj) € HI (P ).

j=1
Example 4.4. For V = O(k), k € Z, the graded Chern character Chy(V) is the class
Chr(O(k)) = exp(—2mv —1kzx).

This is the element of H$(P"!) whose restriction at the fixed point pt; is
exp(—2mv/—1kz), for I =1,... n.

Lemma 4.5. Let V € KJ (P" )¢ and Q(Z) € C[Z*Y]. We have
Chr(Q(Z2)V) = Q(Z)Cha(V), Z:= (V71 . 2™V ),

Proof. By additivity it is sufficient to prove the lemma for a monomial Q(Z) = Z{** ... Z%".
If (¢;); are the equivariant Chern roots of V, then (& + >7_, @;z;); are the equivariant
Chern roots of Q(Z)V. O
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Definition 4.6. Given any meromorphic function F' on C, holomorphic at 0, with Taylor
expansion of the form

F(t) =1+ Fdt,
k=1
we define the F-class of V as the characteristic class

Fv) =T 7).

Remark 4.7. We consider only the vector bundles V and functions F(£) such that F (V)
are elements of H(P"~1).

Definition 4.8 (Gamma classes). The ['*-classes of V are defined as the characteristic
classes of V' obtained from the Taylor expansions

[(14t) =exp (q:yt + i(qﬂ)’“%t’f) :

k=2
Definitions 4.3, 4.6, 4.8 naturally extend to objects of the equivariant derived category
Dh(Pr1).

Remark 4.9. If V = TP"~! the F-class of V is called the F-class of P"~!. We will denote

it by Fpn-1. Since the Chern roots of TP"~! are (ya — x)"—1, such a class is given by

n—1
Fpn-1 = H F(y, — x).
a=1

This is the class whose restriction at the fixed point pt; is [], g F (24 — 27). It is an

element of H}(P"~1) if F(t) has poles only at points of Z. This is the case for ffpﬁl,l.

5. EQUIVARIANT QUANTUM COHOMOLOGY OF P!

5.1. Equivariant Gromov-Witten invariants. For a given d € Hy(P"!,Z) and given
integers g, m > 0, denote by Mg,m(IP’"_l, d) the moduli stack of genus g stable maps to
P! with degree d and m marked points. We assume that either d > 0 or 29 +m >
2 so that M,,,(P""1,d) is non-empty. The T-action on P"~! induces a T-action on
M, (P*71 d). Given m cohomological classes

My -y Ym € Hy (P, C),

and integers dy, ..., d, € Z>o, we define the genus g, degree d, T-equivariant descendant
Gromov-Witten invariants of P! to be the polynomials

(Fan). 7 ™ = ( | Hw?ﬂ'ev;m)) € HIPLO), ()

[Mg,m (P?—1,d)]yir j=1

where



24 GIORDANO COTTI AND ALEXANDER VARCHENKO

o My (Pt )y € AL, (Mg (P"™!,d)), with Dy, :=nd+ (n —4)(1 — g) +m,
is the equivariant virtual fundamental class?,

e the map ev;: M, ,,,(P"%, d) — P"! is the evaluation at the j-th marked point,
which is T-equivariant,

e the classes ¥; € AT(M,,,(P"1,d)) denote any equivariant lift of the first Chern

classes of the universal cotangent line bundles £; on M,,,(P"!, d).

We refer the interested reader to the expository article [LS17], and references therein,
for details. If all d;’s are zero, then the polynomials above are called primary equivariant
Gromov-Witten invariants.

5.2. Equivariant Gromov-Witten potential. Consider the standard basis (2,)"_j

of H2(P" ! C), seen as a HY(pt,C)-module. Denote by t := (t°,...,¢""!) the corre-
sponding dual coordinates on H2(P"~! C), so that the generic element of H2(P"! C)
is -
v = Z t2,.
a=0
Consider the generating function F(]Fn_l’T € Ha(pt,C)[t% ..., t"] = C[2][t], called equi-
variant Gromouv- Witten potential of P"~!, defined by

Pr=1T — Pt T
FO (t) = %<77 s 77>0,m,d
m=0 d=0 . m times

- Z Z Z talT(‘xau .- xam>lg:lnldT- (52)

Theorem 5.1 (|Giv96, Theorem 3.1|). The function F(])Pn_l’T(t) satisfies the WDV'V -
equations
n—1 n—1 n—1 n—1
FPry T P OFR, PR o Fry T
AeOPOA " Othotot Ot otPotr T Otrotd ot
5.3. Equivariant quantum cohomology. The big equivariant quantum product * de-
fined by

IP’”l'[[‘

(5.3)

To % T

A= Z ataatﬁaﬁn
defines on H2(P"~! C)[t] a Frobenius algebm structure, namely a commutative, associa-
tive algebra with unit (the element 1) whose product is compatible with the equivariant
Poincaré metric (4.8), that is

n(a*b,c)=n(a,bxc), a,b,cec HN P! C). (5.4)
This algebra structure on Hp(P*~* C)[¢] is called the big equivariant quantum cohomol-

ogy of P"~1. Tt gives an example of a formal Frobenius manifold [Man99, Chapter III|.

3Its existence is ensured by the properness of ﬂgﬂn(P"’l,d). From this property, it also follows
that equivariant Gromov-Witten invariants are polynomials in z, see [LS17, Section 3| and references
therein.
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The quantum product (5.3) is a deformation of the product in classical cohomology. It
is customary to denote the big quantum product also by *; to emphasize its dependence
on parameters t'’s.

5.4. Quantum connection. The quantum connection of the equivariant quantum co-
homology of P! is defined by the formula

vt Hy(P', C)[t] — Hy(P" 1, C)[t], a=0,...,n—1, (5.5)
o= R Tat, (5.6)

where k € C* is the spectral parameter. The associativity of the quantum multiplication
x¢, 1.e. Theorem 5.1, is equivalent to the flatness condition of the quantum connection
vawet for all k € C*:

[Vaunt v =0, «,f=0,....,n—1, KeC" (5.7)
The system of equations for flat sections of the quantum connection is called the system

of equivariant quantum differential equations.
Definition 5.2. The T-equivariant topological-enumerative morphism is the element
S(t, k) € End(H2(P" 1, C)[t][+ ']
defined by the formula
n(S(t, k)u,v) = n(u,v)

n—1
oo o0 n—1 e fam v P ;T
DI T\ e e g )

d=0 m=0 ai,...,am=0 0,m+2,d
where u,v € H3(P" 1, C), ¥ := ¢;(Ly12) and the term ﬁ has to be expanded in power
_ o
series ) 77 kT

Definition 5.3. The (big) T-equivariant J-function of P"~! is the cohomology-valued
function defined by the identity

n(J(t,k),a) =n(1,S(t,k)a), ac HMNP" ' C). (5.8)

Theorem 5.4 (|Giv96, Giv9s|). For any k € C*, and any o € H2(P" ', C), the coho-
mology class
S(t, k)

quant

is a flat section of the quantum connection VE'2™, namely it satisfies the following system

of differential equations

R%S(tyl‘i)a:l’g x S(t, k), B=0,...,n—1 (5.9)

Proof. The validity of equations (5.9) is equivalent to the topological recursion relations
in genus 0 for Gromov-Witten invariants with descendants [Wit90]. For the proof in
the non-equivariant case, see [Dub92|, [Dub96, Lecture 6], [Dub99, Lecture 2|, [CK99,
Chapter 10], [CDG20, Section 7|. For the adaptation to the equivariant case see [Giv96,
Section 6] and [Giv98, Sections 1 and 2|. O
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5.5. Small equivariant quantum product for P"!,

Definition 5.5. The small quantum product of P* 1 is obtained by specializing the
parameters t'’s of the big quantum product (5.3) as follows: t* = 0 for i # 1.

It is customary to put ¢ := exp(t') and to denote by x, the small quantum prod-
uct. Following the notations of [TV19a], we denote by %, the small quantum product,
underlining its dependence on the equivariant parameters z.

A detailed study of the equivariant Gromov-Witten invariants of P*~! (and more
general flag varieties) and its small quantum cohomology can be found for example in
[GK95, Kim96, Mih06|. For a fixed ¢ € C*, the small quantum product operator

r*, . HY (P C) — Hy (P! C), (5.10)
is the C[z]-linear morphism defined by the identities

T *gzTj = Tjq1, j:O,...,TL—Z, (511)
T kgyTpo1 =q+ Z(—l)i_lsi(z)xn_i, (5.12)
i=1

where s;(z) are the elementary symmetric polynomials in z.

Remark 5.6. In the basis (g1,. .., gn), the operator z*, , is given by
THqz i = 20 + i1, 1=2,...,n, (5.13)
T*qz 1 = 2191+ qYn- (5.14)

5.6. R-matrices and ¢KZ operators. For a,b € {1,...,n}, with a # b, we define a
family of C[z]-linear operators, called the R-matrices,

Rap(uw): Hy(P" 1 C) — Hp(P" 1 C),
depending on a parameter u € C, and defined by the formulae

Rap(w)gi == gi, i # a,b,

Rap(w) gy = gas  Rap(1)ga := g + uga.
The R-matrices satisfy the Yang-Baxter equation

Rop(t — ) Roe(t) Rpe(v) = Rpe(v) Rae (1) Rap(u — v),
for a, b, ¢ all distinct, and the inversion relation
Rap(u) Rp(—u) = 1.

Define the operators F1, ..., E, such that

Eig; = 059;.
Define the ¢ K Z operators Ky, ..., K, by the formula
K;: Hy(P" 1 C) — HM(P" ', C), (5.15)

Ki = Ri,ifl(Zi —Zi—-1— 1) c. RZ'71(Z7; — 21— 1)q7Esz’n(Zl - Zn> Ce Ri,i+1(zi - Zi+1). (516)
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5.7. Equivariant ¢DFE and ¢K Z difference equations. Consider the vector bundle
H over the base space C", with fiber over z; given by the equivariant cohomology algebra
(4.1) specialized at z = z, i.e.

Hy (P, C)| (5.17)
Denote by pr: C* x C* — C™ the natural projection. Consider the pull-back vector

bundle pr*H.
The quantum connection described in Section 5.4 defines a differential operator

z=z0

d
gtk T ﬁqd—q — Tz, (5.18)

\%

acting on sections (g, z) of the vector bundle pr*H. Following [TV19a|, we fix k = 1.
The (small) equivariant quantum differential equation (¢DE for short) of P*~! is the
differential equation

qu%ﬁzlf(q, z) = (qd% - x*q,z) I(q,z) =0, (5.19)
where [ is a section of the vector bundle pr*H. The ¢DFE is thus the equation for flat
sections of pr*H.

Definition 5.7. Fix ¢ € C*, z, 2’ € C". Define the isomoprhism of vector spaces

I, .:pr*Hy, = priHg ., x4 (5.20)

fora=0,...,n—1.

Definition 5.8. Fix ¢ € C*, z,2’ € C". For i = 1,...,n, define the isomorphisms of
vector spaces

Op:pr'Hy, —prH,,, 9j|q,z > 9j|q,z/ ) (5.21)
for j = 1,...,n, where g;’s are the elements of bases (4.4).
For z €e C", i =1,...,n, we use the following notations:
zFi=(2,...,u%1,...,2,) €C", (5.22)
@;i D= @z7ziﬂ:2 pr'H, . — pr*quzii, (5.23)
i@z,i D= @ziﬂ:7z2 pr*Hq’zii — priH, .. (5.24)

For every fiber pr*H, . we have the ¢K Z-operators K, ..., K, defined by equation
(5.16).

Definition 5.9. Fix ¢ € C*, z € C". The qK Z-discrete connection on the bundle H is
given by the datum of the isomorphisms of vector spaces

©,,0Ki(q,z): pr"H, . — pr'H, -. (5.25)
The system of difference equations
(g, z1,...,zi = 1,...,2,) = [@;’ioKi(q,z)] I(q,z), i=1,...,n, (5.26)

is called the system of the ¢ K Z difference equations. These are equations for flat sections
for the ¢ K Z discrete connection.
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Theorem 5.10 (|TV19a, Theorem 3.1]). The joint system of equation (5.19) and (5.26)
18 compatible.

