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ABSTRACT: We study integrability of fishnet-type Feynman graphs arising in planar four-
dimensional bi-scalar chiral theory recently proposed in arXiv:1512.06704 as a special dou-
ble scaling limit of gamma-deformed N = 4 SYM theory. We show that the transfer
matrix “building” the fishnet graphs emerges from the R—matrix of non-compact confor-
mal SU(2, 2) Heisenberg spin chain with spins belonging to principal series representations
of the four-dimensional conformal group. We demonstrate explicitly a relationship between
this integrable spin chain and the Quantum Spectral Curve (QSC) of N/ =4 SYM. Using
QSC and spin chain methods, we construct Baxter equation for Q—functions of the con-
formal spin chain needed for computation of the anomalous dimensions of operators of the
type tr(¢7) where ¢ is one of the two scalars of the theory. For J = 3 we derive from QSC
a quantization condition that fixes the relevant solution of Baxter equation. The scaling
dimensions of the operators only receive contributions from wheel-like graphs. We develop
integrability techniques to compute the divergent part of these graphs and use it to present
the weak coupling expansion of dimensions to very high orders. Then we apply our exact
equations to calculate the anomalous dimensions with J = 3 to practically unlimited pre-
cision at any coupling. These equations also describe an infinite tower of local conformal

1 Unité Mixte de Recherche 3681 du CNRS.

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. https://doi.org/10.1007/JHEPO1(2018)095


mailto:nikolay.gromov@kcl.ac.uk
mailto:kazakov@lpt.ens.fr
mailto:gregory.korchemsky@cea.fr
mailto:snegro@insti.physics.sunysb.edu
mailto:grisha.sizov@gmail.com
https://doi.org/10.1007/JHEP01(2018)095

operators all carrying the same charge J = 3. The method should be applicable for any
J and, in principle, to any local operators of bi-scalar theory. We show that at strong
coupling the scaling dimensions can be derived from semiclassical quantization of finite
gap solutions describing an integrable system of noncompact SU(2,2) spins. This bears
similarities with the classical strings arising in the strongly coupled limit of N'=4 SYM.
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1 Introduction: bi-scalar theory and results for “wheel” graphs

The v-deformed planar N/ = 4 SYM theory has an interesting double scaling limit [1]
combining a vanishing 't Hooft coupling constant ¢g? = Ncgf,M — 0 and the increasing
twist parameters g; = e Mi/2 5 5ol in such a way that & = 9q; are kept fixed.? In the
particular case £ = £ = 0 and £ = &3 # 0, the limiting theory describes two complex scalar
fields and is dubbed the bi-scalar xFT4 [1]. The Lagrangian of this theory is given by

Ne
Lo=—-Tr (8%18;@1 + OMph Do + 26 qb}qﬁ;qﬁl@) : (1.1)

where ¢; = ¢¢T* are complex scalar fields and T are the generators of the SU(N,) gauge
group in the fundamental representation, normalized as tr(T°T%) = §%°. Notice that the
quartic scalar interaction term in (1.1) is complex making the theory nonunitary. As we
show below, this leads to a number of unusual properties of the bi-scalar YFT},.

The ~-deformed version of N’ =4 SYM breaks the global PSU(2,2|4) superconformal
symmetry down to SU(2,2) x U(1)3. In the bi-scalar theory (1.1) this symmetry is further
reduced to SU(2,2) x U(1)2. For the large majority of physical quantities, such as the
multi-point correlators® or amplitudes, this theory shows a CFT behavior in the planar
limit. This bi-scalar xFT, is shown to have a very limited set of planar Feynman graphs

in the perturbative expansion of any physical correlator. The number of planar graphs at

'Here «y; are the angles of twist parameters for three Cartan U(1) subgroups of SU(1, 5) R-symmetry of
the model.

2A very similar limit was proposed previously in the context of the cusped Wilson Lines in [2].

3 As was argued in [1, 3] only the correlators containing the operators of length J = 2, such as Tr(¢?) in
their initial or final states, appear to break the conformal invariance due to the appearance of double-trace
couplings in the effective lagrangian and generate a scale.



each loop order is not growing with the order. Moreover, at sufficiently large loop orders,
these graphs have in the bulk the “fishnet” structure of a regular square lattice pointing
on the explicit integrability of the model (1.1) in the planar limit [1]. This integrability is
due to the fact noticed in [4] that these fishnet graphs define an integrable lattice model.

In this paper, we show that the bi-scalar model (1.1) represents a four-dimensional
field-theoretical realization of the planar fishnet lattice model and identify the underlying
integrable model as being a noncompact Heisenberg spin chain with spins belonging to
infinite dimensional representation of the four-dimensional conformal group SU(2,2). This
fact sheds a certain light on the origins of, still mysterious, integrability of the planar N' = 4
SYM [5]. Similar noncompact Heisenberg spin chains have been previously encountered
in the study of high-energy asymptotics in QCD [6, 7]. We shall apply the technique
developed in [8, 9] to clarify the basic features of integrability of the fishnet graphs using
the method of the Baxter (J—operator. In particular, we describe the Lax operators,
transfer-matrices and construct the Baxter T'Q) equation that we later use to compute the
anomalous dimensions of certain operators in the bi-scalar model (1.1). However, in order
to extract the anomalous dimensions from the T'Q) relations we had to use an additional
insight coming from the side of N'= 4 SYM, where the problem of finding the spectrum is
solved by the Quantum Spectral Curve (QSC) method [10-13].

The integrability of the bi-scalar xFT,4, together with a specific, limited Feynman
graph content of this theory provides us with a powerful method of computing new multi-
loop massless four-dimensional Feynman integrals. In the paper [14] a large variety of such
graphs, relevant for the computations of anomalous dimensions, is described and some of
these graphs are computed by the help of integrability. Similar double scaling limit has been
observed in [14] for the ABJ(M) model, for which the QSC is also known [15, 16]. In the
ABJ(M) theory the Feynman graphs are dominated in the bulk by the regular rectangular
“fishnet” lattice structure. In the paper [17], a similar “fishnet” structure for the bi-
scalar amplitudes and single-trace correlators in the theory (1.1) has been observed and
their integrable structure in terms of an explicit Yangian symmetry has been established.
The authors of [18] introduce a similar tri-scalar yFTg with ¢3—type chiral interactions,
realizing the hexagonal finsnet graphs of [4] and compute the simplest all-loop 2-point
correlation function. This theory seems to define a genuine CFTg in planar limit for all
local operators. In the paper [19] a single trace 4-point correlation function given by a
rectangular fishnet graph has been explicitly computed using the bootstrap methods for
AdS/CFT integrability.

The operators in the theory (1.1) can be classified with respect to the irreducible
representations of its global symmetry SU(2,2) x U(1)2, characterized by the values of
Cartan generators (A, S, S|Ji, Ja), where A is the scaling dimension of the operator, the
pair (S, S) defines its Lorentz spin and the U(1) charges J; count the difference between
the total number of ¢; and gbj. In this paper, we study the scaling dimensions of a family
of scalar single-trace operators of the following schematic form

O e = Pau(O)tr[p] o3 (65)"] + ..., (1.2)

where Py(0) denotes 2¢ derivatives acting on scalar fields inside the trace with all Lorentz



Figure 1. The “wheel” Feynman graph with M frames defining the order £¢2M7 of the perturbative
expansion of anomalous dimension of the BMN vacuum operator Tr¢{ (M = 4, J = 10 on this
picture).

indices contracted. The dots stand for similar operators with the scalar fields ¢1, ¢2 and qb;
exchanged inside the trace. The operators (1.2) belong to the representation (A,0,0|.J,0)
with A = J + 2(n + £) for zero coupling £ = 0. For nonzero coupling, the operators (1.2)
with the same A and J mix with each other and their scaling dimensions can be found
by diagonalizing the corresponding mixing matrix. In the special case n = £ = 0 the
operator (1.2) takes the form

Oy ="Tr(¢). (1.3)

Similar operator can be also defined in N' = 4 SYM in which case it is protected from
quantum corrections and is known as the BMN vacuum operator. In the y-deformed N = 4
SYM, the operator (1.3) is not protected and its scaling dimension starts to depend on the
coupling. Furthermore, in the bi-scalar theory (1.1) the coupling dependent corrections
to the scaling dimension A only come from the wheel-type Feynman graphs [1] shown in
figure 1. Each wheel contains J interaction vertices and the contribution to the scaling
dimension of the wheel graph with M frames scales as €2/M. For M = 2 and arbitrary
J, the contribution of the double-wheel (with two frames) graph to the scaling dimension
of the operator (1.3) in y-deformed N' = 4 SYM was found in [20] using the TBA-type
computations and represented in [1] in terms of explicit multiple zeta values (MZV).

In this paper, we use integrability technique to compute the scaling dimensions of the
operators (1.2) with J = 3 for an arbitrary coupling . At zero coupling, the scaling di-
mensions of such operators take odd values A(0) = 3,5,.... For A(0) = 3 there is only one
operator tr(¢3). For A(0) = 5 we can separate all operators into those involving deriva-
tives, tr(¢30¢1) and tr(¢10 $10,¢1), and those built from five scalar fields. Making use
of the equations of motion in the theory (1.1) and discarding operators with total deriva-
tives, we can express the former operators in terms of the latter. The relevant operators
are of the following form tr(¢3gagl), tr(¢2dadi b)), tr(drdad?el) and tr(ped?el). Exam-
ining their mixing matrix, we find that, due to a particular form of the interaction term
in (1.1), these operators form the so called logarithmic multiplet, typical for a non-unitary
theory [21, 22]. As a result, for A(0) = 5 there are only two unprotected conformal oper-
ators. We determine their scaling dimension for an arbitrary coupling £&. The two other



operators form as logarithmic multiplet leading to a logarithmic factor in their correlation
functions. For A(0) > 7, the basis of the operators (1.2) contains operators with deriva-
tives and the spectrum of their scaling dimensions has a more complicated structure. In
particular, in virtue of integrability, the spectrum contains pairs of operators with coin-
ciding scaling dimensions. We argue that for each odd A(0) > 7 there are two operators
that are not degenerate. We determine the scaling dimensions of such operators for an
arbitrary coupling.

To compute the scaling dimensions of the operators (1.2), we employ the method of
quantum spectral curve (QSC). This method has been previously used to compute the
anomalous dimensions of local single-trace operators in planar N' =4 SYM theory [10, 11]
and it can be generalized to twisted version of this theory [12, 13]. The twisted QSC method
(tQSC) should be adopted for the twisted N'=4 SYM theory in the double scaling limit,
which is the principal technical problem we are confronted to. A similar problem has been
recently solved in [23] for the case of the cusped Wilson line in a very similar limit to the
one leading to the bi-scalar model (1.1). We will adopt the most important elements of
the method of [23] for our current, more complicated case.

The tQSC method consists of two ingredients: i) derivation of the Baxter equation
for particular set of the operators (1.2), ii) derivation of the quantization condition which
fixes the dependence of the parameters of this equation on the coupling constant £. This
information is sufficient to determine the scaling dimension of the operators A = A(¢).
We solve the problem i) by applying the double expansion with respect to the parameters
g and 1/g3, of the coefficients of the most general Baxter equation derived within the
QSC method in [24]. To check this result, we use the fact that the same Baxter equation
describes the conformal, SO(1,5) ~ SU(2,2) spin chain in principal series representation,
for a given set of Cartan charges (A,0,0) corresponding to the scalar operators (1.2). It
is known to have a universal form of a fourth-order finite difference equation with the
coefficients depending on the integrals of motion including A. For the sake of consistency,
we also re-derive the Baxter equation directly from the equivalent conformal spin chain
describing the dynamics of “fishnet” diagrams. Moreover, we show that the same equation
can be defived by imposing a certain symmetry among its coefficients, inspired by algebraic
properties of the conformal Lax operator [25, 26] along with the u — —u symmetry and
large u asymptotics of its 4 solutions. The problem ii), allowing us to fix the dependence
of A and the remaining coefficients of Baxter equation on the coupling constant, is solved
by exploiting the explicit analyticity properties of the QSC equations [10-13], including
the Riemann-Hilbert relations completing the general QSC Baxter equation, in the form
proposed in [27]. The direct derivation of the same quantization conditions from the
conformal SU(2,2) spin chain is not yet available.

Let us summarize the main results of this paper.