Remark 5.11. The ¢KZ difference equations (5.26), can be written in the equivalent
form

(g, 21, zi+ 1, ,z0) = [0, 0 K(q,2)] I(q,2), i=1,...,n, (5.27)
where the operators

Kl(q,z):= T0,,0K;(q,z) "o Ch (5.28)

act on the fiber pr*H, .. In terms of the R-matrices we have

Ki(q, Z{F)_l =Riy1i(zipn — 2 — 1) Rpi(zn — 20 — 1)C_IEZ"

. Rl,i<zl — Zz') e Ri—l,i(zi—l — Zz) (529)
Remark 5.12. The qKZ operators are defined in the g-basis (4.4). That basis is the
limit of the stable envelope basis of the equivariant cohomology of the cotangent bundle
T*P"~!, in the limit, in which the equivariant cohomology of the cotangent bundle T*P"~!
turns into the equivariant cohomology of the base space P"~!. See [RTV15] on the stable

envelopes for the cotangent bundle T*P"~! see [GRTV13, Section 7] and [TV 19b, Section
11.4] on that limit.

6. EQUIVARIANT ¢DE OF P"~! AND ITS TOPOLOGICAL-ENUMERATIVE SOLUTION

6.1. Equivariant quantum differential equation. We consider the equivariant quan-
tum differential equation (5.19) written wrt the standard basis (z,)"_j, namely,

0 0 g+ (=1)"""sn(2)
Iy ) 10 ... 0 (=1)"Z%s,.4(2)
— = Alg2)Y, Alg,z):=-]01 0 (=1D)"spa(2) |. (6.1
dg q :
1 Sl(Z)
We have
1
Alg,z) = Ag + 5./41(2), (6.2)
where
0 0 1 0 0 (=1)"s,(2)
00 ... 00 10 ... 0 (=1)"2s,.1(2)
Ay=|00 ... 00 A@z)=[01..0 (—=1)" 35, 9(2)
0 0 1 Sl(Z)
The eigenvalues of the matrix A;(z) are exactly z1, ..., z,, as it easily follows from Viéte

formulae. Notice that A;(z) denotes the matrix of equivariant multipilcation

HTI'(]P)”717C) — H%(Pnia(j)v f =T fa
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whereas Ag represents the quantum correction terms of the product. Moreover, we have
D-Ai(z) - D' = Z :=diag(z,...,2), (6.3)
since the classes A;’s are the idempotents of the equivariant cohomology algebra.

The differential system (6.1) has a regular singularity at ¢ = 0 and an irregular singu-
larity (of Poincaré rank 1) at ¢ = oo

6.2. Levelt Solution.

Theorem 6.1. There ezist unique n x n-matriz valued functions (G(z))s,, meromor-
phic on C" and regular on 2, such that the gauge transformation

Y(q,2) = Glq,2)Y(q,2), Glg,z2)=D" (11 +) Gk(Z)qk> 7 (6.4)
k=1

v-lzy. 6.5
V= (65)
Moreover, the formal power series G(q, z) converges to a meromorphic function on C x
C", regular on C x €.

transforms the differential system (6.1) into the differential equation
d
q

Proof. Let us look for a formal gauge transformation
Y =D 'GY, Glq,z Z Gr(z)d",

which puts the system (6.1) into the simplest normal form
ay 1 _-
— =-ZY.
dg ¢
This requirement implies the following equation for G:
dG 1
DAD G — d—+ (Z,G] =
q

which reduces to the following recurrence equations for the coefficients Gy ’s:
ZGy = Gy Z, (6.6)
DAD Gy + [Z,Gry1]—(k +1)Gryq = 0. (6.7)
Equation (6.6) is satisfied if and only if Gy is diagonal. So we may choose Gy to be 1.

For k > 1 equation (6.7) uniquely determines Gy in terms of Gy. Indeed, the linear
operator

or: M, (C) = M,(C), Xw—[Z,X]-(k+1)X
has eigenvalues z; —z; — (k+1), 4,7 =1,...,n, which are nonzero, since z € €. Hence,
@r is invertible, and we deduce
Gk+1 = @gl(—DA()D_le).

The power series G(q, z) is convergent. This follows from the regularity of the singularity
g =0 of (6.1). The proof is standard, e.g. see [Was65, Sib90, MS16]. O
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Corollary 6.2. For (Gi(2))72, as in Theorem 6.1, the matriz valued function

Yo(q,2) =D (Jl +> Gk(Z)qk> ¢, (6.8)

is a solution of system (6.1). For each fized z € §Q, the function Y, is a fundamental
system of solutions.

We call the fundamental solution Y, the Levelt fundamental solution, following the
terminology of [AB94, Chapter 2|.

Fix (¢,z) and increase the argument of ¢ by 2w. The analytic continuation of the
solutions of (6.1) along this curve produces the monodromy operator My(z) on the space
of solutions.

Corollary 6.3. The Levelt fundamental solution Y,(q,z) is an eigenbasis for the the
monodromy operator My(z). The matriz of the monodromy operator My(z) wrt the
solution Y,(q, z) is

My(z) = exp (21vV—1Z2) . (6.9)
Proof. We have
Y, (eQ’rﬁq, z> =Y,(q,2)Mo(2), Mo(z)=exp (2nvV-1Z2).
O
6.3. Topological-enumerative solution. Recall the topological-enumerative morphism
S(t, k) of Section 5.4, where t = (t°,¢',...,¢t""!). Denote
S°(q) :=8(0,10gq,0,...,0,1), (6.10)

where the last argument is kK = 1. We call §°(¢) the restriction of S(t, ) to the small
equivariant quantum locus.

Define the equivariant cohomology valued functions Wyo, 1(q, 2), - - - s Yiopn(q, 2) by the
formula:

Viopm (4, 2) = 8 (Q)Tm-1, m=1,....n (6.11)

By Theorem 5.4, these functions are solutions of the equivariant quantum differential
equation (5.19). Let Y;,p(g, 2) be the matrix of the operator S°(q) wrt the basis ()"} :

a=0 "
n—1

Tiopn (0:2) = Y _[Yiep(q, 2)|e2a, m=1,...,n. (6.12)
a=0

The matrix Yiop(¢, ) is a solution of the matrix differential system (6.1). We call it
the topological-enumerative solution of (6.1).

Theorem 6.4. The topological-enumerative solution is the unique solution of (6.1) of
the form

Yiop(a, 2) = (g, 2)g™ ), (6.13)



qgDE AND ¢qKZ EQUATIONS FOR A PROJECTIVE SPACE 31

where
b(g,z) =1+ ) d;(2)¢.
j=1

The coefficients ®; are holomorphic on 2, they are related to descendant Gromov- Witten
muvariants through the equation

pr-1T
¢j<z>g:<xﬂ,1f—“¢> P, jENs, aA=0,....n-1 (6.14)
0,2,j

Here 1 is the first Chern class of the universal cotangent line bundle Ly on the moduli
space Mo o(P" 1, j) at the second marking. Furthermore, we have
Y;:Op(qa Z) = }/;J(qa Z) : Da

where Y, is the Levelt fundamental solution of (6.1) described in Corollary 6.2 and D is
(6.3). In particular, for each fized z € ), the matriz Yiop(q, 2) is a fundamental system
of solutions of (6.1).

Proof. For a € HY(P"! C) let 8°(¢)a be the corresponding solution of the ¢gDE. We
obtain

00 n—1 P—hT
0 . q"'a
S(q)a=q"a+> q¢* > <$w 1 _¢> .

d=1  A\u=0 0,2,d

by using the divisor axiom for descendant Gromov-Witten invariants, see [CK99, Chapter
10]. Notice that

Yiep(¢,2) = 1+ ‘I)j(z)qj> gt
=1

=1+ Zq)j(z)qj> DL.D.gME . DD
j=1

S R P
j=1

- 7

YO (q,z)

where in the last line we used (6.3). The uniqueness of a solution of the form (6.13) thus
follows from the uniqueness of the solution Y, in Corollary 6.2. O

6.4. Scalar equivariant quantum differential equation. Let Y be a fundamental
solution of the differential system (6.1). Then, the matrix Y :=n-Y -~ is a solution
of the differential system

dy e
a0 =A(q,2)"' Y. (6.15)

This follows from the Frobenius algebra property (5.4).
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Equation (6.15) can be reduced to the scalar differential equation

—_

n—

. ) d
Inp = (q+ (=1)" "su(2) o+ Y (~1)" T s ()00, V1= g,

6.16
1 G (61

.
Il

that will be called the scalar equivariant quantum dz’ﬁerentml equation of P!,
Given n linearly independent solutions (¢, ..., ¢,) of (6.16) one can reconstruct a
fundamental matrix solution Y of system (6.15) by setting

(?)Z:,ﬁgask? h:077n_1, kzl,,n

Remark 6.5. In the non-equivariant limit z; = --- = 2, = 0, equation (6.16) reduces to
the equation
Uy 0 = qo,
which coincides with the scalar quantum differential equation of P"~!,
926 = (n8)"6, 9, = s
ds

under the change of variables ¢ = s™. The monodromy of this equation has been studied
in [Guz99, CDG18|.

Theorem 6.6. The matrix

aq a9 (07%
R Y,a Y,a ... Y.an,
Vigz)=| " " o (6.17)
Ui tay 07 ay I tay,

where

1
,Z . i=1,....n, 6.18

is a fundamental matriz solution of the differential system (6.15). The corresponding

solution 77_1-17-77 of the equivariant differential system (6.1) is the topological-enumerative
solution,

Yip(d,2) =071 Y .

Proof. Equation (5.8) implies that the components, wrt to the standard basis (z4)%_;,
of the J-function, restricted to the small equivariant quantum locus, are solutions of
the scalar equivariant quantum differential equation (6.16). The small equivariant J-
function of P!, computed by A.Givental [Giv96], B.J. Lian, K. Liu, S.-T. Yau [LLY97]
is given by the formula

1
Ja (”anz T 1<x—zz+m>)‘
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We have

x:Zz] i 1—ZA], aA Z Az,

7=1
for any o; € C*. We deduce

Tz = +an T z+m>A>
1
— ¢ 1
! +Zqzj 1Hz IHm 1 (7 zz—i—m)A)

— 1+qud — A )

d=1 j=1 [T [Thei (25 — 2 +m)

n 00 1
=3 (1 A,
zj = d 1 )
q <1+ZC] I (~—zi+m)>A]

7,1m1

g - 2 - d 1 N
{Zq (H;qH?:1Hi21<zj—zi+m>><p >C”} .

I
NE

3 .
_

If we define
a;(q, z (1 + Zq ! ) j=1,...,n
'z Hz 1 Hm 1( — % + m) ’ 7 o
then the matrix
aq (05} (7%
9,01 Y09 J,ay,
V(g z) = ! ! (D-HT
19’; Lay 192*1@ 19;‘ La,

is the topological solution of system (6.1). O

7. SOLUTIONS OF THE EQUIVARIANT ¢DFE AND qKZ DIFFERENCE EQUATIONS

7.1. g¢-Hypergeometric Solutions. In this section we define a fundamental system of
solutions of the joint system of equations (5.19) and (5.26) described in [TV 19al.
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Definition 7.1 (Master and Weight function). Define the master function ® and the
H2(P"~! C)-valued weight function W by the formulae

n n—1
S —7my/—1n t
B(t,4,2) = VT () TG -0, Wew) = [y -0, ()
a=1 J=1
Recall that v, . .., y,_1 denote the equivariant Chern roots of the natural quotient bundle

Q on P 1L,

Remark 7.2. Notice the difference in the definition (7.1) of the master function ® with
respect to [TV19b] and [TV19al. In [TV19a, Section 4.1| the master function is defined
as

¢ n
O(t.q,2) = (VT g) [0z — ).
a=1

i.e. differing from (7.1) by the extra factor exp(mv/—1(2t + >"1, 2;)). In [TV19b] the
general case of partial flag varieties is considered. The master function in [TV19b, Section
11.4] (see formula (11.16)), specialized to the case of projective spaces, is

O(t,q,2) = e~V 2 <e‘”mnq) HF(za —t).
a=1

Thus it differs from the function ® in (7.1) by the factor exp(2mv/—1> "1 | z).

Definition 7.3 (Jackson Integrals). Define the Jackson integrals ¥, J = 1,...,n, to
be the Hp(P"~!, C)-valued functions defined on C* x Q by the formula

[e.9]

Vy(q,y,2) =— t:f‘}fgrq)(tyq, 2)W(t,y). (7.2)
r=0

Here C* is the universal cover of C*.

Theorem 7.4 ([TV19b]). The functions V;(q,y, z) with J = 1,...,n are holomorphic

on C* x Q. Fach of them is a solution of the equivariant quantum differential equa-
tion (5.19) and of the ¢KZ difference equations (5.26). These functions form a basis of
solutions of this joint system of equations.

We will call the solutions W ; the q-hypergeometric solutions.

Remark 7.5. Notice that in [TV19a] the system of ¢KZ equations differs from the one
considered in [TV19b] and in this article by a sign in the rhs of (5.26), due to the different
normalization of the master function ®.

Corollary 7.6 ([TV19b, Formula (11.19)]). The g-hypergeometric solutions V; admit
the following expansion

n ) e/ "Tn \ ©
Uy(g,y,z) =™ R (6 vt Q> H (1 + 2z, — 2y) (AJ + Z ‘Ifj,k(z)qk> ;
a#J k=1

where the classes W ;(z) are rational functions in (zy,. .., z,), reqular on €.
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Define the matrix Yy nyp = ([Ygnyp7), ; by the formula

n—1

Uy = Yonl) ar J=1,....m,

a=0
then Y, 1y, is a fundamental matrix solution of the differential system (6.1).

Theorem 7.7. The connection matrixz C' relating the topological-enumerative solution
with the q-hypergeometric solution,

}/;I'hyp(Q7 Z) = Ytop(Qa Z) : Ou

1 given by the formula

C =D diag <e”\/j1(_mf+2?—1 i) H (14 z, — zj)> : (7.3)
aj i=1
This matric C' is the matriz attached to the morphism
p: H3(P"1,C) = HE(P™Y), v ™ lal"™ D T8y (7.4)
where we fix

e the basis (A;)}- I in the domain of p,

o the basis (1,)"—y in the target space of p.
Proof. The proof follows from Theorem 6.4 and Corollary 7.6. Notice that

n

n—1
(P 1) = Zzi—nz, | e HF(1+ya—x).
a=1

i=1
Each term of the entries of the diagonal matrix in (7.3) can be indentified with the
multiplication by these classes wrt the basis (A;);. O

Remark 7.8. The functions Wi, (g, 2) defined in (6.11) are not solutions of the ¢K'Z
difference equations (5.26), since the matrix C' given by (7.3) is not 1-periodic in the
equivariant parameters 21, ..., 2.

7.2. Identification of solutions with K-theoretical classes. Following [TV19a], we
introduce the symbols

T :=exp(2nV/—1t), Z;:=exp(2nv/—1z;), J=1,...,n. (7.5)
Definition 7.9. Let Q(X, Z) € C[X*!, Z*!] be a Laurent polynomial. Define

Q7y7 ZQZJ7 \IJJ q,Y,z )

The function Wq is a solution of the joint system of equations (5.19) and (5.26). If
Q(X, Z) = X™, we denote the corresponding solution W by U™, i.e

=> 770,
J=1



36 GIORDANO COTTI AND ALEXANDER VARCHENKO

Remark 7.10. Notice that U™ in [TV19a] equals exp (—7v/=13Y 1", z;) ™2 of this pa-
per. This is due to the difference of normalizations of the master function, see Remark
7.2.

Theorem 7.11 (|[TV19a]). There is a well-defined morphism from K; (P"')¢ to the
space of solutions of the joint system of equations (5.19) and (5.26), defined by the
assoctation

Q — \I/Q,
under the isomorphism (3.4).

Corollary 7.12 (|TV19a, Corollary 4.4|). For any k € Z, we have

n

Z(_l)n_isn—i(z)\pk+i(Q>yaz) - 07 (76)

i=0
where SZ(Z) are the elementary symmetric polynomials in Z.

Theorem 7.13 ([TV19b, Theorem 11.3]). For any k, (V*+(q,y, 2))1=) is a basis of the
space of solutions of the joint system (5.19) and (5.26).

Remark 7.14. The idea that space of solutions of the ¢ DF and ¢ K Z equations is naturally
identified with the space of the K-algebra can be observed in [TV97a, TV97b| and was
implicitly discussed there.

7.3. Module S,, of solutions.

Definition 7.15. Define the space S, of solutions to the joint system (5.19) and (5.26)
of the form

Y Qu(2)¥"(q,y,2), QumeC[Z"]. (7.7)

The space S,, admits a structure of a C[Z*!]-module, the multiplication by Q(Z) being
defines as the multiplication by Q(Z).

By Corollary 7.12, the module S, contains all the solutions ¥™(q,y, z), m € Z.

Corollary 7.16 (|TV19a, Corollary 4.6]). The module S, contains a basis of solutions
of the joint system of equations (5.19), (5.26). Moreover, the map 0: K (P" ')e — S,
defined by the formula

O(X™) :=9"(q,y,2), mEZ, (7.8)
defines an isomorphism of C|Z*']-modules.

Using the isomorphism 6 we define a sesquilinear form on the module §,, as the image
of the yT-form on K (P"!)c. The notions of exceptional bases and the action of the
braid group on them can be lifted to S,,.
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7.4. Integral representations for solutions. For p € C, let us denote by C(p) the
parabola in C defined by the equation

Clp) :={p+t*+t/—1:t € R}.

Given a point z € €, take p such that all the points zi, ..., z, line inside C'(p). The
value of the integral (7.9) below does not depend on a particular choice of p, so we will
simply denote C(p) by C(z).

Lemma 7.17 (|[TV19b, Lemma 11.5]). For any Laurent polynomial Q(X, Z) we have
1 ,
Vola.v.2) = 5 [ QU Z)8(t0. 2 W (ty)dr (79)
¢ 21v/—1 Jow)

where the integral converges for any (q,z) € C*x Q. In particular, we have

VI o/ Tt~y Tnt + T T
—_— etV T Mt eT IV A 'z, — c—t)dt. (7.10

a=1 j=1

V(g y,z) =
Remark 7.18. These formulae differ from the corresponding ones in [TV19a]. See also
Remarks 7.2 and 7.10.

7.5. Coxeter element, and elements v, 0, odd, On.even € Bn. The Coxeter element of
B,, is the braid

C = TiTo ... Tp_1 € Bn (711)

For any n > 3, let

n—1, forn odd,

n — 2, for n even.
Set v, := 1, and for n > 3,
Br = TkTht1 - Tu—1, V= Be, B2 - Do
Define also
Onodd = T1T3+ - - Tn—2, Opeven = T2T4...Tn—1, for n odd,
Onodd = TiT3 .- Tn—1, Opeven = T2T4...Tn—2, LOI N even.

The elements C, 7,, 0pnodd; Oneven Satisfy the following relation.

Lemma 7.19 ([TV19a, Lemma 6.3]). We have the following identity in B,,:

§n,even 6n,odd Yn = Tn C. (712)
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7.6. Exceptional bases Qy, @, QY, @k, ~§€, @’k’ For any k € Z, we define the basis Q
of solutions of the joint system (5.19), (5.26) to be the basis

Qp := (WF=L U k), (7.13)

Lemma 7.20. The basis Q. is an exceptional basis of S,. Via the isomorphism
0: K (P Ye — S, it is identified with the exceptional basis

([O(_k —n+ 1)]7 SR [O(_k - 1)]7 [O(_k)])a
of KL (P" )¢, obtained from the Beilinson basis ([O(i)])7=y by twisting it with R[O(—k —
n+1)].

Proof. 1t follows from Corollary 7.16. U

For any k € Z, we define the exceptional bases ) and @} through the mutations

Q;c = ’yanv Q/k/ = 5n,0ddQ;g~ (714)

Proposition 7.21 ([TV19a, Lemma 6.6, Corollary 7.2|). The basis Q) and Q1 are
related by the so-called modified Coxeter map: this means that Q_1 is obtained from
CQy by multiplying its last element by (—1)""'s,(Z71). Moreover, the basis Q) _, is
obtained from the basis 8y, even@} by multiplying its last vector by (—1)"*ts,(Z71).

Remark 7.22. Our bases Qy, )}, Q) have the same elements as the bases Qx_1, Q)_1, Q) _,
of [TV19a|, but ordered in the opposite way, see Remark 3.3.

Introduce three more families of exceptional bases of S,,, denoted by @k, @C, Q/é For
k € Z define
Qr = C7*Qy, Q= 1 Qr. Q= 6n0aa Q- (7.15)
We have
@271 = 5n,even NZ

by formula (7.12). The diagram

=~ 6n,odd ~ én,even ~

Q. k! ko1 (7.16)
'Yn/l\ I'Yn

ék = C @k—1

is commutative by Lemma 7.19.

Remark 7.23. Notice that the pre-image of a basis ka via the isomorphism 6: K (P" ') —
S, is a foundation €&, of the helix generated by the Beilinson exceptional collection
(O(=n+1),...,0(—1),0). In particular, &, is the adjacent foundation to the left of
&y: by Proposition 2.24, the objects of €, are obtained by applying the Serre functor to
objects of &.
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For any ¢, m € Z such that 0 < m — ¢ < n, denote
U () = U™ — 5 (Z)0™ 4 (—1)" sy, (Z2) T (7.17)

The explicit formulae for @} and @7} follow from [TV19a, Section 6.3|, Remarks 7.10
and 7.22.
If n =2h+ 1, we have

e the basis Q) is the basis in which the solutions W*, ... Wk stay at the positions
2h+1,2h—1,...,1, and the solutions W**2h(k41), Wk+2h=1(fp 4 2)  ghthtl(fpy
h) stay at the positions 2h,2h — 2, ...,6,4, 2, respectively;

e the basis @} is the basis in which the solutions W* ... W*t" stay at the po-
sitions 2h,2h — 2,...,6,4,2,1, and the solutions Wk2h (k) Wr+2h=1(k 4 1) ..
Whthtl(p 4+ h — 1) stay at the positions 2h +1,...,5,3.

If n = 2h, we have

e the basis @)} is the basis in which the solutions W* ... W*" stay at the posi-
tions 2h,2h —2,...,4,2,1, and the solutions WF2"=1(k 4+ 1) Wr2h=2(k 4+ 2) ..
Wkthtl(k 4+ h — 1) stay at the positions 2k —1,...,7,5, 3;

e the basis @)} is the basis in which the solutlons \Ifk ., Ukh=1 gtay at the po-
sitions 2k — 1,...,5,3,1, and the solutions Wk+2h— 1(k), WhH2h=2(F 4 1), ...
Whth(f + h — 1) stay at the positions 2h,...,6,4,2.

The bases Q © can be obtained from the bases @}, @} by application of the following
rule.

Rule 7.24. The basis @C (resp., @’kf) is obtained from the basis @}, (resp., QF) b
substituting any solution ¥ (¢) with

(=)™ s,(2))" w™(0),
where a € Z is such that
O0<m+an<n-—1.

Example 7.25. Let n =5 and £k = —1. We have

QLy = (U1, 0%(1), 9°,0%(0), ¥71),

Q L= (UL U(1), 0, 0(0), s5(2) ),
(\Ifl,\lf 20), U w3(—-1)),
= (U1, 00, W2(0),s5(2Z2)0 1, U3 (—1)).

Theorem 7.26. Via the isomorphism 0: K (P" )¢ — S, the solution W™ () corre-
sponds to the K-class of the exceptional object

/\m_Z T(—m) = (/\m_é 'T) ® O(—m),

placed in degree ¢ — m. Here T denotes the tangent sheaf of P"~1 with its natural T-
equivartant structure.
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Proof. Let V= C" be the diagonal representation on T described in Section 3.2. Consider
the Euler exact sequence, together with its exterior powers

0 ) Vo O(1) T 0, (7.18)
0 T ANV ®OQ2) —— N*T — 0,

0— A""'"T— AN'Veooh) —— AN"T—0,

0—N'"T—N"'VeO(m-1)— O(n) — 0.

Each morphism in (7.18) is T-equivariant. In equivariant K-theory we have

IN'T] =[N veom] -\ 1] =s@om - [\ 7],

for h =1,...,n. By induction, we obtain

N'T] == i(—l)jsm 06)].

where the sign is + for even h, and — for odd h. The result follows from identity

(7.17). U
Corollary 7.27. For any k € Z, via the isomorphism 0: K] (P" Y)c — S, the bases
Q5. Q5 correspond to the K-classes of the following T-full exceptional collections:

(1 ) If n is odd, the basis Q) corresponds to
n—1 n—1
@(_k_Q),T(_ ) o

1 3 n—1
+1),/\T(—k— 5 —2),...,
n—4

N T(k-n+2), O(-k-1) /\”QT k—n+1), O(=k),

and the basis Q) corresponds to

0(— ”;1),(9(— +1>,/\27’(—/4;—”;1—1),(’)(—k—n;1+2>,...,
O(-k-1), N T(-k-n+2), 0(-k), N T(-k-n+1).

2) Ifn is even, the basis (), corresponds to
k

O(-k-5),0(-k=2+1), N'T(-k=5-1), 0(-k=5+2).....