We show that for nondegenerate operators mentioned above the Baxter equation pos-
sesses the additional symmetry under the exchange of the spectral parameter u — —u.
This symmetry fixes the values of all but two integrals of motion of the spin chain and
leads to a remarkable factorization of the 4th order Baxter equation into two 2nd order



finite-difference equations of the form

<(A—1)(A—3)_m_2>q(u)+q(u+i)—|—q(u—i):0. (1.4)

This equation depends on two integrals of motion, A and m, and coincides with the Baxter
equation for the SL(2) spin chain of length J = 3 and spin 0 representation at each site. The
quantization condition which fixes the dependence of A and m on the coupling constant is

m? = —¢%, q2(0,m) q4(0,—m) + ¢2(0,—m) g4(0,m) =0, (1.5)

where ga(u, m) and g4(u, m) denote special solutions to (1.4) which have the following large
u asymptotic expansions (the reason to label them as 2 and 4 will be clear below)

g(u,m) ~ u®*1V2 1+ 001 /u)),

quu,m) ~ w22 (14 O(1 /). (L6)

It is important here that the expansion on the right-hand side runs in powers of 1/u only
and there is no admixture of O(u~2/2+3/2) and O(u®/>~1/2) terms in the first and in the

3

second relations, respectively. That is the reason why we refer to (1.6) as “pure” solutions.

Having constructed the functions g2(u, m) and g4(u, m), satisfying (1.4) and (1.6), we
can use (1.5) to compute the scaling dimension A for any value of the coupling constant
&. This procedure can be carried out numerically, with practically unlimited precision
following the general method [23, 27]. As an example, we show in the figure 2 our results
for the scaling dimension As(&) of the simplest operator (1.3) for J = 3. At weak coupling,
A3(&) receives corrections from the wheel diagrams shown in figure 3. As a function of the
coupling constant, Ag — 2 decreases with £ and turns from real to purely imaginary values
at € = &, with &€ ~ 0.2, indicating that the weak coupling expansion has a finite radius
of convergency. We find that (A3(£) — 2)? is a smooth real function of the coupling and,
therefore, Az(£) has a square-root singularity at £ = &,. For £ > &,, the scaling dimension
takes the form Az = 24id(§) where real valued function d(£) monotonically increases with
the coupling and scales as d ~ £3/2 for & — oo.

The relations (1.4)—(1.6) are invariant under A — 4 — A. Therefore, for any solution
A(€) to the quantizaton condition there should exist another one 4 — A(¢). Then, the
appearance of the imaginary part of A(£) can be interpreted as a result of the collision of
two ‘energy levels’ A(€) and 4 — A(§) at & = &, (see figure 2). Although the level crossing
cannot happen in a unitary conformal field theory, it occurs in the theory (1.1) since it is
not unitary.

At weak coupling the quantization conditions (1.5) can be solved analytically order-
by-order in £°. The approach is algorithmic and is only limited by the computer power
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Figure 2. Numerical results for the scaling dimension of the operator tr(¢$) as a function of the
coupling £3. We observe a “phase transition” at &3 ~ 0.21 where the scaling dimension takes the
value A = 2 and becomes imaginary. This point defines the radius of convergency of the weak
coupling expansion. The second branch, starting from A(0) = 1, arises due to the symmetry of the
Baxter equation (1.4) under A — 4 — A.

available. The first four terms of the weak coupling expansion of Az — 3 are?
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where ..., = Zn1>._>nk>0 1/(n§1 .. n;’f) are multiple zeta functions. Here the coeffi-
cients in front of £ give the residues at simple pole in dimensionally regularized Feynman
integrals corresponding to the J = 3 wheel graphs with M = 1,2, 3,4 frames (see figure 3).
The first two terms of (1.7) (up to double wrapping) coincide with the known results [28, 29].

At strong coupling, for £ > 1, the scaling dimension Ag — 2 takes pure imaginary
values that scale as €3/2. In this limit, the quantization conditions (1.5) can be solved

4Strictly speaking, expansion of the scaling dimension in the theory (1.1) runs in powers of the fine
structure constant a = £2/(4x?). To simplify formulae we do not display 1/(47?) factor in what follows.



Figure 3. The “wheel” Feynman graph corresponding to O(£24) term in the weak coupling expan-
sion (1.7) of anomalous dimension of the operator Tr(¢?).

using semiclassical methods. We find that the strong coupling expansion runs in powers of
1/€3 and the first few terms are given by

1 n @ 1 n 2537 1 + 830731 1
(16€3) 2 (16£3)2 2 (16€3)3 8  (1663)*
98920663 1 31690179795 1

O . 1.7

s meer T 16 eep o) (1.7)

A3—2=i2/26%? |1+

Notice that the expansion coefficients grow factorially indicating that the series is not Borel
summable. In a close analogy with the strong coupling expansion of the cusp anomalous
dimension in planar A/ = 4 SYM [30], this suggests that Ag receives at strong coupling
exponentially small, nonperturbative corrections of the form et

The same technique can be applied to compute the scaling dimensions of the oper-
ators (1.2) with the same R—charge J = 3 and A(0) = 5,7,... in a free theory. As
explained above, for A(0) = 5 we encounter two unprotected operators. We present the
numerical and analytic study of quantum corrections to their scaling dimensions both at
weak and at strong coupling. We show that the resulting expressions have a different
behaviour with the coupling constant as compared with Ajs (see figure 2). Namely, they
acquire an imaginary part at weak coupling and increase monotonically with the coupling.
For A(0) > 7 we compute the scaling dimensions of a pair of nondegenerate operators, one
for each A(0). We demonstrate that for A(0) = 7,11,15,... and A(0) = 9,13,17,... the
dependence of the scaling dimensions of the coupling follows the same pattern as Az(&)
and Aj(), respectively (see figure 8 below). The limit of large length £ for such operators
will be also treated and the explicit formula for the dimension will be found in the form of
a Bohr-Sommerfeld type quantisation condition.

2 SU(2,2) picture for fishnet graphs

To prepare the formalism for computing the wheel-graphs shown in figure 1, we demonstrate
in this section that these graphs can be identified as transfer matrices of an integrable
conformal SU(2,2) spin chain.



Figure 4. A “wheel” Feynman graph with M frames and J spokes whose external legs have been
joined at the point (M =5 and J = 9 in this picture).

To begin with, we consider the two-point correlation function of the operators (1.3)

D) = (0,(2)040) = 37 (21)

where the normalization constant d;(£) and the anomalous dimension v;(§) depend on the

coupling constant and the length L = J of the operator. As was shown [1], in the planar

limit this correlation function receives contribution from globe-like graphs shown in figure 4.

The same graphs can be viewed as fishnet graphs with periodic boundary conditions along
horizontal (longitudinal) direction and all lines in the vertical (latitudinal) direction joined
at the points z and 0, respectively, as depicted in figure 4. The contribution of such graphs
o0 (2.1) can be written as

: (2.2)

r1==Tj=T

"‘7:1:J’y17"‘7y])

D(x) = §2JM/H

where Ty (x1,...,25|y1,...,ys) describes a cylinder-like fishnet graph with M wheels and
J external points. For M = 0 we have

Tro(@y, - aglys, - ys) = [[ 6 (@i — i), (2.3)

so that the corresponding contribution to (2.2) is given by the product of J scalar propaga-
tors. For M > 1, due to the structure of wheel graphs, 7; s admits the following recursive
representation

TI,M(ﬂCl,'--a$J|y17 ,?JJ /Hd Z’LHJ Ty xJ"Zla"'7ZJ)73,M*1(217'"aZJ|y1a"'7yJ)
i=1

EIHJOIII,M—I(‘rla-~-a$J|y17--'>yJ)a (2'4)



where the kernel H; represents one wheel of the diagram in figure 1. It is given by the
product of scalar propagators

T1T2TI3TY oeeennnnn T
Hj(xl,...,xﬂyl,...,yj): J_]_l_]_L s
Y1Y2Y3Ys e venes Y7 YJ+1

1 1
— L 1:[1 ( , (2.5)

zi — Yi)?(Yi — Yi1)?

with periodic boundary condition y; = yjyy1. Here each horizontal link is a free scalar
propagator (2m)~2(y; — y;+1) 2. Each vertical line produces similar propagator connect-
ing points x; and y;. Replacing the scalar propagator with inverse d’Alembert operator,
O Y (ai, yi) = (27)72/ (v — yi)?, we find that (2.5) can be identified as a kernel of the
following “graph building” operator defined in [1]

1 1
= O] ——— 2.6
o= U e 20
with ;41 = z1. Applying (2.4) we obtain the following concise operator representation
for fishnet with M rows

E,M:HJOHJO---OHJE(HJ)M. (2.7)

Here the operator H; adds an extra row to fishnet graph and ‘o’ denotes the convolution
of the kernel (2.5). As we show in the next subsection, H; can be identified as a transfer
matrix of the non-compact Heisenberg spin chain of length J with spins being the generators
of the conformal group SU(2, 2).

We expect that the anomalous dimension in (2.1) is different from zero. This means
that the correlation function (2.2) has to develop ultraviolet divergences and, therefore,
requires a regularization. If we introduced dimensional regularization with D = 4 — 2e,
these divergences would appear as poles of (2.2) in 1/e. Notice that for arbitrary x; and y;,
the function T (x1,...,2sly1,...,ys) is well-defined in D = 4 dimensions and does not
require any regularization. The divergences appear in (2.2) when we identify the points
y1 = --- = yy and/or integrate over x; — x. In both cases they come from integration
in (2.4) in the vicinity of the two points z; = 0 and z; = z and have a clear UV origin.
To lowest order O(£27), the dimensionally regularized integral in (2.2) has simple pole 1/¢
whose residue gives the anomalous dimension. At high orders, the integrals entering the
two-point correlation function (2.2) have overlapping divergences and, as a consequence,
they produce higher power of 1/e. The divergent part of (2.1) has the following form

D(z) = ¢ (/40 (2.8)

The question arises how to use a four-dimensional representation (2.2) to extract correctly
the divergent part of the correlation function (2.8). To this end we notice that, in distinction
from D(x), its logarithm has at a most simple pole In D(x) ~ —v;(§)/e and, therefore, does



not contain overlapping divergences.” The simple pole of In D(x) originate from the two
integration regions in which all internal vertices approach one of the external points, z; = x
or z; = 0. Then, applying the dilatation operator to In D(z), we can remove its divergent
part and evaluated the anomalous dimension v;(¢) = —[(20;)/2 + J]In D(x) using the
four-dimensional representation (2.2).

2.1 “Graph-building” transfer matrix and its integrable SO(1,5) spin chain
realization

Let us show that the integral operator H; defined in (2.4) and (2.5) commutes with the
generators of the conformal SO(1,5) group

G, H;]=0, G={P, My, D, K,}, (2.9)
where G = Z{Zl G; are given by the sum of differential operators acting on points
T1y...,2J

P,=0,, M,, = 2,0, —x,0,,
D= (20)+1, K, = 22,(20) — 220, + 2z,, . (2.10)

We recall that general expressions for the generators of the conformal group depend on
the parameters (A, S, S) defining the scaling dimension and the Lorentz spin. The rela-
tions (2.10) correspond to a free scalar field representation of the conformal group with
A=1land S=5=0.

To verify (2.9) we apply its both sides to a test function ®(x) depending on the set of
coordinates © = (z1,...,27)

/d4y (G (x|y) P (y) —H(x|y)Gy®(y)] z/d4y [G:pHJ(m|y)_GLHJ($’y) D(y)=0,
(2.11)

where we used a shorthand notation for dy = dy;...dys; and introduced subscript to
indicate that G, acts on x variables. Here in the second relation we integrated by parts
and introduced notation for the conjugated generators G;f,. For instance, P;[ = —P, and
Dt = —(20) — 3. As follows from (2.11), the conformal symmetry implies that the kernel
of the operator H ; has to satisfy the following relation

<Gz - GL) H(xly) =0. (2.12)

It is then straightforward to check that the kernel (2.5) verifies this relation indeed.
Having identified the representation of the conformal group (2.10), we can now con-

struct the Heisenberg spin chain with the spin generators given by (2.10) and establish the

relation between Hj, eq. (2.6), and transfer matrices of this model. As a first step, we

5Except the case J = 2 which has overlapping singularities and leads to the leading asymptotics In D(z) ~
—1/€2 [1, 3].
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Figure 5. Diagrammatic representation of the R—operator (2.14). Solid line with index « stands
for 1/(x?)®. The values of indices depend on the spectral parameter and are given by ay = —1 —u,
a_=1—uand =2+ u.

define the R—operator acting on the tensor product of two representations (2.10). Similar
to (2.5) it can be realized as an integral operator [§]

Ria(u) ®(z1,22) = /d4y1d4y2 Ry(x1, 2|y1, y2)P(y1,92) (2.13)

with ®(z1,22) being a test function. The requirement for the operator Ria(u) to satisfy
the Yang-Baxter equation leads to a differential equation for the kernel R, (z1,z2|y1,y2).
Its solution is given by [31]

B c(u)
Rules @l ) = (o= 51, = (e — g0 ol gt (1

where c(u) is a normalization factor

24 T2 (y + 2)
= ——— 2.15
oty = 2 Lt .15
Its value was fixed by imposing the so-called T'—inversion relation Ri2(u)Ria(—u) =1, or
equivalently
/d4y1d4y2 Ru(x1, %aly1, y2) Reu(y1, y2l21, 22) = 0@ (21 — 21)6@W (w2 — 20) . (2.16)

It proves convenient to use a diagrammatic representation for the R—operator (2.13)
and (2.14). Representing each factor of the form 1/[(z — y)?]* as a solid line connect-
ing points z and y with index « attached to it, we can depict (2.14) as a rectangular graph
shown in figure 5. Notice that the indices of all four lines depend on the spectral parameter.