N T Tk n42), 0k -1 N T (k-4 1), O(—k).

and the basis ()} corresponds to

(’)(—k—g+1),T<—k—g), (’)(—k—g+2) A T( k——— )

O(-k-1), N T(-k-n+2), 0(-k), N T(-k-n+1).
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In these exceptional collections, each of the objects O(m) sits in degree O and each of the
objects N" T(m) sits in degree —h.

Proof. 1t follows from Theorem 7.26 and the description of the bases Q}., Q. given above.
O

Corollary 7.28. The objects corresponding to the elements of the bases Q), Q) are
obtained from the objects corresponding to the elements of the bases Q, QY by twisting
their T-equivariant structures.

More precisely, for a € Z define the T-characters

ANve aNVv, ifa>o (7.19)
Nve oV, ifa<o (7.20)
R S
where V =2 C" is the diagonal representation of T. Given m € Z define a € Z from
0<m+an<n-1. (7.21)

Then the T-equivariant structure of any object O(—m) or N™ " T(—m) corresponding
to bases @}, QY must be tensored with the corresponding character defined above.

Proof. 1t follows from Corollary 7.27 and Rule 7.24. U

7.7. Asymptotic expansion of bases ), and @} in sectors V, and V;. Following

[TV19a], introduce the coordinates (r,¢) on the universal cover C* of the punctured
s-plane C*:

g=2s", s=re 2™ >0, ¢eR. (7.22)
Lemma 7.29 ([TV19a, Lemma 5.1]). For m € Z and ¢ € R such that
U P (7.23)
n n

we have the asymptotic expansion as s — 00O

n—1
2m) 2 n PIUREER - 1
\I/m(s”,y,z) _ ( 7T) 2 eﬂﬁzizl % <€—\/—717TC7TS> 1 2 enscn (1 +0 (_)) ’
i ;

(7.24)
21w/ —1
Cn = exp ,
n
where arg (e‘ﬁ”C,TS> =2 — 7 — 27, so that |arg (e‘ﬁ”C,TSN <.
Counsider the sectors
~ Lk 1 1 k
= Cri————— << — 7.25
Vi {S < n 2 2n ? n} ’ ( )

n 2n

~ 1 1 1
V”I:{SEC*:E————<¢<E——}, (7.26)
n 2 n
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for k € Z.
Let us recall the main result of [TV19a| concerning the asymptotic expansion of the

bases @}, Q7.

Theorem 7.30 ([TV19a, Theorem 7.1]). The elements of the basis of solutions Q) (resp.
Q1Y) can be reordered to a basis (I,(s",y, z))"_, with asymptotic expansion

o) "3 S abeg!
Im(5n>y,z> = % VA DI <e*\/j17"é‘;ns) ! nSCn (1 +0 ( )>

H/\

Zz Z7'+
for s — oo and s € V;, (resp s € V}!). Here, for defining <€7ﬁ”<’fl”s> !
following choice of the branch of log (e*\g”@]fs) 1s done: for every m the argument of
(e_ﬁ”(jf“s> is chosen so that |arg(e™V=1"C"s)| < m when ¢ tends

(1) to & inside (2’“2—21 k) for the case of Q,,

(2) to 2kn1 inside (% Zh— 1) for the case of Q.

In both cases, the argument of (e‘ﬁ”g[bs) is continuous for ¢ in the intervals above.

In terms of the bases @}, and Q! we can recast this result as follows.

Corollary 7.31. The elements of the basis of solutions Q’ (resp. Q 1) can be reordered
to a basis (I,(s",y, z))"_% with asymptotic expansion

m=0
(27r) 71;571 B —n-1 Zn __"_nfl m 1
.[m n) 9 - T 2 m i=1% 2 nSC" ]. O - 9 728
(5" 9,2) = = e () e (140 (7.28)

for s — o0 and s €V, (resp s € V}!). Here for defining (C,Ts)zglzﬁ%l, the principal
determination of the argument of ((]'s) is chosen, i.c. arg((]'s) = 21 — 27¢.

Proof. From Lemma 7.29 and Theorem 7.30, we have that, for any m € Z, the element
U™ (¢) of Q) admits the following expansion on V;:

(2m)°F ) (v O 1
U™ (0)(s™ _ ™ s1(2) < V=17 m > nsCit of:=
(0 9.2) = BT v (v " e (140

n—2 n—1
:(27T) 2 67r\/77151(z) (e*\/jlwggz+an8> si(2)+55 .

(o (10(1))

where a € Z is such that

0<m-+an<n-—1.
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Thus, we have the following asymptotic expansion for s — oo and s € V;:

(Cam)s @+ g (1) (5", y, 2) =

2 nT_l n— S1(= n=1 m 1
( 7T) e*ﬂ'\/lel (C;Ln+an8) 1(2)+3 ensgn (1 +0 (_)) )
v ;
n—1

(@@ e () = (-1 s,(2)) wm(e)

is the element of @;c obtained the element W (¢) of @}, by applying the Rule 7.24. This
proves the statement for Q.. The same argument applies for Q7. U

Notice that

8. B-CLASSES AND B-THEOREM

In this Section we prove the B-Theorem, one of the main results of this paper.
8.1. Morphism B.
Definition 8.1. Define the morphism of complex vector spaces
B: Kj(P" Ye — HI(P™ )
by R
B(F) =T}, exp (mv/—1e; (P ) - Che(F). (8.1)
See Section 4.4 for the definition of the characteristic classes in the r.h.s. of (8.1).

8.2. B-Theorem. Consider the space .7, of solutions I(q, z) of the equivariant quan-
tum differential equation (5.19) that are holomorphic wrt z in Q. The space .77, is a
module over Oq. Since elements of S, can be seen as element of .%7,, the isomorphism
0: K (P" ') — S, of Corollary 7.16 induces a map

0: Kj (P — .7,

The restriction S° of the topological-enumerative morphism, defined in (6.10), allows us
to associate an element of ., to any element of H%(P"~! C). By extension of scalars,
there is an induced morphism

S°: HY(P™ ™) — 7, aw S°(q)a.
Theorem 8.2 (B-Theorem). The following diagram is commutative:

- B .
K§ (P )¢ H (P 1)

In other words, if F € KJ(P" V)¢ and 0(F) € S, is the corresponding solution to the
joint system of equations (5.19) and (5.26), then the meromorphic functions hx ;(z),
with 7 =1,...,n, defined by the identity

O(F) = Z hx j(2)Yiop.;, (8.2)

5 8
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are the components of the equivariant cohomology class B(F) wrt the basis (14)"—5, i.e.

B(F) = Z hx;(2)x; 1. (8.3)

Remark 8.3. The relation between 0(F') and the equivariant-topological solution is the
equivariant version of part 3.b of [CDG18, Conjecture 5.2] for P"~! see also [Dub9s,
KKP08, GGI16|. Notice that this is also a refinement of Gamma Theorem of [TV19b].

Proof. We prove the statement of the theorem for a basis in K (P"~1)¢. Then the result
for an arbitrary element ' € K (P" !¢ follows by linearity and Lemma 4.5.

For k € Z consider the basis ([O(—=k—n+1)],...,[0(=k—1)],[O(=k)]) in KJ (P" ).
Its f-image in S, is the basis (‘11k+”_1_m)nm_:10. Let Yrv i = ([YTV,k]gL)A’m be the matrix
defined by

ghtn=imm Z[YTV,km@ zy, m=0,...,n—1.
A

For z € Q, the matrix Yrv is a fundamental system of solutions of system (6.1). The
matrix Cry  connecting the basis Yy, with the topological-enumerative solution Yi,p,

YTV,k‘ = thop : CTV,k>
equals
Crvy = C - diag (exp(27r\/—1(k +n—1-— 771),2,,”1))%1
where C' is given by (7.3). This shows that Cpvy is the matrix of the morphism b
with respect the bases ([O(=k —n + 1)],...,[0O(=k — 1)],[O(=k)]) and (z4)"Z5. This
concludes the proof. O

m=0"

9. FORMAL SOLUTIONS OF THE SYSTEM OF qDFE AND qKZ EQUATIONS
9.1. Matrix form of ¢DFE and ¢K Z difference equations. The sections
(q,2) = Talgzs a=0,...,n—1,

of the bundle pr*H, introduced in Section 5.7, define a trivialization of pr*H. This
trivialization, allows us write the joint system of the ¢DFE and ¢K Z difference equations
(5.19), (5.26) in matrix form.

For a basis I1(q, z), . . ., I,(¢g, z) of solutions to the joint system (5.19), (5.26), introduce
a matrix Y(q, z2) = (Y,%(¢, 2))am, With a =0,...,n — 1, m =1,...,n, by the formula:

n—1
I,.(q, 2) :ZYﬁ(q,z)xa|q7z, m=1,...,n. (9.1)
a=0
Then Y(q, z) is a fundamental system of solutions of the joint system of equations
d
d_qY(q’z) = A(qu)y(qu)> (92)

Y(q, 21, y2i —1,...,2,) = #5(q,2)Y (q, 2), (9.3)
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where A(q, z) is the matrix (6.1) attached to the operator z+,, wrt the basis (24)a,
and the matrix .%7(q, z) is the matrix attached to the isomorphism (5.25) wrt the basis

(xa)a-

Remark 9.1. The sections

<Q7z)'_>gj|q,za jZl,...,n,

define another trivialization of pr*H. In this trivialization, the ¢ K Z difference equations
are

A~

?(q, 21y zi— oo zn) = Ki(q,2)Y(q,2), i=1,...,n, (9.4)
where K;(q,z) are the matrices of ¢/ Z-operators (5.16) wrt the basis (g;); and the
matrix Y (¢, z) is defined by

In(q,2z) = ZYnjl(q, 2)Gilgz, m=1,...,n.
j=1

Notice the difference between (9.3) and (9.4).

In Section 6 we studied equation (9.2) only. Now we will study the joint system of
equations (9.2) and (9.3). As a result of this Section and Section 10 we will deduce the
following theorem. (For its precise statement see in Theorem 9.6 and Corollary 10.14.)

Theorem 9.2. Consider the joint system (9.2), (9.3) of the gDE and qKZ equations
for P*=1. This system is equivalent at ¢ = oo, up to change of variable ¢ = s™, to the
system

dz

= Uz 9.5

Y vz (9.5
Z(s,21,...,2;—1,...,2,) =K Z(s,2), j=1,...,n, (9.6)

where
U = diag(n¢?,...,n¢"),
K;=diag (¢, ¢, ... ¢, ™), j=1,...,m,

2/ —1
Cn = exp( - )

The theorem says that after a formal transformation, the system of ¢DFE and ¢KZ
equations becomes a system with constant coefficients and separated variables. Moreover,
the system splits into the direct sum of systems of rank one.

System (9.5), (9.6) admits the basis of solutions

Zi(s,z) = exp (n(fl_ls + M anza> 11

n
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All solutions of system (9.5), (9.6) are linear combinations of these basis solutions with
coefficients 1-periodic in 21, ..., 2,.

The formal transformation which realizes the reduction to system (9.5), (9.6), will be
described in the following subsections.

9.2. Shearing transformation. The singularity at ¢ = oo of the differential system
(6.1) is irregular of Poincaré rank 1. It is known [Was65, BJL79a, MS16, LR16] that
(6.1) admits a formal solution of the form

Yiorm(q, 2) = ® (q%, z) ¢ exp (P (q%, z)) , (9.7)

where

e v € N is the degree of ramification of the singularity,
. . . . 1
e d is an n x n matrix-valued formal power series in ¢~+ of the form

® <q%, z> - ; O;(z)g %, dety(z) # 0,

e A is an n X n-matrix depending only on z (the exponent of formal monodromy),
. 1 . . . 1
e P =diag(ps,...,pn) where each p;(gv, 2z) is a polynomial in ¢+ of the form

1 £
z) = ijg<Z)qV, N; > 1.