Let us examine (2.13) for v — 0. Putting u = —e in (2.14) and (2.13) we find for ¢ — 0

62/[( (1 — @2)? d*yrdtys P(y1, y2) (2.17)

F 22 =21 G PRl — PP — P

- 11 -



where we replaced c(e) by its leading asymptotic behaviour. For the expression on the
right-hand side to be different from zero, the integral should produce a double pole 1/¢2.
Indeed, making use of the identity
€

lim————— = W (z — 2.1

El_I}I(l) 7r2[(x — y)2]2—e 0 ($ y) ) ( 8)
we find that integration in (2.17) yields Ri2(0)®(x1,x2) = ®(x9, 1), so that Ri2(0) coin-
cides with the permutation operator,

R12(0) =Ps. (2.19)

The same property can be easily found from the diagrammatic representation of the
R—operator (see figure 5). The operator Ri2(0) is described by the diagram in which
two lines carry index f = 2. According to (2.18), such lines collapse into two points,
x1 = y2 and x9 = yi, leading to (2.19).

We can now use the R—operator (2.13) to construct the so-called fundamental transfer
matrix

TJ(u) = tro[Rlo(u)RQO(u) N RJO('U,)] . (2.20)

It acts on the tensor product of J copies of the conformal group representation (2.10)
and the trace is taken over the same (infinite-dimensional) auxiliary space representation.
Replacing each R—operator in (2.20) by its integral representation (2.13) we can realize
T7(u) as an integral operator

Tr(u)®(x1,...,x5) = /d4y1 o dry Tru(2| )@y, - y0), (2.21)

where @ is a test function and the kernel T';,(x|y) is given by a J—fold integral over the
auxiliary space

Ty u(@ly) = / daod yod = .. d wo Ru(w1,20ly1,90) Ru(w2,0ly2: 20) - R, wolys 70)
(2.22)

Using diagrammatic form of the R—operator, we can represent this integral in the form
of J rectangles glued together through common vertices in a pairwise manner as shown
in figure 6. In the standard manner, in virtue of Yang-Baxter equation, the transfer
matrices (2.20) commute among themselves

[Ts(u), Ty(v)] =0, (2.23)

as well as with the local integrals of motion of the spin chain.

Let us examine (2.21) and (2.22) for two special values of the spectral parameter, u — 0
and u — —1. In both cases, some of the propagators in the integral representation of the
transfer matrix have index 2 which allows us to apply the identity (2.18). For u = —e and
€ — 0 we find

J

Tiu—o(zly) = H5(4) (@i — Yir1) » (2.24)
i1
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Figure 6. Diagrammatic representation of the transfer matrix (2.22). It is obtained by gluing
together J rectangles, each representing the R—operator. The leftmost and rightmost vertices are
identified. The values of indices a4 and 3 are the same as in figure 5.

or equivalently T'5(0) coincides with the operator of the cyclic shift. The same relation can
be also obtained using (2.19). For u = —1 4+ € and € — 0 we find in the similar manner

J

Ty —1ie( 2.25
u=—tre(zly) = 167r2 JZI:II (y — Yi+1)? (2:25)
where y711 = y1 and the additional power of 1/e appears due to the fact that ¢(—1 + €)
defined in (2.15) is regular for € — 0. Substituting this relation into (2.21) we obtain the

following result for the transfer matrix

1 1 1 1
Ty(—1 = ~—Hy. 2.2
7(—=1+¢€) (46)‘]Dl-~-DJ1_Il($i_$i+l)2 EJHJ (2.26)

1=

Comparing this relation with (2.6) we conclude that the operator H; defines the leading
asymptotic behaviour of the transfer matrix T)y(—1+¢) for € — 0. Since the transfer matrix
commutes with the local integrals of motion for an arbitrary spectral parameter, the same
is true for the operator H .

Having established integrability of the operator H ;, we can now turn to computing the
correlation function (2.2) and (2.7). A direct calculation of (2.2) would require diagonaliz-
ing the operator H ; with subsequent summation over the whole spectrum of its eigenstates.
Since the underlying Heisenberg spin chain is defined for an infinite-dimensional represen-
tation of the conformal group, this proves to be an extremely nontrivial task. In the
next section, we present another approach based on the Baxter T'Q) equation, combined
with the QSC formalism, that allows us to avoid these difficulties and obtain a compact
representation for the anomalous dimension v;(&).

3 The Baxter T'QQ equation

We have shown in the previous section that the corrections to the scaling dimension of
the scalar operators (1.3) can be described in terms of the Heisenberg spin chain with the
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spin operators being the generators of the conformal group. In this section, we derive the
Baxter T'Q) equation in this integrable model for the states corresponding to a special class
of scalar operators defined in (1.2).

The Baxter equation is a fourth-order finite difference equation for the function g(u)
with the coefficients given by transfer matrices of SU(2,2) spin chain in specific, antisym-
metric representations. We argue below that, for some states with the charges (A, 0,0[J,0),
the general form of this equation can be determined, up to a few constants (to be fixed by
additional quantization conditions, see section 5), from the known asymptotic behaviour of
four solutions for the Baxter function g(u) at infinity combined with the symmetry under
parity transformation u — —u. We partially justify these assumptions in appendix A by
making use of the Lax operator formalism.

It was shown in the paper [26] (see eq. (5.5) there) that the Baxter TQ-equation
for SL(4) takes a standard form of a linear 4th order finite difference equation (A.24) on
Q-functions, with coefficients being the fundamental transfer-matrices of the SL(4) spin
chain with spins in principal series representations. In appendix A we use this formula
and u <> —u symmetry arguments for the states with the charges (A, 0,0|J,0) to bring the
Baxter equation to the following symmetric form

A(u+i)q(u+2i)—B<u+;>q(u+i)+0(u)q(u)

—B(u—;>q(u—i)+A(u—i)q(u—2i)—0, (3.1)

where A(u) = u’

is completely fixed by the choice of the representation (2.10), whereas
B(u) and u’/C(u) are polynomials in u of degree J and 2., respectively. The coefficients
A(u) B(u) and C(u) are explicitly calculated in appendix A in terms of global charges of
the state and they contain a certain number of state-dependent constants, to be defined
later by quantization conditions proper to our problem. To fix the form of polynomials
A(u), B(u), C(u) it appears to be enough to impose two additional conditions: if ¢(u) is a
real solution to (3.1) then g(—wu) should also be a solution. This gives the parity condition

on the coefficient functions:

Bu) = (-1)B(~w),  C(u) = (~1)’C(~u). (3.2)

Secondly, for large u, the solution to (3.1) should have asymptotic behavior ¢ ~ u® with
the exponent § taking the following values (see next section or the twisted QSC formalism
of [13])

A—J A-J A+J A+J
—{272 1,2_ 2 ,3_ 2 }. (3:3)
These conditions fix the functions B(u) and C(u) to be
1 [7/2]
B(u)= 4uJ—§(oz—|—3J—4)uJ72+buJ74+ Z dpu’ =%
k=3
—4)24 324324 2(a— 4
C(u) =6u’ —(a+3J —4)u’ 2+ (a=4)"+3 —EZJ 2o 7)Ju‘7*4+z cu’ "2 (3.4)
k=3
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where a = (A —2)2. These expressions depend on 1+ (J —2) + ([J/2] —=2) = J +[J/2] — 3
arbitrary constants b, ¢, dg, to be fixed by the additional quantization conditions.
Let us examine the relations (3.1) and (3.4) for J = 2,3, 4.

Baxter equation for J = 2

N2 . N2 . 2
(uw+14)"q(u+2i) + (u—1) q(u—2z)+[6u —a—2+ 1642

N2 .\ 2
4 u—i—E _a+2 4 u—E _a+2
2 2 2 2

where all constants are fixed in terms of a = (A — 2)2. We notice that this equation

OM] q(u)

= q(u+i)+ q(u—1i), (3.5)

factorizes as

[((A—2)(A—4) _2> +D+D‘1] u? [(A(A_z) —2> +D+D_1] q(u) =0, (3.6)

442 4?2

where D = ¢ is the shift operator.

Baxter equation for J =3

N3 : A3 o (a—1)2 22
(u+1)” g (u+20)+(u—1)” g (u—21)+ T6u +u3 q(u)

:(u—ké) 4<u+;>2—0?5 Q(U'i‘i)"‘(“_;) [4(u_;>2_a—2i_5

where o = (A — 2)? and m is arbitrary. Remarkably, this equation also factorizes

(3.8)

The values of the parameters m and o = (A — 2)? as functions of the coupling ¢ will be

6u’ —(a+5)u+

q(u—i). (3.7)

fixed in section 5 from an additional quantization condition.

Baxter equation for J =4

(ut4)* q (u+2i)+ (u—i)* g (u—2i)+ {6u4—(a+8)u2+ <Qb+ O‘2+8> +Z§+Zﬂ q(u)

16

N\ 4 N 2 N\ 4 .\ 2
7 oa+8 1 ) 1 a+8 i
= [4(u+2> —2<u+2> +b| q(u+i)+ 4<u—2> —2<u—2> +b| q(u—1)
(3.9)
It depends on 3 extra constants, b,ci,co, apart from a = (A — 2)2, to be fixed from

quantization conditions, yet to be derived.

The Baxter equations (3.5), (3.7) and (3.9) match perfectly the equations derived in
detail for particular cases J = 2,3,4 in appendix A from the Lax operator formalism and
they will be confirmed in section 4 from the QSC formalism.
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4 Baxter equations for bi-scalar xFT, from the double scaling limit of
QSC

In this section we use an alternative integrability based approach which originates from
N = 4 SYM. The integrability structure for the spectrum in this theory is very well studied
and is given in terms of so-called Quantum Spectral Curve (QSC) [10, 11]. We will use
that fact that yFT4 can be obtained as a limit of a twisted version of N' = 4 SYM in
order to get further clues about the spectrum of anomalous dimensions and integrability
structure of YFT,4. In particular in this section we demonstrate how the Baxter equations
obtained from the integrability of the Feynman graphs can be obtained directly from QSC
establishing an important link between these two seemingly different integrability based
approaches. We will see that QSC in addition to the Baxter equation also provides an
essential missing ingredient — the quantization condition for the spectrum, which we were
not able to obtain from the Feynman graphs. The quantization condition is discussed in
section 5. In this section we describe how the Baxter equation arises from QSC approach
in the double scaling limit where the twisted SYM reduces to the scalar yFT}.

4.1 QSC generalities

The description of QSC and the notations closely follow [11-13]. In formal terms, the
QSC is represented by a Grassmannian consisting of 2% so-called Q-functions of spectral
parameter u related to each other by Pliicker QQ-relations, in such a way that 8 of them
are enough to parameterize all other. General Q-functions can have quite complicated
analytical structure as functions of the spectral parameter. In practice it is sufficient to
restrict ourselves to a subset of functions with simplest analytic properties, namely

Qi(u), Q'(u), (i=1,...,4)
Pu.(u), P*(u), (a=1,...,4) (4.1)
Qali(u), (i=1,....,4, a=1,...,4).

They are related to each other by the following set of equations:
;ﬁl(u) - Q;‘Z(u) = Pa(u)Qi(u) )

Qi(u) = —Qy, (w)P* (u), Po(u) = —Q;,()Q'(u), (4.2)
Po(u)P%(u) = 0, Qi(w)Q'(u) =0,

and similar relations with all upper/lower indices lowered/raised. Here and below we use
a common notation

P = fuxif2), ) = futik/2). (4.3)

Apart from these algebraic relations, there are also analytic constraints on the structure
of cuts of Q-functions in the complex plane, which, in particular, express their monodromies
around the branch points through other Q-functions.
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Qg o3y | Qe . 2 2 e 2g

PEEErEe . -2g-i = 2g-i

Figure 7. Left: analytic structure of P,(u) and P*(u): P(u) has one cut on the first sheet (left).
Analytical continuation through this cut leads to the second sheet corresponding to P(u) (right),
which has an infinite ladder of cuts Right: analytic structure of Q,;(u) and Q¥(u): Q(u) has an
infinite ladder of cuts in the lower half-plane (left). Analytical continuation through the cut on the
real axis leads to a sheet corresponding to Q(u), which has an infinite ladder of cuts in the upper
half-plane (right).

The basic analytic structure is the following: P, and P® have one cut on the real
axis, from —2g to 2g, as shown in figure 7. This cut can be resolved by a transfromation
to Zhukovsky variable x(u), defined as z(u) + 1/x(u) = u/g, |x(w)| > 1. Thus it will be
convenient to parametrize P in z instead of u.