To find the formal solution Y, we perform the gauge transformation of (6.1) defined
by

n—1

Y(g,z) =H(q) - T(q,2), Hlq):= diag (17 g, ,q‘T> , (9.8)

called the shearing transformation, see [Was65, Section 19]|. The function T satisfies the
differential equation

dT dH
= A, T, sh = ! 9.9
dq =A h<q> ) Ash H cA-H—H" dq ( )
Explicitly, the entries of Ay, are given by
(Ash)g = ql_Tn(Sa 8,1 + ql_Tn(Sa léﬂ,n
1
+ Z j+1 a+j n+155 nq " + 60[65—(]

for a, B = 1,...,n. With the change of variable ¢ = s", the function T'(s, z) := T(s", z)
is a solution of the equation

d%T(S’ z) = B(s,2)T(s,2), B(s,z):=ns"""Au(s", 2). (9.10)
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Lemma 9.3. We have the following expansion for the coefficient B(s, z):

1 !
B(s, z) = By + ~Bi(2) + ; 5Bi(2), (9.11)
where
0 . 0 n
n 0 ... 00
By = On ... 00 : (9.12)
n 0
0
1
2
Bi(z) = y , (9.13)
n—2
n—14nsi(z)
0 0 0
0 0 0
Bi(z):=|0 0 (=1)Y"'nsj(z) |, 7i=2,...,n. (9.14)
0 0 0
0 0 0
O

By the shearing transformation (9.8) and the change of variable ¢ = s™, we have
reduced the equivariant quantum differential equation of P"~! to the equation

ar

i B(s, z)T. (9.15)
Equation (9.15) has an irregular singularity at s = oo of Poincaré rank 1. The essen-
tial difference between differential systems (6.1) and (9.15): the matrix B(s, z) has the
leading term By with distinct eigenvalues

2my/—1
u =nC G = exp( T ) ., k=1,....n, (9.16)

n

while the matrix A(q, z) has the nilpotent leading term Ay(z).
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9.3. The £-matrix. Let (eq,...,e,) be the standard basis of C". Let? nq be the bilinear
form on C" with matrix

(ncl)a,é’ = 5n+1,a+,8 (917)

wrt the standard basis.
For fixed z € C", consider the C-linear endomorphisms By, B;(z) € End(C"™) defined,
in the standard basis, by the matrices By and B;(z) of equations (9.12), (9 13). Introduce
the matrix £ € GL(n,C),
1

(z’—l)(2a—1)\/—_17r> Cai=1....m (9.18)

€)=z .

RN (i —1)(1 = 2a)y/—1n i i
(€ )m_\/ﬁ p< - ) i=1,...,n (9.19)

Lemma 9.4. Define the basis (f1,..., fn) of C" by

with inverse

then

(1) The basis (f1,..., fn) is orthonormal wrt the bilinear form n.
(2) The basis (fi,..., fn) is an eigenbasis of the operator By.
(3) For any fized z € C",

na (Bi(2) fi, fi) = s1(z) + o ; 1, i=1,...,n.
Proof. The statements are equivalent to the identities
EN' a7 =1, (9.20)
E By &1 = diag(uy, . .., uy,), (9.21)
EBi(z) &1 = (sl(z) + 1= 1) 1+ BY(2), (9.22)

where B°? is an off-diagonal matrix, i.e. (B°?); = 0. A straightforward computation
shows the validity of these identities. U

Remark 9.5. The matrices By, 1. and &€ appear in the study of the quantum cohomology
of P"~! seen as a Frobenius manifold, see Appendix B for details.

“Here the subscript “cl” stands for classical. The matrix 7], indeed, appears in the study of the
quantum cohomology of P™ as the classical Poincaré metric. See Remark 9.5.
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9.4. Formal reduction of the system of ¢DFE and ¢KZ equations.

Theorem 9.6. There exists a unique n X n-matriz G(s, z), of the form

G(s,z) = H(s")EF (s, 2)s ), (9.23)
with
H(s") = diag(1,s1,..., s ("7V), (9.24)
F(s,z)=1+ Z F;;(kz)’ Fy(z) polynomials, (9.25)
k=1

A(z) = (sl(z) + 2 > 1> 1, (9.26)

such that the transformation

Y(s", z) =G(s,2)Z(s, 2) (9.27)
transforms the joint system (9.2), (9.3) of ¢DE and qKZ equations to the system
dz
i =UZ, U =diag(nc,...,n¢" "), (9.28)
Z(s,21,...,2;— 1, ..,2,) =K(2)Z(s,2), j=1,...,n, (9.29)

where the matrices K;(z) are diagonal and polynomial in z.

Proof. The theorem follows from Theorem A.1 of Appendix A, after shearing transfor-
mation (9.8) and change of variables ¢ = s"™. Notice that Assumption (1)-(4) of Theorem
A.1 are satisfied: see Lemma 9.3, Lemma 9.4, the expression of ¢K Z-operators K;’s in
the g-bases (5.16) and Remark 9.1.

The functions Fj, are polynomial in z: this follows from the procedure described in
the proof of Theorem A.1 and the fact that

e the matrices By(z),. .., B,(z) are polynomial in z,
e the matrices U and £ do not depend on z.

The matrices .%;’s and K;’s are related by the identity
Kj(z) = sF(s,21,...,25 — 1,...,2,) TEH(s") L F5(s", 2)H(s")ET F(s,2), (9.30)
for j = 1,...,n. This implies that the matrices K;(2z) are polynomial in z. O
Corollary 9.7. The following identity holds true
Ki(z)= ljzeos (& H(s) " Fi(s", 2)H(s) E71), (9.31)
forany j=1,...,n
Proof. Since the series F(s, z) has the form (9.25), from (9.30) we deduce that

)
K;(z) = (1+0<§) LT 2)H(s) €7 (1+o(§)>

—s (e us s ame) €7) (10 (1)),
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Hence,

S 52

E H(s) LT (s" 2)H(s) E71 = Kilz) +0 ( ! ) :
U

9.5. Formal solutions of the system of ¢DF and ¢KZ equations at ¢ = oo.
Consider the system

dz
— =UZ 9.32
ds ’ ( )

Z(s, 21,25 — 1, .0 2,) =K(2)Z(s,2), j=1,....n, (9.33)
in Theorem 9.6.

Lemma 9.8. Let C(z) be a meromorphic n X n-matriz-valued function on C", reqular
on £ and with non-vanishing determinant. The following conditions are equivalent:

(1) The matriz C(z) is a fundamental system of solutions of equation (9.33) only,
over the ring of 1-periodic functions in z;

(2) The matriz Z(s, z) = exp(sU)C(z) is a fundamental system of solutions of the
joint system of equations (9.32), (9.33), over the ring of 1-periodic functions in
z.

Proof. We have
[KC(z),exp(sU)] = 0, (9.34)
since both exp(sU) and K;(z) are diagonal.

(1) imples (2): Let v(s, z) be a column vector satisfying both (9.32) and (9.33). Then
there exists a unique column vector ¢;(z) such that v(s,z) = exp(sU)c;1(2), since the
columns of exp(sU) give a C-basis of solutions of (9.32). The vector ¢;(z) is a solution
of (9.33) by (9.34). Hence ¢;(z) = C(2)c2(2) for a unique column vector cz(z), which
is l-periodic with respect ot z1,...,z,. This shows that exp(sU)C(z) is a system of
fundamental solutions.

(2) implies (1): Equation (9.34) easily implies that C'(z) is a solution of the equation
(9.33) only, and moreover C(z) is a fundamental solution. O

Theorem 9.9. Let C(z) be an n x n-diagonal-matriz-valued function, meromorphic on
C", regular on ) and with non-vanishing entries on ). The following conditions are
equivalent:

(1) The matriz C(z) is a fundamental system of solutions of the difference equations
(9.33), over the ring of 1-periodic functions in z;

(2) There exist meromorphic n x n-matriz valued functions (Fy(z))32, regular on €2,
such that the matrix

Yiorm(s™, 2) = H(s")E 1 F (s, z)s"® eV, (9.35)

Fj(z)
s

F(s,z) = C(z) + Z (9.36)
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is a formal solution of the joint system of the gDE and qK Z equations for P*~!,

%Y(s", z) = ns"TA(s", 2)Y (5", z), (9.37)

Y(s" 21,00y 2 — 1o 2) = Z5(s7, 2)Y (s, 2). (9.38)
Moreover, if such a formal solution exists, then it is unique.
Proof. We have
[s2=)elVs C(2)] =0, (9.39)

since both s*®)eV* and C(z) are diagonal.
Let

- = Fi(2)
_ n 1 k A(z)
G(s,z) = H(s")E (]l + ; o )s (9.40)
be as in Theorem 9.6.

(1) implies (2): By Lemma 9.8, the matrix Z(s,z) := exp(sU)C(z) is a solution of
the joint system (9.32), (9.33). By Theorem 9.6, the matrix

Yiorm(s", 2) := G(s,2)Z(s, z), (9.41)

is a formal solution of the joint system (9.37), (9.38). By (9.39), Yiorm(s", 2) can be
re-written in the form (9.35), with Fj(z) := Fy(2z)C(z) for k € N*.

(2) implies (1): By (9.39), we have

Yiorm (5", 2) = G(s, 2)e"*C(2), (9.42)
G(s, z) == 7—[(5”)51<]l + i W)s“‘z). (9.43)
k=1

Thus, the gauge transformation Y (s",z) = G(s, z)Z(s, z) transforms the ¢DE (9.37)
into (9.32). Hence, it automatically transforms the joint system (9.37), (9.38) into (9.32),
(9.33), see the proof of Theorem A.1.

The function Z(s, z) := exp (sU)C(z) is a solution of the joint system (9.32), (9.33).
By Lemma 9.8, one concludes.

The uniqueness of the formal solution follows from Theorem 9.6: we have G(s, z) =
G(s, z). O

Example 9.10. Let us consider the case of P!. The original system of ¢DE and ¢K Z
equations is the following

d 1(0 -
—Y(q,2) = - (1 ! leQ) Y (g, 2),

dq q 21+ 22
o 1 —Z2 (4 — z1%2
Y(Qyzl - ]-a 22) - 5 ( 1 2 Y(q’z)a

1/ —2 — 2z
Y(QazlazQ_l):_( 11 1 2212)Y(Q,Z)-
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Through a formal gauge transformation Y (s?, 2) = G(s, z)Z(s, z), the system above can
be reduced to the system

: )
Zls, 21— 1,2) = ((1) 01> Z(s, 2),
)

1 0
Z(S,Zl,ZQ_l):(O 1

The formal gauge G(s, z) is given by

+

G(s,z) = H(sH)E (1

where

1 > —2 1
H(s?) = diag (1, —> CE = 2 2, Azr) = (— + 2z + 22) 1,
s 7z 2
and the coefficients can be computed recursively as in the proof of Theorem A.1. Here
we give just the first coefficient F}:

Fii Fis
F = ' :
! ( Fio —Fiy ) ’
where

1 /=
Fl,l :SQ(Z) — E(281(2>+1)2, FLZ = —T (281(Z)+1)
Notice that Corollary 9.7 allow us to compute directly the coefficients ICy, Ko:

< m-z o 1 a1z V—1(z1+2z2)  /—lz129 )
s
)

252 252 253

-1 2 -1 __ 3
S H(S) <%(S ,Z) H(S) S - _\/jlzlzg _ le%zl+zg) z1—§2 + 2122 1
2s

253 252 253 s

E H(s) P F5(s* ) H(s) £ =
( —21—&2-z2 + 1 _ zz V—1(z1+2z2) \/jlglzg )

253 252 253

2s
_ Vlzze  V—1(z1+22) —21+20 + 2122 1

253 252 252 253 s

By Corollary 9.7, we obtain that

Ki(z) = Ka(z) = ( - )

Notice, in particular, that both K; and Ky are equal constant matrices: in Corollary
10.14 we will prove that this is the general property valid for all projective spaces P" 1.
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10. STOKES BASES OF THE SYSTEM OF ¢DFE AND qKZ EQUATIONS

10.1. Stokes rays, Stokes sectors. The solution Yi,m(s"”,z) described in Theorem
9.9 is formal: the series F'(s, z) is typically divergent. Nevertheless, Yi,m(s", z) contains
information about genuine solutions of the differential system (6.1). The formal solution
prescribes indeed the asymptotics of genuine fundamental solutions of (6.1).

As in Section 7.7, we use the coordinates (r,¢) for the universal cover C* of the
punctured s-plane C*, see equation (7.22).

Definition 10.1. We call a Stokes ray any ray in the universal cover C* of the s-plane,
defined by the equation

k
=—, keZl. 10.1
o0=5 ke (10.1)
We will denote the ray in (10.1) by Rj.
The meaning of Stokes rays is explained by the following lemma.

Lemma 10.2. A number ¢ € R is of the form ¢ = k/2n for some k € Z, if and only if
there are integers my, mo such that Re((]"s) = Re(¢"*s) and my # my (mod n). O

Definition 10.3. We call Stokes sector any open sector in C* which contains exactly n
consecutive Stokes rays Ry, ..., Rk, for some k € Z.

Lemma 10.4. Any open sector V C C* of width ™+ 6, i.e. of the form
—~ 1
V:{SEC*:a—§—5<¢<a}, a€R, (10.2)

1s a Stokes sector for § > 0 sufficiently small.

The following theorem follows from the general theory of differential equations.

Theorem 10.5 (|[Was65, BJL79b, Fed87, Sib90, FIKNO6]). Let V C C* be a Stokes
sector, and let Yiom(s", z) denote the unique solution described in Theorem 9.9. There
exists a unique fundamental solution Y (s™, z) of the differential system (6.1) satisfying
the asymptotic condition

Y(s", 2) ~ Yiom(s", 2), s—o00, s€V, (10.3)
uniformly on compact subsets of Q. The asymptotic expansion (10.3) can actually be

extended to a sector wider than V, up to the nearest Stokes rays.

Remark 10.6. In the notations of Theorem 9.9, the precise meaning of the asymptotic
relation (10.3) is the following:

VK €Q, VheN, YWWCV, 3Ck,5>0: if seV\ {0} then

Fm(Z) CK,h,V
Sm

s

<

sup
zeK

h—1
E-H(s)HY(s,2) - exp(—sU)s 2= — Z
m=0

Here V denotes any unbounded closed sector of C* with vertex at 0, and Fy(z) =C(=).
Here, for defining s*(*), the principal branch of log s is chosen.
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Lemma 10.7. The sectors V;,, V), defined by (7.25)-(7.26), are mazimal Stokes sectors
wrt to the inclusion, i.e.

(1) they are Stokes sectors,
(2) any Stokes sector V is contained in one (and only one) Vi or V.

U

10.2. Stokes bases and Stokes matrices. Consider a basis (/;(s",y, 2z))", of solu-
tions of the joint system (5.19) and (5.26), and denote by Y (s", z) the corresponding
matrix-valued function defined by

n—1

I3(s",y,2z) = ZY(S”,Z)% To, B=1,...,n. (10.4)

a=0

The function Y (s, z) is a fundamental system of solution of the joint system (9.2) and

(9.3). Denote by Yiorm(s™, z) the unique formal solution associated to a diagonal matrix
C(z) described in Theorem 9.9.

Definition 10.8. We say that a basis ([;(s",y, z))", of solutions of the joint system
(5.19) and (5.26) is a Stokes basis with normalization C(z) on a sector V if it can be
reordered in such a way that the corresponding matrix-valued solution Y (s", z) satisfies
the asymptotic expansion

Y(s", 2) ~ Yiom(s™,2), s—o00, seV, (10.5)

uniformly on compact subsets of . The matrix Y (s, z) is called® the Stokes fundamental
solution with normalization C(z) on V of the joint system (9.2) and (9.3).

Remark 10.9. By Theorem 10.5, if V is a Stokes sector, and C(z) is a fixed normaliza-
tion, two Stokes bases on V differ only for the order of their objects. Thus, by abuse of
language, we will refer to the &,,-orbit of Stokes bases on V as the Stokes basis on V.
Furthermore, if V C V; (or V), resp.) then the Stokes basis on V is actually the Stokes
basis on V;, (or V}, resp.), by Theorem 10.5.

Notice that if V is a Stokes sector, then also e™~1V and €2™V~-1V are Stokes sectors.

Definition 10.10. Let Y (s", z) be the Stokes fundamental solution (with normalization
C(z)) of system (6.1) on the Stokes sector V. Let Y;(s", z), and Y3(s", z), be the Stokes

solutions on €™~V and on ¢>™V~-1V, respectively. Define the Stokes matrices attached
to V and C(z) as the matrices S, Sy (depending on z € ) for which we have

Yi(s", z) = Y(s", 2)S1, Ya(s", z) = Yi(s", 2)S;, seC+ zeq. (10.6)

SHere we introduce this convenient terminology, though not standard in the literature of ordinary
differential equations.
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10.3. Properties of Stokes matrices and lexicographical order. Let V be a Stokes
sector, and let ([;(s™,y,z))", be the Stokes basis of the joint system (5.19) and (9.3)
on V with normalization C'(z). Each element I; corresponds to one eigenvalue u; = n¢J,
j =0,...,n — 1. Any ordering of the eigenvalues u;’s (i.e. any permutation of the
diagonal entries of U) corresponds to an ordering of the elements I;’s. Correspondingly,
the Stokes matrices S; and Sy attached to V transform by conjugation by a permutation
matrix.

Proposition 10.11. Denote by Sy,Ss the Stokes matrices computed wrt the Stokes sector
V. There exists a unique order of the entries of U such that for all z € Q) the matriz S,
(resp. S2) is upper triangular (resp. lower triangular) with ones along the diagonal.

Proof. The reader may consult [Was65, BJL79b, FIKNO6, MS16, LR16]. See also [CDG19,
CDG1S]. O

The order which realizes the upper triangular form of S; (and consequently the lower
triangular form of Sy) is unique, since u; # wu; for i # j, and it will be called the
lexicographical order wrt the Stokes sector V.

Proposition 10.12. In the notations of Definition 10.10, the following identities hold
true for any s € C* and z € €):

(1) Yy ((62”\/?15)71, z) =Y (s", z) - exp (27mvV—1A(2)),
(2) Ya(s", z) =Y (s", 2) - $1Sy,
3) Y ((e%ﬁs)n, z) = Y(s", 2) - exp (21v/—TA(2)) - (S:Sy) .

Here A(z) is the exzponent of formal monodromy, i.e.

A(z) =A(z) = <31(z) 4+ ; 1) - 1.
Proof. For (1), notice that
Y, ((e%ﬁs)", z) -exp (—2mV—1A(2))

is a solution of (6.1) with asymptotic expansion Yiom(s”, z) on the Stokes sector V.
Hence it must coincide with Y'(s", z). Point (2) is a direct consequence of the definition
of Stokes matrices. Point (3) follows from points (1) and (2). O

10.4. Stokes bases @C and @’k’

Proposition 10.13. The basis @C (resp. Qv/k’) is a Stokes basis on V, (resp. Vi) with
normalization

n— n— ma/—1 ne n—1
O(z) = (21) "% e ™1 diag <e ; (cg"b)sﬂzﬁ%) . (10.7)

Proof. Tt follows from Corollary 7.31, and formula (9.19) for £71. O

Corollary 10.14. The operators K;(z), with j = 1,...,n are all equal and independent
of z. Indeed, we have

K; = diag ((n’m)n_l j=1,...,n.

m=0"
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Proof. 1t follows from Theorem 9.9 and the explicit computation

Clz1y-- sz —1,...,2,)C(2) 1.

10.5. Stokes bases as T-full exceptional collections.

Theorem 10.15. Via the isomorphism 0: KJ(P" V)¢ — S,, Stokes bases on Stokes
sectors of the ¢gDE of P! correspond to K-classes of T-full exceptional collections in
Dh(PrY).

Proof. Stokes bases correspond to T-full exceptional collections of Corollary 7.27. U

A1

In particular, the Stokes basis @} , corresponds (up to shifts) to the exceptional

collection

<O(g),/\1T<g—1>,O<g+1),/\3T<g—2>,...,(’)(n—l),/\n_lT) (10.8)

for n even, and

n—1 n+1 2 n—3 n+3 4 n—>5 n—1
<o( 5 >o< 5 >,/\ T( 5 )o( 5 ),/\ T< 5 ),...,(’)(n—l),/\ T>
(10.9)
for n odd. All other Stokes bases, and corresponding exceptional collections, are ob-

tained by application of a braid of the form

cee 5n,0dd6n,even5n,odd5n7even7

or

TR RN S, S SO e

n,even - n,odd "~ n,even”-n,odd"

Remark 10.16. Exceptional collections (10.8) and (10.9) are the natural equivariant lift
in D4 (P" 1) of the exceptional collections of [CDG18, Corollary 6.11]. Also in this non-
equivariant case, these collections are identified with Stokes bases of the ¢DE of P*~! in
suitable Stokes sectors, see [CDG18, Section 6] for details.

Remark 10.17. All the objects on the T-full exceptional collections attached to Stokes
bases are equipped with their natural T-equivariant structure, restriction of the natural
G L(n, C)-equivariant structure. Under the presentation (3.4), their K-theoretical classes
in K (P"1) are symmetric polynomials wrt the equivariant parameters Z.

11. STOKES MATRICES AS GRAM MATRICES OF EXCEPTIONAL COLLECTIONS

11.1. Musical notation for braids. We introduce a notation for braids in B,. Ele-
ments of B, will be represented as notes on a musical (n — 1)-line staff. The lines are
enumerated from the bottom (1-st line) to the top ((n — 1)-th line). The generator 7; is
represented as a hollow oval note head on the ¢-th line. The relations defining the braid
group B, translate into the diagrammatic rules described in Figure 11.1.



¢DE AND ¢KZ EQUATIONS FOR A PROJECTIVE SPACE 57

/AR Jan)
N\ — N\
) )

N\
TiTj Tsz’
o0—6S — S
VA ~ = VAR )
N\ N\ O
Ti+1TiTi+1 TiTiy1T;

FIGURE 11.1. Braid relations in musical notation.

11.2. An identity in B,,. For n > 2, define the braids

On,even +— 5n,even5n,odd5n,even6n,odd sy (111)

J/

TV
n factors

On,odd = 5n,odd5n,even6n,odd5n,even ce (112)
n fa\crtors

where 0y, even and 0, oda are defined in Section 7.5. Set 01 even := 1, 01,0da = 1.

Lemma 11.1. For any n > 2, the following identities hold true in B, :
Onodd = On—1.0dd(Th—1Tn—2 - .. T1), (11.3)
Oneven = On—1even(Tn—1Tn—2 - - T1)- (11.4)
Proof. We prove (11.3) by induction on n. For n = 2, the statement is obvious, being
02,0dd = T1,  02,even = 1.

The musical diagram corresponding to the braid d,, o4d9n,evenOn,0ddOn,even - - - is the fol-
lowing, according to the parity of n.

n even n odd

FIGURE 11.2. Diagrammatic notation for the braid 0, odd0n.evenOn,odd - - -
according to the parity of n.

We collected with a stem the notes corresponding to a same factor 0, odqa (O 9y even)-
By commutativity, the order of the notes in any factor d, oqq (Or 0y even) can be modified
at will, and for this reason we simply collect them with a vertical stem. In the top line
we have

e 3 notes, if n is even,
° "T’l notes, if n is odd.

We call top factors those factors 0, 0da’s (Or Oy even’s) Which contains the notes on the
top line. In other words, the top factors are
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(1) the factors 6, q4’s for n even,
(2) the factors 6, even’s for n odd.

The factorization (11.3) can be reached by filling the empty spaces between two notes
in the last factor 0, 0aa (Or dy even), from the bottom to the top line. We perform this in
several steps:

(1) Label by Ag the first (from the left) elementary braid on the (n — 1)-th line. By
a chain of elementary moves, the braid Ay can be moved on the (n — 2)-th line,
towards the right, and can be collected with the next top factor, as described in
the following Figure 11.3.

Ao
alia
—
/AR
-

. Ay . A
~rX =
N M =

>~ ~
> oo
FIGURE 11.3.

We call A; the new note obtained from Ay. In this way, this factor is “over-
charged” of notes (i.e. it contains notes 7; and 7;;; for some 7), and we have an
inclination of the stem, the order of the elementary braids being not anymore
arbitrary.

(2) By the braid relations, the braid A; can be moved on the (n — 3)-th line, towards
the right, and can be collected with the next factor (not a top factor), as described
in the following picture.

We call A, the new note obtained from A;. Also in this case, we have an
inclination of the stem.

(3) Starting from A; on the (n — 1 — j)-th line, iterate the procedure of point (2) in
order to produce a new braid A, in the line (n — 2 — j)-th line, by overcharging
the next factor.

(4) Stop when the final braid A, fills the empty space on the

e 1-st line if n is even,

e 2-nd line if n is odd.

(5) Iterate points (1),(2),(3),(4) and stop when the final braid A, fills the first
empty space from the bottom line to the top.

By applying the procedure above, the factorization (11.3) is reached. The argument
for (11.4) is similar. O
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N\ Al /'\Ij41
= Pdu
= S

I~ ~ N~ A

e b
L 2
O o
N e
N o

FIGURE 11 .4.

Example 11.2. Consider n = 7. The factorization (11.4) is obtained with the moves
described in Figure 11.5. For simplicity, we remove all the stems of the notes.