Functions Q; and Q' have infinite ladder of Zhukovsky cuts: the original one, from
—2g to 2g and its copies, shifted by an integer number of ¢ into the lower half plane, as
shown in figure 7. For any function of spectral parameter Q(u) we denote by Q(u) the
analytic continuation of Q(u) under the Zhukovsky cut on the real axis. It is sufficient to

impose the gluing condition on Q; at the cut [—2g,2g] [32]°

Qi(—u) = A1Qs(u), Qa(—u) = B2Qu(u),
Qs(—u) = 1/41Qu(u), Qa(—u) = 1/B2Qqa(u) (4.4)

which schematically can be written as Q;(—u) = H,/ Q,(u),” to close the system of equa-
tions. This means that imposing the above relation will give us a discrete set of isolated
solutions each corresponding to a certain state of the theory.

In order to identify a particular state we have first to know its quantum numbers,
which are hidden in the large u asymptotic of Q; and P, as we discuss below.

Asymptotics and quantum numbers. Asymptotic behavoir of Q-functions at large u
is determined by the twists and by the quantum numbers of the particular state of N' = 4

SWe used here the left-right symmetry relations (C.2) and already put at this stage & = &.

"In the unitary theory like N = 4 SYM one can use the complex conjugation instead, which is applicable
for all operators and not only for the parity symmetric ones. Also, for this gluing condition to be of this
simple form that is crucial to choose Q; to be of a “pure” form, meaning that their large u asymptotic
are of the form u =" o % to all orders in 1/u. In general this condition is not sufficient to uniquely
determine Q; as v; for different ¢ could differ by an integer, allowing for Q; to mix. There are several ways
to deal with this problem, one possibility is to introduce a twist in AdS®. Another possibility, which we
use in this paper, is to make use of the u — —u symmetry, applicable for some states, and keep only even
—Vi o0 agj

powers u oo
that the conditions (4.4) are over-defined and it is usually sufficient to impose only one of them.

which also leads to the correct non-ambiguous gluing. Finally, it was noticed in [32]
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SYM we are studying. Here we will consider a particular kind of state: BMN vacuum
tr(¢{), where ¢ is one of three complex scalars of N' = 4 SYM theory.® In the notation
of [13] its quantum numbers are

{J,0,0|A,0,0}. (4.5)

In the untwisted theory tr(¢7) would have been protected BPS state, but in the presence
of twists it has a nontrivial scaling dimenstion A j(g) which we will be computing. This

47=2 (two wrappings) in [20] in

scaling dimension was computed at weak coupling up to g
terms of infinite double sums and integrals and it was brought to the standard explicit
MZV form in [1]. For the case of our current interest, the bi-scalar model, the single
wrapped graph at any J was computed in [28] and the double-wrapped graph at J = 3
was computed in [29]. We use these results to verify our computation.

In the general case of twisted QSC, the asymptotics of one-indexed functions are given

by [13]

P, ~ Aa:n”‘u_’\“ , P ~ Aa$;i"u;\z,
; b; bi
QiAJBﬂLVi<1+ Zl+»;§-%“.>,
) o bi,l bi,2
Qi ~ Bl (1+ 2 > (4.6)
u u

In a particular case of BMN vacuum with charges (4.5) the powers 5\(1, 5\2, U;, U7 are deter-
mined by the quantum numbers of the state

JJ{J
27 2 )"

~

e
-

A A A A
— 24+ = _ —
SRR 3+2}’
A A A A
F == ——+2,—+1,— 4.
vy {2+3, 2+,2+,2}, (4.7)

and the twists are chosen to be z, = {m‘], k=7 &7, f%_‘]}. They are related to the twist
parameters introduced at the beginning of introduction as

K= q3q2, k=q/q, (4.8)

whereas the dependence on ¢; is absent for BMN vacuum state.

We can plug the asymptotics (4.6) into the equations (4.2) and obtain a set of con-
straints for combinations 4,A® and B; B’ (no summation). After the fixing the rescaling
symmetry the solution for A, can be chosen to be [13]

R (7 — 1)
A TR T T — A (R )
& (k7 — 1)
e (4.9)

(1+ &) (w7 = &) ((kR)7 = 1)

8We use here notation ¢; for complex scalars, instead of the familiar {X,Y, Z} since two of them appear

with a different notation in bi-scalar model (1.1), say Z = ¢1, Y = ¢2.
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In a similar way for B;:

_ i = )2 1)
BIBl“B4B4‘<m&>J<A (& ~3)
i(ﬁ;‘] )2

(4.10)

ByB? = —B3B? = —

(k)’ (

Since, as we discussed, the P, and P? functions has only one cut, they admit the
following Laurent expansion

Po(u) = 2 (gx(u) pa(u), P(u) =z, (gz(u))*ep”(u), (4.11)
where
Pa = Aq i ban b _ go i G (4.12)
n=0 " ’ n=0 "

The constants b, , and b*" contain all the information about the state. In order to constrain
them we have to find Q; and Q' for the given P, and P% and impose the analyticity
condition (4.4) on the cut [—2g,2g]. The Fourth-order Baxter equation is an efficient way
of doing this.

Fourth-order Baxter equation. Instead of using the chain of QQ-relations (4.2) one
can equivalently deduce the Q; using the given P, and P? functions from the “Fourth-
order Baxter equation”. More precisely, four one-indexed functions Q; are the 4 linear
independent solutions of the following 4th order finite-difference equation [24]:

Q£+4]DO _ Q£+2] l)1 _ P([1+2]Pa[+4]D0i| + QZ [D2 _ PaPa[-i-Q}Dl + PaPa[+4]DO]

—qQl™ [Dl + PPy | + QU Dy =0, (4.13)
where D; are determinants of matrices with elements of form P([Zk] given in the appendix B.1.

4.2 Double-scaling limit

The limit we have to take to obtain the xFT, is ¢ — 0 and s = vVkk — oo with £ = gs
fixed. First obvious thing which happens in this limit the branch points of the Zhukovsky
cuts collapse into a point producing poles. Furthermore, the coefficients b,, and b»"

2n

in (4.12) typically scale as ¢g°* and thus the infinite series truncates. In appendix C we

argue that for the BMN state the following scaling in g has to be imposed:

Po = {A1f1(u), A2 f1(—u), A391(u), Asg1(—u)}
P’ = {fa(u), fo(—u), g2(u), g2(—u)} . (4.14)
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where f;, g; as series in z(u):

2c
f1—1—|—g2‘]zg 1”
n=1

02
g1 = ( (u +ZCQ —_kU +Zg n)
—J J — k g nCSn

fa = (97) u +203,_ku —i—Z -

k=0 n=1 (g:E)

n—2

o0 2
2J g C4,n
g=1+g E —_. 4.15
(g2)" (419)

n=1
This follows the argument similar to [33].

We see that the terms with heigher dergree of 1/x™ get more and more suppressed.
However, we still have to keep a few first term simply because the Baxter equation (4.13)
contains P, with shifts u — u +in, n = —2,...,2. Due to the twists tending to infinity
along the complex axes the factors z'* in P, we could get an enhancement of these sup-
pressed with g terms. At the end we have to plug the truncated expressions for P,, which
become rational functions with poles at u = 0 in the g — 0 limit, into the equation (4.13)
we obtain a finite difference equation with rational coefficients. We worked out explicitly
the J = 2, 3,4 cases in the appendix C. Below we present the results.

Baxter equation for twist 2. For J = 2 the only unfixed coefficient left is A and the
Baxter equation (4.13) coincides in the double scaling limit with (3.6). The expression
on the left-hand side of (3.6) is given by the product of two finite difference operators
separated by the factor of u?. It is easy to verify that (3.6) stays invariant under the
exchange of these two operators. As a consequence, the four solutions to (3.6) have to
satisfy 2nd order finite difference equations, e.g.

A(A —2)

< 4u?

and the second equation is obtained by replacing A — 4 — A. By matching the asymp-
totics (4.6), we find that Qg and Qg satisfy (4.16) whereas Q; and Qg satisfy the second
equation. The 2nd order Baxter equation (4.16) has been previously studied in [9, 24] and

- 2) 9(0) + qlu ) +qlu—i) =0, (4.16)

its explicit solutions have been found in terms of hypergeometric 3F5—functions

A A
qo(u) = 2iuzFy <z’u+1,2,1 — 5;1,2; 1> , (4.17)
and the second solution is given by ¢o(—u). Using these results, we construct their linear
combinations
tan 75 ”A r r(2)? A
Q2 (u) =—ubBy ( DT(3)" | go(-u A> + <—icoth(7ru)+cot W) qo(u) | ,
4e T(A-1) sin %2 2
itan 2T (1-2)’r (2-2 A
Qs(u) = uBs ”EA 2) T(2-5) o= _ A) (z'coth(m)+cot ”2) do(u)| . (4.18)
de”1 T'(1-A) sin ~5=
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These expressions are solutions to the Baxter equation (4.13) with the correct pole struc-
ture. Moreover, they are “pure” solutions in the sense that their expansion at infinity has
a form u® (1 +ep/u+ ... ) The two remaining solutions Q4 and Q; are obtained from
Q2 and Q3 by replacing A with 4 — A (and changing B; accordingly).

Baxter equation for twist 3. For J = 3 the equation is a bit more complicated. After
using the identification

¢i(u) = Qi(u)u="/? (4.19)
the equation (4.13) reduces in the double scaling limit to the Baxter equation (3.7) where
a = (A—2)? and m are two yet unfixed parameters. Its factorized form is given by (3.8). In
other words again we reproduced precisely the equation obtained from the integrability of
the Feynman graphs! In the next section where we will derive the quantization conditions
for fixing m and, finally, A({). Thus we will extract the all-loop anomalous dimension
of Tr¢3 operator, and of some related operators. It can be also easily checked that the
equation (3.7) is invariant w.r.t. the change m — —m. That is why we can find all four
solutions from a much simple 2nd order Baxter equations

<(A—1>(A—3> _m—2) a(w) + gu+1) + qlu— 1) =0 (4.20)

4y? u3
as another pair of solutions can be obtained by replacing m — —m.

Baxter equation for twist 4. For J = 4 with the identification (4.19) we obtained
again the same Baxter equation as in (3.9), for which we have not been able to show the
factorization property. We postpone further investigation of this state for a future publi-
cation.

In conclusion, the derivation in this section of Baxter equations from QSC formalism
in the double scaling for J = 2,3,4 confirms the Baxter equation for arbitrary J given
at the end of the previous section, obtained from the group-theoretical considerations,
in usual assumption of universality of Baxter equations (independence on auxiliary state
representation). Now we have to impose additional quantization conditions on possible
solutions of Baxter equation, which we do in the next section, so far only for J = 3 case,
from the double scaling limit of QSC formalism.

5 Quantization condition for the Baxter equation

In this section we focus on the operators (1.2) with the R—charge J = 3 whose scaling
dimensions A are described by the Baxter equation (4.20). The method presented here
should also apply for general J and even to general operators in the bi-scalar theory (1.1).

The Baxter equation (4.20) does not single out a particular value of the parameters
A and m. Furthermore, it does not depend on the coupling constant £. The goal of this
section is to use the underlying QSC description of the full N/ = 4 theory to derive the
quantization conditions which fix the dependence A(§) and m(&). A priori, these conditions
can be derived from the first principles using integrability of the fish-net diagrams [1, 4].
However, this is beyond the scope of the current paper.
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Let us first discuss analytic properties of the solutions of the Baxter equation (4.20).
To build a solution we start from u with large positive imaginary part, for which the
finite difference equation (4.20) can be replaced by an ordinary differential equation. For
arbitrary A and m, it has two linear independent power-like solutions that we can choose
to be “pure solutions”

1
q2(u,m) = uB/?1/2 <1 + % +0 <u2>> , (5.1)
b 1
qAUJn):quﬂ+W2<1+2j+w)<u2>). (5.2)

For arbitrary non-integer A these solutions are well defined from the requirement that

¢2(u, m) does not contain O(u~?/2+3/2) terms and q4(u, m) does not contain O(u?/?~1/2)

terms. The expansion coefficients a; and b; can be fixed from (4.20), e.g.
m m

“A_3’ h=1"A"

Using (5.2) we can apply the finite difference equation (4.20) to recursively decrease the

a

imaginary part of w in integer steps. Since the coefficients of the Baxter equation (4.20)
are analytic for Imu > 0 and have a 3rd order pole at © = 0, the solutions constructed in
this way are also analytical in the upper half-plane and have generically a 3rd order pole
at the points u = —in with n = 1,2,3,.... We will discuss in more details how to build
these solutions in the section 6.