T AT Z :
) ~ ~ N e = N
N ~ ~ ~ )

~ ~ = ~ ~ ~ a ~ )
~ ~ ~ ~ ~ ~ ~ )
N ~ ~ S O ~ ~ N ~ ~ )
~ ety ~ ~ ~ ) ) )
_/
N ~ Ny ~ AN A ~ ~ )
) - M
Y Uf
S ) ) N M /) /)
S 6 ) W ) /) /) )
) N Py /) /) /)
S 6 ) iy ) M /) )
) ) iy /) M /)
N 2 <
/)
/ J/ / ;\
/ / /
/ J/ / X
/ / /
J / AR
06,even

FIGURE 11.5. These are the moves described in the proof of Lemma 11.1
in order to obtain the factorization (11.4) for n = 7.
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Corollary 11.3. For n > 2, we have

Opeven = B, Onjodd = B, (11.5)
where [ is given by equation (2.22), i.e.

Bi=1(rm). .. (Thea . T1)(Th1Tn2 .. T1).

O
11.3. Stokes matrices as Gram matrices.
Lemma 11.4. The following identities among Stokes sectors hold true:
(V,'C,%, ifn =0 (mod 2),
eV =
w1, ifn=1 (mod 2),
\ 2
(V”_%, if n =0 (mod 2),
ewﬁvl;/ _
 n1, ifn =1 (mod 2).
\ 2
Proof. Tt is readily obtained from the definition of V; and V. O

Corollary 11.5. For any k € Z, the Stokes basis on e’r\/le,’c is obtained by acting (on
the left) on the Stokes basis )}, with the braid

HE 6n,odd5n,even5n,odd5n,evenén,odd . (116)

(.

~
n factors

For any k € Z, the Stokes basis on e™~"V! is obtained by acting (on the left) on the
Stokes basis ()}, with the braid

cee 5n,even5n,odddn,evenén,odd(sn,even . (117)
n f(;crtors

Proof. Tt follows from the definition of Q) and @/ (see also diagram (7.16)), from Propo-
sition 10.13 and Lemma 11.4. U

Corollary 11.6. Let V be a Stokes sector of the qDE of P"™1, and let & be the T-full
exceptional collection corresponding to the Stokes basis on V. The exceptional collection
& corresponding to the Stokes sector 2™~V is a foundation of the heliz generated by
&. More precisely, € is the adjacent foundation on the right of €. The collection & is
obtained by application of the inverse Serre functor to objects of €:

(B1,.... Ep) = (Br @ (wpnot) [0+ 1], By ® (wpar) " [—n 4+ 1]) (11.8)

where wg,—, denotes the T-equivariant canonical sheaf of P"~'.
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Proof. By Corollary 11.5, ¢’ is obtained from & by mutation either with the braid
cee 5n7odd5n,even5n,odd5n,evena (119)

~
2n factors

or with the braid
s 5n,even5n,odd5n,even6n,odd . (1110)

~
2n factors

In both cases, by Corollary 11.3, the resulting braid is /3%, where

5 = 7'1(7'27'1) Ce (Tn,Q e Tl)(TnflTan Ce 7'1).
It is well-known that 5% = (7y...7,,_1)" (see e.g. Theorem 1.24 of [KT08|). The result
follows from Proposition 2.24. O

Theorem 11.7. Let S1,S, the Stokes matrices computed wrt a Stokes sector V in lexi-
cographical order. Let ¢ be the exceptional basis of K} (P" )¢ associated with the Stokes
basis on V wvia the isomorphism 0: KJ(P" )¢ — S, defined in (7.8), and let G be the
Gram matriz of X* wrt e. Let J be the anti-diagonal matriz

Jaﬁ = 5a+,3,n+1a O{,ﬁ: 1,...,71.

(1) The Stokes matriz S, is equal to the Gram matriz of X* wrt the left dual excep-
tional basis Ve, i.e.

Sy =J(G") . (11.11)

(2) The matriz JSyJ is equal to the Gram matriz of x* wrt the exceptional basis ¢,
i.e.

Sy = JGJ. (11.12)

Proof. By Lemma 10.7, V is contained in one (and only one) V; or V). By Corollary

11.5, the Stokes basis on eV~1"V is obtained from the Stokes basis on V by applying
either the braid

5n,odd5n,evenén,odd(sn,even ey

N

VvV
n factors

or the braid

5n,even6n,0dd5n,even(sn,odd e
NS >
Vv

n factors
Consequently, by Corollary 11.3, the exceptional basis associated to the Stokes basis on
eV=1"V is Ve. Both points (1) and (2) then follow from Proposition 2.22, more precisely
from the second identity (2.25). O

Corollary 11.8. Let Sy and Sy be the Stokes matrices computed wrt a Stokes sector V.
We have

S, = (SD_l. (11.13)
0
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Remark 11.9. In theory of Frobenius manifolds [Dub96, Dub99, Dub98, CDG20]|, the
Stokes matrices of the associated isomonodromic system of differential equations satisfy
an analogous identity, in which the t-operator is replaced by transposition, see [Dub99,
Theorem 4.3|.

Corollary 11.10. Let Sy and Sy be the Stokes matrices computed wrt a Stokes sector V.
Both S; and S, have entries in the ring of symmetric Laurent polynomials with integer
coefficients, i.e. S1,Sy € M, (Z[Z*']%).

Proof. By Lemma 3.2, the Gram matrix associated with the Beilinson exceptional col-
lection is with integer symmetric Laurent polynomial entries. The braid group action
preserves this property. ]

Corollary 11.11. Let S be a Stokes matriz of the differential system (6.1) computed wrt
a Stokes sector V. Then
det (A1 —S'S™H) =Y (—1)\" s [ (=D)L (=D =) (1114
et ) = Sy (o 2 )

Jj=0

Proof. The Corollary immediately follows from Theorem 3.5 and Theorem 11.7. For
an alternative proof (purely analytical), notice that without loss of generality we can
assume that S is the matrix S; computed wrt V. From point (3) of Proposition 10.12,
and equation (11.13) we deduce that

exp(2mV/—1A(2))STS™ = My(2)",

where Mj(z) is the monodromy operator of differential system (6.1). From Corollary 6.3
we deduce the constraint

n

det (A1 — (—=1)""s,(Z)SIS™) =) (—1)/A"7s;(2"), (11.15)
5=0
which is easily seen to be equivalent to equation (11.14). O

12. SPECIALIZATION OF THE ¢DFE AT ROOTS OF UNITY

12.1. Specialization of equivariant K-theory at roots of unity. Fix the equivari-
ant parameters in K (P"7!) by setting

Zm=C"1 m=1,...,n. (12.1)
Denote by K¢ this specialization of K (P"~1).
Theorem 12.1 (|[Polll, Theorem 1.1] ).

(1) The Grothendieck-Euler-Poincaré pairing x* specializes to an Hermitian positive
definite form x. on K.

(2) If E is an exceptional object in D°(P"~1) equipped with a T-equivariant structure,
then the class [E] in K¢ has length 1 wrt the Hermitian form x..

(3) If (E1, E) is an exceptional pair in D (P"1), with both B\ and Ey equipped with
a T-structure, then the classes [Er], [Es] in K¢ are orthogonal wrt x..
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(4) If (E\, ..., E,) is a full exceptional collection in D*(P"~1), with each E; equipped
with a T-structure, then each unit vector in K¢ is of the form +£C¥[E;] for some
t and some k.

(5) The action of the braid group on the set of orthonormal exceptional bases of K¢
reduces to the action by permutations of basis vectors.

12.2. Identities for Stirling numbers. The Stirling numbers of the first kind [Z] are

defined recursively by
n+1 n n
= 12.2
el ) (122

for k > 0, with the initial conditions

m . [2] B m =0, n>0. (12.3)

The Stirling numbers of the second kind {Z} are defined recursively by

{nzl}:k{Z}%kﬁl}’ (12.4)

for k£ > 0, with the initial conditions

{8} =1 {2} = {g} =0, n>0. (12.5)

The Stirling numbers of the first and second kind are related by the identity
Z(—l)”j{n.} H = Onk- (12.6)
: J)lk

j=0

Lemma 12.2. Letn>2 and 1 < k <n. We have

sk<0%%n;1>:%[nik} (12.7)
mi, (0%%”51)—%{”Zf11} (12.8)
Proof. 1t is sufficient to prove the identities
s0(0,1,...,n—1) = {nﬁk} (12.9)
mi(0,...,n—1) = {”Zfz 1}. (12.10)

They are proved by induction on n. For n = 2 both equations (12.9) and (12.10) hold
true. Recall the following recurrence equations: for k > 2

Sk(21y -y 2n) = Sk(21, -+ oy Zno1) + 20Sk—1(21, - -+, Zn1) (12.11)

me(21y oy 2n) = Mp(21, ooy Zn1) + 2omp—1(21, - -+, 2n)- (12.12)

Now equation (12.9) follows from (12.11) and (12.2), equation (12.10) follows from (12.12)
and (12.4). O
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Lemma 12.3. If v, .= s—js, then
0 " (n j d’
o= {j}s ot (12.13)

d” 1 n .
= 1) 9. 12.14
= o (12.14)
7j=1
Proof. Identity (12.13) is easily proved by induction on n. Identity (12.14) follows from
(12.13) and (12.6). O

12.3. Scalar equivariant quantum differential equation at roots of unity. Con-
sider the specialization of the equivariant parameters z in H%(P"~! C) defined by the
equations

exp(2mvV—12,) = ¢, m=1,...,n. (12.15)
These equations define the locus
1 -1
P::{zEC”:z:(kl,k2+—,...,kn+n ), kEZ”}. (12.16)
n n

We have a distinguished point z, € P,

1 1
- (0,—,...,” ) (12.17)
n n

Theorem 12.4. At z = z, the scalar equivariant quantum differential equation (6.16)
of P~ for the function ¢(q) reduces to the linear differential equation with constant
coefficients,

Lopls) =nels), (s) = ols"). (12.18)

Proof. By the Change of variable ¢ = s", equation (6.16) reduces to
n 1 j n n—1 n
[n” s+ Z T8, 4( )519{), — (" + (-1 sn(z))] o(s") = 0. (12.19)
If z = z,, then the equation reduces to
n—1
1 1 [n] ..
—97 )" — | |9 =" ") =0 12.20
[n+z< oo s]¢<s> , (12.20)
by identity (12.7). Using identity (12.14), we obtains the equation

(s j—nn —n"s > o(s™) = 0. (12.21)

Equation (12.18) has two natural bases of solutions:
(1) the basis (fn(s))" 2,
fm(s) :=exp(n('s), m=0,...,n—1; (12.22)
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(2) the basis (g (s))™%_}

m=0 >

o0 (ns>m+kn

The functions g,,(s) are real-valued for s € R and define a partition of the exponential
function e,

igm(S) =" (12.24)

Lemma 12.5. The cyclic group Z/nZ acts on the space of solutions of equation (12.18)

via the transformations Ty,: s — Cks, k = 1,...,n. The basis (f,,(s))"_ is cyclically

permuted by this action, while the basis (g, (s))"_ is an eigenbasis. O
Introduce the matrices
. . - 1
1% ”::(Y ”) V(s = g (s), 12.25
()= (TMh), L T el (1229)
YR, Y YR 1
V() = (Gh), e Yl = (), (12.26)

-----

Both Y;(s") and Y,(s") are solutions of the differential equation (6.15), specialized at
zZ =2,

Proposition 12.6. The matriz-valued function n(z,)"'Y;(s") is a fundamental system
of solutions of (6.1) of the form

n(20) ' Yy(s") = G(s) exp(sU), (12.27)
where U = diag(nC®,...,n¢" ) and G(s) is a polynomial in s of degree n — 1. Hence,

n(2,)"'Y}(s") is a Stokes basis of the equivariant ¢DE (6.1) at z = z, for any Stokes
sector. In particular, the corresponding formal series F(s, z,) of the form (9.36) is
actually convergent.

Proof. The matrix 7(z,)"'Y;(s")n(2,) is a fundamental system of solutions of (6.1) by

the discussion in Section 6.4. Hence 7(2,)”'Y;(s") also is a fundamental system of
solutions. The matrix G(s) is given by

G(s) =n(z)™ - L(s), L(s) = (L(s))y s L(s)h o= Chsh. (12.28)

Thus the series F'(s, z,) is given by
F(s,2,) = DH(s") 'n(z,) " L(s)s* ™", (12.29)
and is convergent. The normalization of the Stokes basis can be readily computed from
this formula. O

Proposition 12.7. The matriz-valued function 1(z,)~"Y,(s") is a fundamental system
of solutions of (6.1) of the form

D(z.) V(") = Yals", 2,) - (12.30)



66 GIORDANO COTTI AND ALEXANDER VARCHENKO

where the matriz Y,(s", z) is the Levelt solution defined in Corollary 6.2 and C is a
diagonal matrix.