Having constructed solutions to the Baxter equation (4.20), we can now identify four
Q—functions defined in (4.1). In the double scaling limit we have

u3/2 _igh
Qu(u) = T[(M(Uam)‘F%(U, -m)], Qi(u)= mu3/2[(12(uam)—%(ua —m)],
u3/2 i86
Qa(u) = T[QQ(uam)+QQ(ua -m)], Qsz(u)= mu3/2[Q4(uam)_Q4(ua -m)]. (5.3)

It is straightforward to check that these expressions verify the defining relations (4.6) and
their normalization is fixed by (4.10) (we recall that s = v/k& and &, & — oo in the double
scaling limit). To simplify the calculation, we have assumed Q-—functions to be even
functions of m. We can relax this condition and carry out the calculation in the general
case. This will not affect the final result for A(£) but will significantly complicate some
intermediate expressions. At the same time that is clear that the m — —m symmetry of
the system has to be reflected in the Q; so instead of deriving the expressions for Qo and
Q4 we fix the proportion of g4(u, m) and g4(u, —m) from the symmetry requirement from
the beginning.

The quantization condition for A(€) arises from the requirement for the functions (5.3)
to have correct analytic properties in twisted N' = 4 SYM presented at the beginning of
section 4. We recall that for a finite value of the twist the functions Q; have the cut
[—2g,2¢g]. Going under the cut, these functions have to satisfy the gluing conditions [32].
In the double-scaling limit, the cut [—2g,2g| shrinks into a point and the relations (4.4)
lead to nontrivial constraints for the functions Q;(u) near the origin [32].
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Another condition comes from the symmetry of the Baxter equation (4.20) under parity
transformation, u — —u and m — —m. Indeed, the functions g;(u,m) and ¢;(—u,—m)
satisfy (4.20), implying that the functions Q;(—u) can be expanded over the basis of the
solutions (5.3) with some periodic coefficients:

Qi(—u) = Q7 (u)Q;(u), (5.4)
where ;7 (u) has the following i-periodicity property”
Q (u+1) = Q7 (u) . (5.5)

Similar relation should also hold under the cut Q;(—u) = Qf (w)Q;(u).

As we show in the appendix B.3, the discontinuity of €/ (u) across the cut, AQZ.j =
Qij — Qij , satisfies the following exact Riemann-Hilbert equation (valid for any value of the
twist parameter)

AQ (u) = Q7 (u) — Q7 (u) = —Qi(—u)Q’ (1) + Qi(—u)Q’ (u) . (5.6)

In the double-scaling limit, this relation allows us to compute AQZ-j (u) for v — 0 in terms
of solutions to the Baxter equation, ¢2(u,£tm) and g4(u,+m), evaluated at the origin.
Indeed, for u — 0, substituting (5.3) and (4.4) into (5.6) we find after some algebra'®

z 0 w v
A= O T T o), (5.7)
w/B; —v/B; =z 0
—t/B} —w/B} 0 —z
where s = v ki and the notation was introduced for
2256Q2Q4—Q442 e O (GG—ai) B+ —d5
2m(A —2)’ 4m(A —2) '
2 2 \2 2\ 2 2 N2 -\ 2
v g2Pilen—d)” — (e —d)" o Pilantd)” — (e +d)° (5.8)
4im?(A — 2)2 4i
with compact notations

We conclude from (5.7) that AQZJ vanishes near the origin in the double scaling limit as
AQij ~ u?. In the next section, we will find Qij (u) independently for an arbitrary coupling
from the Baxter equation. Comparing the results of these two calculations we will be able
to determine the quantization condition for A and m.

%i-periodic functions play the same role in finite difference equations of Baxter type as constants in linear
differential equations.
10in order to simplify the expression we imposed already B2 = —f;. This condition can be deduced

alongside with the quantization condition in the way it is described in the next section.
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5.1 Extracting Qz from the Baxter equation

As was mentioned in the beginning of this section, the Baxter equation (4.20) is invariant
under simultaneous change u — —u and m — —m. Following the same logic that led (5.4),
its solutions have to satisfy the relation

gi(—u,—m) = ij(u)qk(u,m) , (J,k=2,4), (5.10)

where ¢;*(u) are some nontrivial i-periodic functions. We can use the Baxter equation to
find the leading behavior of o;*(u) for u — 0.

We recall that solutions to the Baxter equatin ¢j(—u, —m) have 3rd order poles at
u = in (with n = 1,2,...) whereas gx(u, m) are regular at these points. Together with
periodicity condition o;*(u+ ) = ;% (u), this implies that ¢;*(u) must have 3rd order pole
at the origin. Since the functions ¢;(—u, —m) and g (u, m) are regular for u — 0, it follows
from (5.10) that the residue at this pole have to satisfy

lim w30;*(u) g (m,0) = 0. (5.11)

u—0

Using the Baxter equation (5.2) we get for u — 0

gj(u—i,—m) = —m%(()q;?)_m +0 (1/u2) . (5.12)

Replacing v — —u + ¢ in (5.10) and matching it into the last relation we obtain
mq; (0, —m) =~ —udo;* (—u)qr(i,m) + O(u) . (5.13)

The relations (5.11) and (5.13) viewed as a linear system of equations on u3¢;* (u) for u — 0
lead to

3 _k m G294 —q2q2
uwo;"(u) = - - . ; + O(u) . 5.14
i (W) q2(i,m)q4(0,m) — qa(i,m)q2(0,m) (Q4Q4 —(J2(J4>jk () (5.14)

We notice that the expression in the denominator coincides with the Wronskian of the
finite difference equation (4.20). As such, it should not depend on u and can be computed
using asymptotic behavior of functions at infinity (5.1)

g2 (u~+ i, m)qs(u,m) — qs(u + i, m)qa(u, m) = i(A — 2). (5.15)

In this way, we finally obtain

o) = [0 —ha2) g2y 5.16
7w w3 (A —2) \ qags —q2da i 1/w7) (5.16)

We can now combine the relations (5.10) and (5.3) to establish linear relations between the
functions Q;(—u) to Q;(u). Using the definition (5.4) we obtain from (5.16) the leading
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asymptotic behavior of Q;7(u) at the origin

m(qage—q2qs) _ is®(qadatqada) 0 154

2(A~2) 2(A—2)2 (A5

_im2(qagatq2ds)  m(q2da—qag2)  im2qudn
1 6 ( ) 6 0
J_ 2s A2 G )
Q; ud 0 is5qada m(gado—qads) _ is5(qadatgaga) +O0(1/u”).
(A-2)? 2(A=-2) 2(A—2)2
_ im*qada 0 _im2(qagatq2ds)  m(qeda—qago)
« 20 2(A—2)

(5.17)
In the next section we compare this relation with the expression for the discontinuity
of ;7 given by (5.7) to obtain the constraints on the parameters of the Baxter equation

m and A.

5.2 Quantization condition from gluing

We demonstrated in the previous subsection that the matrix €;7(u) has 3" order pole at
u = 0. We would like to stress that the relation (5.17) holds in the double scaling limit, for
& = gs fixed with s — oo and g — 0. Due to our conventions different Q; scale differently
with ¢ and as a consequence different components of ;7 scale differently in our limit. This
is totally due to the choice of our normalization. We introduce +;; so that Q7 ~ 8%, As
explained in section 4, at finite coupling ¢ the only singularities ;7 (u) could have at finite
u are due to the branch cuts of the Zhukovsky variables x(u) locate at u = +£2g. As a
consequence, it can be represented in the form

sTQ] (1) = Vu? — 4g2 fij(g,u) + hij(g,u), (5.18)

where 4 x 4 matrices f(g,u) and h(g,u) are regular around the origin and each term in
their small g expansion should be regular as well.

The poles of ;7/(u) at the origin can only appear as an effect of expansion of the
Zhukovsky cut

4 6
Ny R . M P (5.19)

u u3 u®

At the same time, computing discontinuity of Q7 (u) across the cut [—2g,2g] we find
from (5.18) for g — 0

fij(g,u) =574 Q;%u) — _S—wAQZiu(u) (1+0(g%) - (5.20)

According to (5.7), AQ7 ~ u? for u — 0 in the double scaling limit. Then, it follows from
the last relation that the series expansion of f(g,u) in g and u must be of the form

flg,u) =g " (foou®+ fosu+..)+g "2 (fro+ fraut... ) +g " (fao+ farut...),
(5.21)

where we assume that f(g,u) scales as ¢g7". The expansion coefficients depend on ¢ and
A (but not of g). Substituting the last relation into (5.18) and taking into account (5.19)
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we get

2 2 2
s‘”Q(u):—294_”f0’2+f1’0—296_” f0,243-f1,0+ fo,3~2Ff1,1+ Joat+fig+ /20
u u u u

...,
(5.22)

where we use a shorthand notation for a matrix s Q = s Qij (u) and dots denote terms
regular for u — 0 and/or suppressed by powers of g2. Notice that regular function h(g, u)
does not contribute here to the leading, singular terms.

We expect that in the double scaling limit the matrix (5.22) should take the expected
form (5.17). In particular, it should scale as 1/u® for u — 0. Note that Lh.s. of (5.22)
scales as ¢°. We have to deduce the value of n. If we assume that n = 4 the second term
in (5.22) become negligible and we will not be able to reproduce the 1/u? singularity. If
we take n = 6 we get a contradiction as the Lh.s. scales as ¢° whereas in the r.h.s. we get a
term 1/g%. The only way to avoid this problem is to set fo2 + f1,0 = 0. Using this relation
and setting n = 6 we get for the residue of Q(u) at 3rd order pole at u =10

lim u® Q = —2¢%57 fo 2 = lim AQ/u?, (5.23)
u—0 u—0
where in the second relation we took into account (5.20) and (5.21). This equation provides
us with a set of nontrivial relations between the entries of matrices (5.7) and (5.17). In
particular, we notice that the matrix element AQs! is zero implying that Q5! should vanish.
This leads to the quantization condition

q4(0,m)q2(0, —m) + g2(0,m)q4(0, —m) = 0. (5.24)

In the similar manner, the vanishing of Q3! implies AQ3' = 0 leading to (q'z - qi) B2+
@3 — G2 = 0. Together with (5.24) this gives

2 2
@ _®
g2 =222 (5.25)
ad
Finally imposing the relation (5.23) for ;' and AQ;! we find that the parameter m? is
related to the coupling constant in the bi-scalar theory (1.1)

m? = —¢%s% = —¢f. (5.26)

It is straightforward to verify that all remaining conditions (5.23) are satisfied automati-
cally!

The quantization condition (5.24) fixes the dependence of A on m. Together with (5.26)
this allows us to find the spectrum of anomalous dimensions of the states/operators (1.2)
with charges (A(€),0,0|J,0), obeying the parity invariance.!!

In the next sections we will explore these quantization conditions along with the Baxter
equation (4.20) to study the dimensions of the underlying operators with charge J = 3
numerically, as well as in strong and weak coupling approximations.

1We remind that the full superconformal symmetry of N' = 4 SYM is broken by 7-deformation
to PSU(2,2|4) — SU(2,2) x U(1)*> and an arbitrary state is still characterized by Cartan charges
(A, S1, S2|J1, J2, J3). For the bi-scalar theory under consideration the remaining symmetry is SU(2,2) X
U(1)? (only two complex scalars out of three left) we label the states/operators with Cartan charges
(A, S1,S2|J1, J2). For our particular BMN-state and its analogs considered further we take (A, 0,0|J,0).
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6 Numerical solution

In this section, we describe the numerical solution to Baxter equation (4.20) supplemented
with the quantization conditions (5.24) and (5.26). The numerical method for solving the
whole QSC was developed in [27] and it can be adopted for our much simpler case (see
also [23]). One first constructs analytically the solution to the Baxter equation (4.20)
for large values of the spectral parameter u where one can simply take the asymptotic
series (5.2) and find the coefficients of the expansion by plugging it into the equation and
expanding for large u. We kept around 12 first orders which allowed us to gave extremely
accurate approximation for ga(u,m) and g4(u, m) for Im u > 100. After that we used the
exact Baxter equation (4.20) recursively to decrease the imaginary part of v until we reach
u = 0. After that we define the function

F(A€) = q4(0,m)g2(0, —m) 4+ ¢2(0,m)qa(0, —m) , (6.1)

which must be zero for the physical values of A and m? = —¢5  One can simply
use the FindRoot function in Mathematica to find A(§) determined by the condition
F(A(€),€) = 0.

In this way we obtained the results for the scaling dimension of the operator tr(¢3)
shown in figure 2. We see that the dimension approaches A = 2, where it collides at
€3 ~ 0.21 with the “mirror” solution obtained by A — 4—A. After that the two dimensions
stay in the plane Re A = 2, while their imaginary parts increase at large € as A ~ £3/2. In
the next section we describe this strong coupling asymptotics analytically.

We also found that the quantization condition (5.24) also describes other states with
Cartan charges (A,0,0|L,0). As we first found numerically (and then confirmed analyti-
cally, see the next section) the quantization condition F(A,¢) = 0 is satisfied for several
values of A! At zero coupling, these extra solutions all start at odd integer values of A. For
A(0) =5+4n, n =10,1,2,... the scaling dimension A(&) become complex for arbitrary
small £ > 0 whereas solutions with A(0) =3 +4n, n=1,2,... are real for small {. Our
numerical analysis suggests that, similar to the state with A(0) = 3, all solutions with
A(0) = 3 + 4n reach the value A = 2 and then acquire an imaginary part.

Finally, using the high precision numerics we extracted the expansion coefficients of
the weak coupling expansion of A(§) for the two lowest lying states

Ay =3—14.4246828379151314247968579381¢0 — 17.4934615492599154108489144266¢
—1198.90916684527343375296340880¢ 1® — 4689.74599336134323308194176857¢ !
—280246.105267046718780737267525¢° — 1.76612732373253221270019811001 x 10° ¢
—8.77012836297716360442838113467 x 107 £2+0 (¢%9) | (6.2)

A5 = 5—2.00000000000000000000000000000i£> 4-3.00000000000000000000000000000£°
+7.750000000000000000000000000007&° —20.6438292905212171438007855155£ 12
—67.50660680734547714710353481964&1° 4 233.347926388436938426879094509¢ 18
+845.865771390416192186499791683i£ 2! —3168.44499021 745756976 75561857362
+0 (%) (6.3)

We use these results in the next section to verify our analytic expressions.
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Figure 8. Real and imaginary part of the scaling dimension of the nine lowest lying states with
J = 3. The curve that starts at A(0) = 3 corresponds to the operator tr(¢3). The pair of states
that start at A(0) = 3 4+ 2k with & = 1,2,3,4 correspond to the operators of the form (1.2) (or
rather to their linear combinations diagonalizing the dilatation operator).

7 Weak coupling solution

In this section, we describe the method for finding analytical solutions to the Baxter equa-
tion (4.20) with quantization condition (5.24) at weak coupling. We keep the presentation
short since it goes along the same lines as in [23, 32].

7.1 Perturbative solution of the Baxter equation

At the first step we have to find two linearly independent solutions to the Baxter equa-
tion (4.20) with the parameter m satisfying (5.26). At weak coupling, the solutions to (4.20)
can be constructed perturbatively in powers of m. To lowest order, for m = 0 and L = A(0)
an odd integer, the Baxter equation (4.20) reduces to that for the SL(2) spin chain of length
2. As such, it has a solution (4.17) which for odd L reduces to a polynomial. The second
solution then can be deduced from the Wronskian relation (5.15). It is a meromorphic
function of u with the second-order poles located in the lower half-plane

qr = Prr—1y/2(u), qr1 = Pr—1)/2(u)nz2(u) + Qr_3)/2(u) (7.1)
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where P, and Q,, are polynomials of degree n and the notation was introduced for the
special function 7, s, (u) with an appropriate pole structure!? [34]

Ts1,...,5% (U) = Z ! . (72)

ni>ng>-->ng>0 (u + inl)sl s (U + ink)sk

In this way we find that the solutions to (4.20) satisfying (5.1) are given to the leading
order in m = i3 by

L=3: q=u, qur=1,

1
L=5: QI:UQ, QHZU2772(U)+W—§a (73)

L=7: q=u’, q1[:u3ng(u)+iu2—g—%.

To incorporate corrections in m, we use the ansatz A = L + ), m*A®) and look for
solutions to (4.20) in the form g¢r(u) + dqr(u) with dgr(u) = c1(w)qr(u) + ca(u)grr(u) and
similar for grr(u)+dqrr(w). This leads to the system of first-order finite difference equations
for the coefficient functions c¢;(u) and co(u) which can be solved order-by-order in m in
terms of the functions (7.2) with polynomial coefficients.

Let us consider the state with L = 3. Numerical solution (6.2) suggests that corrections
to A run in powers of m? = —£6. Using the ansatz

A =3—m?+0(m?), (7.4)

we compute corrections to the solutions (7.3)

. 0 1, ud
qr = u —im (n; — nou) + m? (—m,g + M2 +umz — un — B + 5”71105 + 2> (7.5)

1, .
- §Zm3 (—2m122 +2m131 + 20212 — 20221 — tun2,10 + 2un1 23 — 2un 32 — 2unN2 13

+ 2ump29 + 2m8 — 2mpud) + O (m?) |
' 1. 1.
arr = 1= im (112 = ngu) + m’ <_772,2 +31 +unzs — Uz — Simo + 21n2u6> (7.6)

1, ) . )
- 5277?3 (—idn12 — 21222 + 212,31 + 203,12 — 2M3.2.1 + 0um 3 — idunz 1 + 2un2 23

—2une 32 — 2unz 3 + 2unz 22 + 0 — onzu) + O (m?) .

At the next stage we have to find particular linear combinations of these functions, g2(u)
and ¢4(u), which have the correct asymptotic behavior (5.2) at infinity.
As follows from (5.2), the leading correction to g2(u) and g4(u) at large u should scale

as dqg = —%(m%)ulnu and dqq = %(mzd) In u, respectively. Expanding ¢7(u) and qr7(u)

12The sum is divergent when s; = 1. The divergent part does not depend on u and can be regularized
so that n1(u) = 1p(—iu) and n1,s(uw) = M (u)ns(w) — Ns41(u) — Ns,1(w). More complicated 715,
obtained recursively as explained in [34].

s3 can be

.....
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at large v and matching the coefficients we find that solutions to the Baxter equation
satisfying (5.2) are given by

1. . 1. . 1.
g2(u,m) = (1 — 12(7‘( — 21)m2(5> qr(u) + <_m§ + Zz(w + 2i)m + 42m25> qrr(u),

ga(u,m) = <1 + iz’(w + 2i)m25> arr(u). (7.7)

To analyze the quantization condition (5.24), we have to evaluate these expressions at the
origin. Making use of the identity

TNs1,s2,..., 5k<Z) (_i)81+82+m+8kCsmz,---,szc7

as well as relations between the multiple zeta values, e.g. (222 = 7%/5040, we arrive at

L1 iG, (Ge Gu G 1)\ (.
2(0) mé 6 +m< § & 2 4 2>+ 15 4C2,22—4C2,3,1 (7.8)
_4C37172+4C37271+52+(i7r€2—4C2+2C3—251,2+4C2,1)5> +0 (m?),
: (10 ind 6
q1(0) = 1+iCem+m? (—C2,2+C3,1—C;+W;—2> (7.9)

1 ) . ) ) ) 5

+1m3 <—4ZC2,2,2 +4iCa3,1+4i(3,1,2—4i(321— (TFC2+2ZC3+21C1,2)5) +0 (m?),

where in our conventions 51 = in1(i) = 7 is the Euler constant and 51,2 = z'37]1,2(z') =
2

7% — 2(3. We use these relations to find

q2(0,m)qs(0, —m) + q4(0,m)q2(0, —m) = %z’m2(5 +12¢3) + O (m3) . (7.10)

The quantization condition (5.24) yields 6 = —12(3 and, together with (7.4), fixes the
dependence of the scaling dimension on the coupling constant.
With a help of Mathematica we pushed the calculation of (7.4) up to the order m!?
and arrived at the weak coupling expansion of A(&) given by (1.7) in the Introduction.
The above analysis can be repeated for the states with L = 5,7,9. We present below
the results for weak coupling expansion of scaling dimensions of these states.

States with L = 5. Solving the quantization conditions (5.24), we found two states
with A = 5 at zero coupling. In distinction from (7.4), their scaling dimensions at weak
coupling run in powers of m, or equivalently in powers of i¢3, and are complex conjugated
to each other:

) 314i¢° 97 ) 27 5359 219 15 4911
A5’A:572253+3€6+ i§ et (3C3**)+l§15( G >+§18 (7 Gs C5+ )

4 4 2 64 4 2 16

) 314£° 97 ) 27¢3 5359 219¢; 15 4911
A5,B :5+2Z§3+3€6_%€+§12 (3C3_Z> _1515 (#_674> _"_518 <_ 4C3 o QCS +T>
(7.11)

— 30 —



States with L = 7. As in the previous case, we found two states. Similar to the state
with L = 3, their scaling dimensions are real at weak coupling and have an expansion in
powers of &6

€6 17¢12 891€18 27465¢%4

Apg=T7—> — — -
A== 3 64 4096 131072

6 3512 15283 (s 65¢(s 678575
Arp=T+> -2 a8 0252 533, o - o (712
nB= It +& (36864 12> T\ 384 1179648 (7.12)

State with L = 9. We found two states and their properties are similar to those of
L = 5 states

A 9_g+7§6 223i¢° L2 G 17029 e’ 1424867 313
AT 016 10368 132 " 1119744 214990848 31104 )’

i€ 70 223i€” gg(cg 1wm9>_%5w( 1424867 3Ké>‘(71@

A e _
0.5 = 9% 5~ 3 216+ 10368 432 1119744 214990848 31104

We verified that these relations are in perfect agreement with the numerical consideration
at weak coupling. The strong coupling expansion of the scaling dimensions is discussed in
section 8.

7.2 Logarithmic multiplet

As was mentioned above, the scaling dimensions of operators with bare dimension A(0) =
5,9, ... have expansion in powers of £3 and not in powers of ¢% as it happens for operators
with bare dimension A(0) = 3,7,.... In this section we show that this property reflects
a very unusual feature of bi-scalar xFTj theory first noticed by Joao Caetano [22]: the
operators with A(0) = 5,9,... behave as conformal primary operators in a logarithmic
four-dimensional conformal field theory.

To simplify the consideration, we examine the simplest case of operators with bare
dimension A(0) = 5 and the R—charge J = 3. As was mentioned in the Introduction,
such operators can be obtained from tr(¢3}) operator by inserting a pair of scalar fields
¢2 and gbg inside the trace and by dressing scalar fields with derivatives, tr(gb?Dd)l) and
tr(¢10"¢10,¢1). In the latter case, we can use the equations of motion in the theory (1.1) to
show that the operators with derivatives can be expressed in terms of the former operators
as well as the conformal descendant operator (tr(¢7?). This allows us to define the basis of
dimension—>5 operators

=tr(¢3pa0h), Os=tr(¢?dagid)), Os=tr(¢1dadidh), Os=tr(¢adioh). (7.14)

At quantum level, these operators mix with each other and their anomalous dimensions
can be found by diagonalizing the corresponding mixing matrix V;;

d

@01(33) = —V;]'Oj(aJ), (7.15)

7

where p is an ultraviolet cut-off and the matrix elements V;; describe the mixing O; — O;.
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Figure 9. Mixing of O3 = tr(qg(bl $2¢?) with the operators Oy and O; to the lowest order in the
coupling. Three diagrams correspond to three transitions defined in (7.16). Solid line denotes field
¢1, dashed line represents ¢, and gb; depending on the direction of the arrow.

To the lowest order in the coupling, the quartic scalar interaction vertex in (1.1) induces
the following transitions

G192 — P2b1 Phd1 — G165}, Phprda — d1 — dagr ). (7.16)

The corresponding Feynman diagrams are shown in figure 9. Applying these rules we find
that the operators (7.14) mix as follows

01 — 209, 0Oy — 203, O3 — 204 + 09, (7.17)

where the factor of 2 is due to the fact that the first two transitions in (7.16) yield the
same operator. The last transition in (7.16) produces the additional mixing between the
operators O3 and Oy. Notice that the operator Oy is not affected by the transitions (7.16).

As follows from (7.17), the mixing matrix for the operators (7.14) takes the following
form to leading order in &2

0 26%y1 O(&h) O(&Y)
0 0 2%y O
0 &y 0 28y
0 0 0 0

V= (7.18)

Here 21 and &%y, describe the first two and the last transitions in (7.16), respectively.
The terms appearing as O(£4) and O(£°) in the matrix do not contribute to anomalous
dimensions so we ignore them in what follows. Using the dimensional regularization with
D = 4 — 2¢, we can find them as the residue at a simple pole 1/¢ of diagrams shown in
figure 9

M =-2, Y2 =1. (7.19)

Notice that v; and 2 have an opposite sign.

The mixing matrix (7.18) has a number of unusual properties. In unitarity conformal
field theory this matrix has to be Hermitian. Since yFT4 theory is not unitary, the
matrix (7.18) does not have this property. This implies that its eigenvalues are, in general,
complex valued functions of the coupling £. Indeed, the scaling dimensions (7.11) develop
imaginary part at weak coupling.
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Secondly, the matrix (7.18) has rank 3 and it can be brought to the Jordan canonical
form by a similarity transformation

0-1 0 0 20 4 0

_ 00 0 0 00 0 166
V=g1Jg, J = , = 7.20
g9 00 23 0 I=1 0 ¢ 2ic —4 (7.20)

00 0 —2i 0 &2 -2 —4

If the matrix J were diagonalizable, its eigenspectrum would define four different conformal
operators. Since J contains 2 x 2 Jordan block, the situation is more complex. Namely, we
can use the lower diagonal 2 x 2 block of the matrix J to define two conformal operators
€205 T 2i€03 — 40,4 with the anomalous dimension

L =426+ 0(£9). (7.21)

Notice that this expression scales as O(£3), in agreement with (7.11).