Proof. The proposition follows from Lemma 12.5 and Corollary 6.3. We leave to the
reader the explicit computation of the matrix C. U

Theorem 12.8. The following conditions are equivalent:

(1) 2/ e P;

(2) the formal gauge transformation G(s,2") of Theorem 9.6 is convergent;

(3) the Stokes phenomenon of the differential system (6.1) specialized at z = 2’ is
trivial, i.e. all the Stokes matrices S(2') for all Stokes sectors are the identity
matriz;

(4) the monodromy matriz My(z") of the equivariant quantum differential equation
(6.1) specialized at z = z' € Q has order n.

Proof. We prove that (1) = (2) = (4) = (1).

Assume 2’ = (k‘l, ko + %, I ”T_l) for some k € Z". Then, we have to show that
the series F'(s, z) in (9.23) is convergent for z = 2’. From the identity (9.30) we deduce
that

F(s,z1,. 0,25 —1,...,2,) = Wj(s,2)F(s,2)K; !

] )
where

Wi(s,z) == sDH(s") ' K;(s", 2)H(s")D;', j=1,...,n.

q

Hence, we have

F(s,2') = (H Wj(s,zo)—’%) F(s,z,) (H ]Cj—kj) ’

and the convergence of F(s, 2’) follows from the convergence of F(s, z,).

If (2) holds then Y (s", 2') = G(s,2')e®V is a solution of system (6.1) at z = 2/, and
the transformation s — (,s cyclically permutes the diagonal entries of U. Thus (4) holds
true.

If (4) holds true, then from Corollary 6.3 we deduce that exp(2my/—12}) is a n-th root
of unity, i.e. 2’ € P.

The equivalence of (2) and (3) is obvious. O

APPENDIX A. FORMAL REDUCTION OF THE JOINT SYSTEM

Consider a joint system of differential and difference equations

d
%X(s,z) = A(s,z)X (s, 2), (A.1)
X(s, 21, 0y2zi = 1,0 2,) = Pi(s,2)X(s,2), i=1,...,n, (A.2)

where A, P; are meromorphic m x m-matrix valued functions of (s, z) € C x C".
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Assume that equations (A.1), (A.2) are compatible,

d
ER(S,z) =A(s,z1,...,2zi — 1,...,2,)Pi(s,2) — Py(s,2)A(s,2), i=1,...,n,
(A.3)
P(s,z1,. . 2. .25 — 1, .0 20)Pi(s,2) = Pj(s,z1,. .., zi — 1, ..., 25, .o 2) Pi(s, 2),
(A.4)

for all 7, 5. Assume that

(1) the matrices A(s, z), P;(s, z) have the following convergent power series expan-

sions
> 1 > 1
Als,2) =Y Al Pils.2) = Y Pz) s> 0 (A.5)
k=0 k=0

where the matrices Ag(z), Py(2) are holomorphic functions of z and p > 0;
(2) the matrix Ay(z) is diagonalizable,

D(z)-Ao(2) - D(2) ' =U(z), U(z):=diag(ui(2),...,u.(2)), (A.6)

with D(z) a holomorphic matrix;
(3) the matrix U(z) is 1-periodic,

U(ziy .o yzi—1,...0,2,) =U(2), i=1,...,m (A.7)

(4) the eigenvalues wu;(z)’s are pairwise distinct for values of z in an open subset
W ccCn
Introduce the diagonal matrix A;(z) by the formula

[A1(2)];5 = [D(z) - Ai(z) - D(Z)il}

Assumptions (1-4) imply that for all z € W the point s = oo is an irregular singularity
(of Poincaré rank 1) of the differential equation (A.1).

dij- (A.8)

ij

Theorem A.1. If the joint system of equations (A.1), (A.2) satisfies assumptions (1-4),
then there ezists a unique m x m-matriz G(s, z) of the form

G(s,z) = D(z)"'F (s, z)sM1®), (A.9)

where F(s, z) is a formal power series
= 1
F(s,z)=1+ kgl Fk(z)s—k, (A.10)

with Fy(z) regular mxm-matriz-valued functions on W, such that the change of variables
X(s,z) =G(s,2z)Z(s, z) transforms system (A.1), (A.2) into the joint system

diZ(s,z) =U(z)Z(s,z), (A.11)
s
Z(8,21,..,2i — L. 2,) =Pi(2)Z(s,2z), i=1,...,n, (A.12)

where P; are diagonal matrices.
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Proof. First we prove that there exists a unique formal transformation X(s, z)
= G(s,z)Z(s, z), which transforms equation (A.1) into equation (A.11). Then we prove
that this transformation automatically transforms equations (A.2) into equations (A.12)
with diagonal P;’s.

If a transformation X (s, z) = G(s, 2)Z(s, z),

G(s,z) = D(z)"'F (s, z)sM®), F(s,z)=1+ iFk(z)sik, (A.13)
transforms equation (A.1) to the equation -
%Z(s, z)=U(2)Z(s, z), (A.14)
then Z(s, z) is a solution of the equation
diZ(S’ z) = (G(s,z)_lA(s,z)G(s,z) - G(s,z)_léG(s,z)) Z(s, z). (A.15)

s
Thus, F(s, z) satisfies the equation

U(z)F(s, z) + (Z D(z)4x(z)D (z)_l> F(s, 2)

sk
k=1

- d%F(s, z) + %F(s, z)Ai(z) + F(s,2)U(z),

which gives a system of equations for the coefficients F(z).
Denote A; = DAjD_l. The matrix A‘{d := A; — Ay is an off-diagonal matrix. The
first equation is

UF, + A% = RU. (A.16)
For a # (3,
1 .
Fi(2)ag = (AOd ) . AT
1(Z) B UB(Z)—UJQ(Z) 1 (Z) B ( )
The second equation is
UFy+ Ay + A Fy = —F, + FA + RU. (A.18)

We find the diagonal entries of Fj(z) from the diagonal part of equations (A.18). We
compute the off-diagonal entries F5(z)ns with o # 3, by the formula:

1
F3(2)ap =
ug(2) — ua(2)
After k steps of this procedure, we will determine all the coefficients Fi, ..., F_; and all
the off-diagonal entries of Fj,. Then the k + 1st equation

—kF;, + [Fk-i-l; U] = —FA+ Ak+1 + Z Ath
h+l=k+1

(Fl(z) ~ Fi(2)A(2) + Ay(z) + /ll(z)Fl(z)> . (A19)

determines uniquely the diagonal entries of F}, and the off-diagonal entries of Fj.,; and
we may continue this procedure.
This procedure shows that the desired series F'(s, z) does exist and is unique.
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The gauge transformation X (s, z) = G(s, z2)Z(s, z) transforms the joint system (A.1),
(A.2) into the joint system

dz
— = A A.20
dS (Z) ’ ( )
(8,21, zi — 1,00 2n) = Pil(s, 2)Z(s,2), i=1,...,n, (A.21)
where we set
Pi(s,z) :=G(s,21,..., 20— 1,...,2,) " Pi(s, 2)G(s, 2) (A.22)
for i =1,...,n. We claim that the matrices P; are diagonal and independent of s.
The compatibility conditions of (A.20) and (A.21) imply that
d
Thus the entries of P; are of the form
Pi(s, 2)ap = fap(z) exp((ua(z) — us(2))s), (A.24)
where a, f =1,...,n, and f,s3(2) are functions of z.

Also we know that all the entries of the right-hand side of (A.22) are formal power

series of the form .
m(z) CLn(Z)

for suitable functions m(z), a,(z). This shows that the operator P; can be of the form
(A.24) if and only if

fap(2) =0, a#p.
This concludes the proof. 0

APPENDIX B. RELATION OF ¢DE TO DUBROVIN’S EQUATION FOR QH*®(P"1)

Denote by
o HMPLC) — HO (PP C),  fw, 2z) — f(x,0), (B.1)
the non-equivariant lz’mz’t morphism®. Tt maps the C[z]-basis (2,)"_5 of Ha(P"~ ! C)
to the C-basis (1*z4)"y of H*(P"~!,C). Denote the dual coordinates on H'(]Pm 1.C)
by the notation ¢ := (¢",...,¢""!). Consider the non-equivariant limit F(])P € C[t] of

]P’" 1 Z Z Z (" Tayy st :Eam>]g7;nld (B.2)

m=0 d=0 ai,...am=0

It is known that the Gromov-Witten potential Fg)P> "7'(t) is convergent. The domain
of convergence M C H*(P*~',C) of the Gromov-Witten potential Fi " (t) carries a
Frobenius manifold structure [Dub92, Dub96, Dub98, Dub99, Man99, Her02, Sab08|.
Tangent spaces’ T, M are equipped with an associative, commutative algebra structure:

6Recall that this morphism is induced in cohomology by the inclusion ¢: P*~1 — P%fl =P % ET.
See [AB84, Section 2].
"Tangent spaces to M are canonically identified with H®(P" 1, C).
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the product *,: T,M x T,M — T,M is compatible with the non-equivariant Poincaré¢
metric 7 = 1|2=0,

T]CI(OZ *p B?V) = 77c1(0476 *p 7)7 05,677 € TpM (BS)

The metric 7. is a non-degenerate pseudo-riemannian metric on M, whose Levi-Civita
connection V is flat. Consider the semisimple part M,, of M, namely the subset of
points p whose corresponding Frobenius algebra 7,,M is without nilpotents. Denote by
(71, ...,m,) the idempotent tangent vectors at p € Mg, and introduce the normalized

frame (f1,..., fn) by
fi = ncl(m,m)*% e, 1=1,...,n, (B.4)

for arbirary choice of the square roots. Consider the Fuler vector field E on M defined
by

n—1
1 0
FE = Cl(]P)nil) + Z <1 - §deg(b*xa)) ta@ (BS)
a=0

Let p € My, and denote by U(p) and V(p) the matrices, wrt the frame (fi,..., f,), of
the morphisms

Up): T,M — T,M, v E|,*,v, (B.6)

w(p): T,M = T,M, v =0 — VB . (B.7)

It is easily seen that they satisfy
Up)' =Up). V(p)" +V(p)=0. (B.8)

There is a local identification of M, with the space of parameters of isomonodromic
deformations of the ordinary differential equation

d

=Y (\p) = (U(p) - %V(p)> Y(Ap), AeC, pe M, (B.9)

for a n x n-matrix valued function Y. Equation (B.9) is central in Dubrovin’s study of
Frobenius manifolds, see [Dub96, Lecture 3|, [Dub99, Lectures 3 and 4|, [Dub98|. See also
[Guz99] and [CDG18, Section 6] for details on the monodromy and Stokes phenomenon

of (B.9).

The tangent space ToM = H*(P"~!, C) can be identified with C" by fixing the frame
(1,2,...,2" 1), where x denote the non-equivariant hyperplane class. Under this iden-
tification,

e the Gram matrix of the non-equivariant Poincaré metric coincides with the matrix
na of equation (9.17);

e the matrix of the operator U(0): ToM — ToM of multiplication by the Euler
vector field coincides with the matrix By of equation (9.12);

e the basis (f1,..., f,) of Lemma 9.4 coincides with the orthonormalized idempo-
tent frame (B.4) at ToM for suitable choices of the square roots, see [CDG18,
Section 6.1].
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In the standard notations of Dubrovin’s theory of Frobenius manifolds, the matrix & is
usually denoted by W. Here we avoid this notation, the symbol ¥ being already used for
solutions of the joint systems (5.19), (5.26).
We close this Appendix by commenting the relation between equation (9.15) and the

isomonodromic differential equation (B.9).
Proposition B.1. For z =0, equation (9.15) is

d 1

ET(S) = (Bg + gBl(O)) T(s). (B.10)

If T(s) is a solution of (B.10), then
Y(A) = AT ET(N)
is a solution of the equation (B.9) specialized at p = 0.
Proof. if z = 0, all the coefficients B, ..., B, vanish, and the coefficient B; takes the
form
B1(0) = diag(0,1,2,...,n —1). (B.11)

We have
n—1

61(0) - 1= s

where p is the matrix of the grading operator (B.7), written in coordinates wrt the basis
(1*14)"—y. As a consequence, the matrix B°? of formula (9.22) in the non-equivariant
limit is given by

n—1

B°Y(0) =& (81(0) -

where the matrix V' is the antisymmetric matrix V' (p) specialized at p = 0. The anti-
symmetry of B°d however is lost for z # 0. O

1) El=cpuet=v,
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