The Jordan block of J describes the mixing matrix for the pair of the operators 160,
and O; + 403/¢% that we denote as A and B. The form of this block is fixed by the
interaction term in (1.1) and is protected from quantum corrections. The pair of the
operators A and B belongs to the same conformal multiplet with the conformal weight
A =5, a phenomenon typical for logarithmic conformal field theories [35]. To show this,
we define the set of operators conjugated to (7.14)

01 = tr((¢])h0) , 02 = tr((¢])* 050 d2) ,
O3 = tr(d]oh(8])2h2) , Oy = tr(oh(6])2 ), (7.22)

so that O;(r) = ngi(ac) with ¢ = 1,...,4. The reason why we label these operators in
such a way is that they satisfy the same evolution equation (7.15) as operators O; with the
mixing matrix given by (7.18). As a consequence, two of the operators have the anomalous
dimension (7.21) and the two remaining ones A = 1604 and B = O; + 403/&2 have a
mixing matrix given by 2 x 2 Jordan cell. Computing the correlation functions of the
operators A(z), B(z) and A(0), B(0) we find

n 1‘2 2
(A(2)4(0)) =0, B@)BO) ="
(A(2)B(0)) = W (B(x)A(0)) = W (7.23)

where ¢ is the normalization factor. Here (A(x)B(0)) ~ (O4(x)01(0)) = <O4(3:)01(0)> is
given by the product of five scalar propagators. At the same time, the correlation function
(A(2)A(0)) ~ (O4(x)O4(0)) vanishes since, due to different ordering of scalar fields in the
operators Oy and Oy, the same product of scalar propagators is accompanied by a nonplanar
color factor. The correlation function (B(z)B(0)) receives a logarithmically enhanced
correction coming from the transition O3 — Oy (see the first two diagrams in figure 9)
and from similar transition O3 — Oy. It is easy to verify that the relations (7.23) are in
agreement with the evolution equation (7.15). They coincide with analogous expressions
for two-point correlation functions in a logarithmic conformal field theory [35].
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It is straightforward to extend the above analysis to higher orders in the coupling. We
can use the transitions (7.16) to generate higher order Feynman diagrams. Starting from
order O(£9) a new transition appears. To see this we notice that the rightmost diagram in
figure 9 has an intermediate state of three scalar fields ¢;1. In a close analogy with tr(¢3)
operator, we can dress this state by an arbitrary number of wheel graphs. Such graphs
provide higher order contribution to the transition O3 — O2 and modify the eigenvalues of
the mixing matrix.

8 Strong coupling expansion

In this section, we study the properties of scaling dimensions of the operators in bi-scalar
XxFT, theory (1.1) at strong coupling £ > 1. The numerical results shown in figure 8
suggest that the scaling dimensions exhibit remarkable regularity at strong coupling and
fall into two different groups. The first group consists of functions A(&) that start at zero
coupling at A(0) = 3,7,11,... and behave at strong coupling as

A(E) =2+id(€),  with d(€) ~ &2 (8.1)

The second group consists of functions that start at A(0) = 5,9,13,..., take complex
values for £ # 0 and scale at strong coupling as A(§) ~ £. To explain these properties,
we solve the Baxter equation (4.20) with quantization conditions (5.24) at strong coupling
using semiclassical methods.

We remind that in planar A/ = 4 SYM theory the scaling dimensions of operators are
identified through the AdS/CFT correspondence with energies of classical strings on the
AdS® x S5 background. The analysis in this section suggests that asymptotic behavior of
the scaling dimensions in strongly coupled bi-scalar yFT,4 theory is described by a classical
integrable conformal spin chain with a finite number of non-compact spins. We postpone
its detailed exploration to a future publication.

8.1 Baxter equation at strong coupling

Our strategy in this section is to solve the Baxter equation (4.20) and, then, use the
quantization conditions (5.24) and (5.26) to find A(¢) at large &.

It is convenient to change variables u = iv and introduce notation for

g(v) = galiv) /i7 g(v) = qu(iv)/i"2 . (8.2)

By definition, these functions have third-order poles at negative integer v and for large
positive v they behave as

a(v) =v7 (1+0(1/v)), aw) = v (1+0(1/v)). (8:3)
In addition, they satisfy the Baxter equation

q(v+1) +q(v —1) = t(v) q(v), (8.4)
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where the notation is introduced for

t(v>:2_£27a+i3 0= w

v2 3’ B 4£2 (8.5)

Here we used (5.26) to replace m = i£3. As we show below, the scaling dimensions are real
functions of m and, therefore, the second solution m = —i&3 leads to a complex conjugated
expression for A. To find the function A(&) for £ > 1 we have to solve the quantization
condition (5.24) that takes the form

F(U) = Q(vv 5)(1(’07 *6) + (j(’U, £)q(v, *5) - 0’ for v — 0’ (86)

where ¢(v,£) and g(v, &) denote solutions to (8.3) and (8.4).

To apply the quantization condition (8.6) we have to construct solutions to (8.4) for
small v and £ > 1. This will be done in two steps. First, we solve (8.4) for large positive
v such that v = O(€). The solutions are fixed uniquely by the condition for ¢(v,§) and
d(v,€) to satisfy (8.3) for v > &. At the second step, we construct solutions to (8.4) for
fixed v and € — oo and require that the two sets of solutions can be sewed together in
the transition region v < £. In this way, we obtain the functions ¢(v,§) and g(v, &) which
satisfy the Baxter equation (8.4) for arbitrary v and have asymptotic behavior (8.3).

8.2 Shortcut to the solution

In this subsection, we present a shortcut to finding the exact solution to (8.6). For this
purpose, we concentrate on the states that start at zero coupling at A(0) = 3,7,11,... (the
remaining states will be discussed in section 8.6). As mentioned above, at strong coupling
their scaling dimensions scale as (8.1) with a real valued function d(§) depending on the
state. We introduce integer positive N to count different functions d(&) in the order in
which the corresponding functions A(€) approach the plane Re A(§) = 2 (see figure 8), i.e.
N =1 for A(0) = 3 state, N = 2,3 for A(0) = 7 states, N =4,5 for A(0) = 11 states and
SO on.
It is convenient to invert the dependence d = d(§) and introduce the function

& =d’p(d). (8.7)

We expect from (8.1) that ¢(d) should approach a constant value for d — oo and look for
its general expression in the form

1 1
pld) = w0+ Ze1+ gpat..., (8.8)

where expansion runs in even powers of 1/d.
At large v the solutions to the Baxter equation (8.4) can be constructed as a formal
series in 1/v. The leading term of the expansion is given by (8.3), e.g.

1+id

g(v) = v

1 1
14— — 8.9
+UQ1+UQQQ+ (8.9)
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and similar for g(v). The coefficients ¢1,q2,... can be found by plugging the expansion
into (8.4) and matching the coefficients in front of different powers of 1/v. They are given
by rational functions in d and have a power-like behavior at large d.

Let us now examine the same combination of the ¢ and ¢ functions that enters into
the quantization condition (8.6)

F(v) = q(v,§)q(v, =§) + q(v,§q(v, =§) = 2v + %Fl + U—13F3 +0(1/v°). (8.10)

Due to the symmetry of the Baxter equation (8.4) under v — —v and £ — —¢, the expansion
runs in odd powers of v. At large d the first few expansion coefficients are given by

d? 1
Fi = —— (8po — 1) (8o + 1) + 3 (128pF — 640100 + 1) + ... ,

16
4
F3 = —— — -1 1
3= 5575 890 = 3) (80 — 1) (8o + 1) (80 +3)
d2
+ g (1024000 + 204810 + 2245 — 1600100 = 3) + ..., (8.11)

where dots denote terms suppressed by powers of 1/d?. Notice that Fy, Fy, ... scale at large
d as Fj, ~ d**! and the coefficients in front of powers of d are invariant under ¢; — —;.

We would like to emphasize that the relation (8.10) holds at large v whereas in order
to solve the quantization condition (8.6) we need to know the function F'(v) for small v.
One may try to resum the series in (8.10) and analytically continue it to small v. As we
show below, this proves to be a nontrivial task since the function F(v) has complicated
analytical properties along the positive v—axis. Instead of following this route, we use (8.10)
and impose the following additional condition: for large but fixed v and d — oo the
function (8.10) should scale as

Fv)=0 @), (8.12)

with N = 1,3,5.... As we will see in a moment, this condition fixes unambiguously the
coefficients of the expansion (8.8) and yields a prediction for the function d(§) in (8.1),
which is in a perfect agreement with the numerical results shown in figure 10. However
it is not obvious a priori why the relation (8.12) is equivalent to the exact quantization
condition (8.6). We clarify this issue in section 8.3.

Let us examine the relation (8.12) for a few values of N.

8.2.1 States with odd IN

For N = 1 we find from (8.11) that the condition F; = O(d") implies the vanishing of O(d?)
term. In the similar manner, the condition F3 = O(d’) translates into the vanishing of
O(d*) and O(d?) terms. This fixes the values of the coefficients pg = +1/8 and ¢; = F1/8.
It is quite nontrivial that the same procedure can be applied to higher F} since the number
of terms to cancel grows with k& and the system of equations for the ¢p—coefficients become
overdetermined. We checked explicitly up to Fbs term that this system has two solutions
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Figure 10. Scaling of |A — 2| at large £ for several states.

for (8.8)
(@)=L L 7 169 351l 200057 3305757 3413828055 438519141555
PN=I\) = Q75 " qdi  4d° 245 2410 1d12 Ad1 4416
69161788659565 13165550516521529  2980425673116579991 1
B 4d18 B 4420 - 4d22 +0 (ﬁ) ’ (8'13)

and the second one that differs by the sign. Substituting these expressions into (8.11) we
verify that the function (8.10) has the expected asymptotic behavior (8.12). Moreover, its
expansion simplifies significantly and can be easily resummed

1 1 1 1 {3 1
B — ). (8.14
+ + + YR O<d2> (8.14)

803 T 3205 12807 T 51200
The relations (8.7) and (8.13) fix the dependence d = d(&) for N = 1. As can be seen from
figure 11, the resulting function dy—1(§) is in agreement with the numerical results for the
state with A(0) = 3.
For N = 3 the relation (8.12) does not lead to any condition for Fj in (8.11) but
requires the vanishing of the O(d*) term in F3. This gives a new solution with g = +3/8.

1
FN:1(’U) = 2v 4+ b +

As in the previous case, the condition Fj, = O(d?) for k = 5,7,... allows us to determine
high p—coefficients leading to

3 51 837 81675 5872365 1075210659 470669185863

() =22t S _ _ _ 8.15
PN=s3(d) =g =g m T qqt T 4 248 2410 4412 (8.15)
119219450547393 _ 34321640048050473 _ 11112335132337334359 . ( 1
a 414 a 416 a 4d18 d2t

and to the second solution that differs by the sign. For these values of the coeflicients, we
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Figure 11. Comparison of the numerical values for £|A — 2| (solid green line) for the state with
A(0) = 3 with the large € expansion (8.7) and (8.13) (dotted black line). The lines almost coincide
for up to very small values of &.

get a simple expression for the function (8.10) and (8.11)
d*>  5d®> 91d* 205d> 7381d®> 33215d>  597871d*

20 4v3 3205 3207 51209 10240l 8192¢13
_ 8d27)3 + O (dO) (8 16)
(40?2 —1) (402 - 9) ‘ '

FN:3(U) = —

We verified that the function dy—3(§) defined by (8.7) and (8.15) is in agreement with the
numerical value for |A — 2| for one of the two states with A(0) = 7.
For N =5 going along the same lines as before we find from (8.12)

5 245 9875 2244125 358818875 140748665125 127555155602625

L (d) =22 _ _ _
on=5(d)= g =SB~ qaT ~ 40 248 2410 11
64666557386856375  35994292566223479375 1
B 4d14 - 4416 O\
8d*v?
Fyos(v) = ! +0 (d°) . (8.17)

(4v2—1) (402 —9) (402 —25)
These expressions correctly describe numerical values of |A — 2| for one of the two states

with A(0) = 11. The same pattern persists to higher odd N and A(0).

8.2.2 States with even N

So far we demonstrated that the relation (8.12) describes half of the states with odd
A(0) > 5. The question arises of how to get the remaining states corresponding to even
N =2/4,.... In an analogy with (8.10) and (8.12), we expect that they should satisfy
the condition

F~(v)=0(@d"™ Y. (8.18)
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For N even, large d asymptotics of this function should contain odd powers of d only
and, therefore, '~ (v) should change the sign under d — —d. Notice that the same trans-
formation exchanges the two solutions to the Baxter equation ¢(v,¢) and g(v,&). The
function (8.10) is obviously invariant under ¢(v,&) <> q(v,€) and, as a consequence, its
coefficients (8.11) are even functions of d. To get a parity odd function, it is sufficient to
flip the sign in (8.10)

F (’l)) =1 [Q(va 5)@(1}7 _f) - q(”?f)Q(”? _f)] : (819)

Its expansion at large v looks as

_ ddpo  dPpo (4p0 —1) (dpo +1)

F=(v) v 602
S0 (200 — 1) (2000 + 1) (4o — 1) (4o + 1)
+
12004
d3 (224095 — 320¢1 5 — 1483 + 60910 + 119 — ¢1)

— .. 2
12004 + (8.20)

where dots denote terms suppressed by powers of 1/v? and 1/d>.

We find that for N = 2 and N = 4 the conditions F~(v) = O(d) and F~(v) = O(d®),
respectively, lead to the system of equations for the p—coefficients whose solutions are

1 7 32 1760 148000 16426208 2260059168 373366588128

e A A i
72726695282208  16512196163543264 1
- 116 N 118 O PZIN
1 31 832 128704 28565312 7898593984 2557811948352
L
938971375124160  383507398659888960 1
o q14 - 16 @ <dlg> ) (8.21)

plus the same functions with the signed flipped. Substituting these expressions into (8.7)
we verified that the resulting expressions for dy—2(&) and dy—4(&) agree with the numerical
values of scaling dimensions of the states with A(0) = 7 and A(0) = 11.

Evaluating the function (8.19) for the solutions (8.21) we obtain

U3
Fe_y(v) = <+1§l<_1> +o(1/d?),

_ d3v3
=) = 0 9wt Do - D —2) T (8.22)

These expressions have a simple form suggesting a generalization to arbitrary N (see
eq. (8.26) below).
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8.2.3 Summary of the results

Examining the expressions for the functions ¢ = £3/d? with odd and even N found above
we notice that they are described by the following universal formula

€N NEN -1 NPEN?+4) | —6NT- M g

2 8 842 4d? ds (8.23)
N3 (255N° 4 2664N* + 3651 N2 + 452)
- Ad®
N? (3150N® + 57315N6 + 195552N* + 149205N? + 12892) 1
a 4d10 © <d11> ’

where only odd powers of N appear. Inverting this series we can find the function d(§) =
|A(§) — 2|. We depicted this function for various states on figure 10. It is convenient
however to examine the following combination that enters into the Baxter equation (8.5)

(A-3)(A-1) d*+1

0= — 162 162

(8.24)

We obtain that at strong coupling it is given by

26 N?  N*(3N?+4) N*(9IN*+56N? + 16)
TN o 16£5 64£8
N5 (153N + 2200N* + 3728 N? 4 512)
" 1024¢1
N NO (195N® + 5096 N© + 22176 N* 4 19584 N2 + 1792) O ( 1 >
1024514 517

We expect that this relation holds for all states with A(0) = 3+44n for n =0,1,2,.... For
each given n > 0 it describes two states with N = 2n and N = 2n + 1. In the next section

0

(8.25)

we will see an independent confirmation for this statement.
Finally, the function Fy(v) is given for general N by

o gN-1 v3T(v — N/2)

Fn(v) T'(1+v+N/2)

x (1+0(1/d%) . (8.26)

We would like to emphasize that this relation was derived at v > 1 and it cannot hold
for small v. Indeed, according to its definition, egs. (8.10) and (8.19) for odd and even
N, respectively, the function Fy(v) is built out of solutions to the Baxter equation which
are analytic for positive v and have poles at negative integer v. As a consequence, Fy(v)
cannot have poles at positive v.

8.3 Asymptotic regime

In this and in the following subsections we justify the quantization conditions (8.12)
and (8.18). Following the outline described in section 8.1, we shall examine the Baxter
equation (8.4) in two regimes corresponding to different range of the parameters, 1 < v < &
and v = O(§). In what follows we refer to them as to asymptotic and quasiclassical regimes,
correspondingly.
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The asymptotic regime corresponds to the limit in which transfer matrix ¢(v) defined
in (8.5) is large,
d?¢(d) B d?+1 _ 2= 2Ap)(v = A )(v = Ao)
v3 q2 ’

t(v) =2+ (8.27)

V3
Here in the second relation we introduced the notations for the roots of t(v). At large d we

find that two of the roots are large, A+ ~ +d/(2v/2), and the remaining one \g = 4¢(d)
stays finite in the large d limit. As a consequence, the condition |¢t(v)| > 1 is verified for

4o(d) < v < d/(2V2). (8.28)

In this regime, we can distinguish two solutions to (8.4), ¢4 (v) and ¢_(v), such that ¢4 (v) >
g+(v+1) and ¢_(v) < ¢—(v + 1). In the leading large d limit they satisfy
_a+(w—1) N
() = T (1)~ q (), (8.20)
with v satisfying (8.28).

Having constructed the solutions ¢ (v) and ¢_(v) at large v, we use (8.29) to continue
them to finite v. Since t(v) ~ d? for v = O(d°) the solution ¢, (v) becomes exponentially
large when approaching the lower bound in (8.28), ¢4 (v) ~ d¥®? with some o ~ 1. In the
similar manner, ¢_(v) becomes exponentially small ¢_(v) ~ d~*¢~! in the same limit."® To
build the solutions satisfying (8.29) explicitly we write them in terms of the well-defined
and uniquely fixed ¢(v) and g(v) in the following way

¢+ (v) = q(v) + q(v),

_ q0 1~ qoq(v) — qoq(v) 1
-(0) = () = g (o)) = PR, (8.30)
where we used notations for ¢y = ¢(0), go = ¢(0) and ¢4+ = ¢+(0). Indeed, generically
each of the two independent solutions ¢(v) and ¢(v) will contain both ¢4 and ¢_. As ¢4 is
defined up to an arbitrary addition of ¢ we use this freedom to define ¢t as in the first
line above. Next, to extract g— from, say, ¢(v) we have to project out the growing part
q+(v), i.e. we have to find some coefficient a such that ¢(v) — ag4(v) is not exponentially
large at v ~ 1. This can be done simply by requiring the difference to vanish at v = 0.14

Inverting the above relations can now write ¢(v) and g(v) in terms of the solutions
to (8.29)

9 .
q(v) = qoirqoq+(v)+2q—(v),
q =_% V) — 19— (v). .
q(v) = q0+q0q+( ) —ig—(v) (8.31)

By construction, these expressions are dominated for v = O(d") by the first term. We
recall that ¢(v) and g(v) satisfy Wronskian relation ¢(v + 1)g(v) — g(v + 1)g(v) =i d, (see

3we use the term “exponentially” in the sense faster-than-any-power grows/decay.

14 Alternatively one can set it to zero at any other v ~ 1, this will change the definition of ¢_ by adding
to it g+ with an exponentially small coefficient.
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eq. (5.15)). Applying (8.31) and taking into account (8.29) we find that it leads to the
following relation for ¢_(v) and g4 (v)

d d
q-(v)g+(v) = tv) = 1/t(v+1)  t(v)

(8.32)

For v = O(d”) the expression on the right-hand side scales as O(1/d), in agreement with
the expected asymptotic behavior ¢y (v) ~ dt°? and ¢_(v) ~ d=@¢1,
Let us now examine the function F'(v) defined in (8.10). Replacing the functions ¢(v)
and ¢(v) by their expressions (8.31) we find
i(qo—do)
go+qo

- (0)as(v)+

F(o) = 20D ()44 0)

(Go+0) (do+do) 4—(v)d+ (v)+2q— (v)d—(v),

(8.33)
where ¢ (v) stands for the functions g4 (v) with ¢(d) — —¢(d). By construction, this
relation holds for v inside the region (8.28). For v = O(d") the four terms on the right-hand
side of (8.33) have different scaling behavior at large d: the first term grows exponentially,
the last term decreases exponentially whereas the two terms in the middle have a power-like
behavior. We notice however that the first term in (8.33) involves the same combination
dodo + qogo that enters the exact quantization condition (5.24). In other words, for the
function d(§) satisfying the quantization condition (5.24) the first term in (8.33) vanishes
leading to a power-like scaling of the function F'(v) at large d. Turning the logic around,
we find that the condition for the function F'(v) do not have an exponential growth at large
d is equivalent to the quantization condition (5.24). As we demonstrated in the previous
subsection, the same condition fixes the function ¢(d).

We can also make an additional consistency test of this observation. After canceling
the leading term in (8.33) we are left with the two finite terms which we can evaluate
explicitly. We can use (8.29) to get

v — v3 v—1—
0 (0)ds (0) = g_(v — iy (v — 1) 1):q_(v—1)cJ+(v—1)(v_1)3 vi4;¢_

t(v)
(8.34)

Here in the second relation we replaced t(v) by its expression (8.27) and took into account
that #(v) is given by the same expression (8.27) with the sign of all roots flipped. It
is then easy to see that the contribution of large roots Ay cancels in the ratio of the
transfer matrices and it only depends on the root Ao = 4¢(d). Subsequenty applying (8.34)
we obtain

V3T (v — 4p)

T(14v+4p)’ (8:35)

4-(0)i (v) = 4
where the normalization constant is related to the value of the same product at the lower
boundary of the region (8.28), ¢t = q_(4¢)d+ (4¢)/(4p)3. Repeating the same calculation

for ¢_(v)q+(v) we get
v3T (v + 4¢p)

Tatv—d0)" (8.36)

G- (v)gr(v) = c-
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The normalization constants ¢y and c— are not independent. Taking the product of the
last two expressions and making use of (8.32) we obtain

d*v8(v + 4p) (v — 4 16
PR ;Ev)f()s) °) - (8.37)

To find the dependence of ¢y on d, we can examine the relation (8.35) and (8.36) for v

close to the upper bound in (8.28) and match them into analogous expressions obtained in
the quasiclassical regime v = O(d). One can show that this leads to c; /c_ = d'%% and, as
a consequence, for positive ¢ = O(d") the contribution of (8.36) to F(v) is suppressed by
a power of 1/d as compared to that of (8.35). We observe that for ¢ = N/8 expression on
the right-hand side of (8.35) becomes a rational function of v. Its contribution to (8.33)
matches precisely the expression (8.26)! This provides the additional support to the results
presented in the previous subsection.

8.4 Quasiclassical regime

The Baxter equation (8.4) has an interesting scaling behavior for v = O(&). In this regime,
it is convenient to introduce a new variable x = v/¢ and look for solution to (8.4) in the
form of WKB expansion

q(v) = exp (5 /x dyp(y)dy> ;o v=ag, (8.38)

Zo

where 1/£ plays the role of Planck constant and the quasimomentum p(z) admits an ex-
pansion in powers of 1/&

p(x) = po(x) + ipl(x) + épz(x) T (8.39)

The normalization of ¢(v) depends on the choice of .
Plugging the expansion (8.39) into the Baxter equation (8.4) and expanding both sides
in 1/£ we obtain [36, 37]

0 1
@ e =2+,
1
p1() = =5 b (@) coth(po(a)) (8.40)

pa(e) = 5 (2) (Besch?(po()+ 1) — Sph () oth(po ) Jeseh (o))

Solving the first equation we find that ¢?0(®) is an analytic function on a complex z—plane
with two cuts running the between the branch points at which e?(®) = +1. Introducing
the function

y? = (42 — vz + 1)(—oz + 1), (8.41)

we find that the branch points satisfy y(z;) = 0 leading to

3 —27
2
| | . - . 8.42
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The position of the branch points depends on the value of 0 defined in (8.24). As follows
from the last relation, two of the branch points coincide for @ — oo and 93 = 27.

At large 9, the branch points are located at z1 = —(0/4)'/2, zy = 1/0, 23 = 1/0 +
O(1/0*) and z4 = (9/4)%/2. Tt is convenient to choose the cuts of po(z) to run along
intervals (—oo, z1], [z2, 3] and [x4,00) on the real axis, so that the middle cut shrinks into
a point for 0 — oco. At large positive x we can define two branches of the quasimomentum
po,+(z) = po(z £40) corresponding to its value above and below the cut, correspondently,

id 9
po+(z) = iﬁg +O(1/x%), (8.43)

where we replaced (—0)'/2 = id/(2¢) + O(1/d). Substituting this expression into (8.38) we
find that the corresponding solution to the Baxter equation scales at large v and d > 1 as
q(v) ~ v"%? and G(v) ~ v~%? in agreement with (8.3).

Applying the above relations we can define the semiclassical solutions to the Baxter
equation ¢(z§) and ¢(xz§) on the complex z—plane with the two cuts. We recall that
the quantization condition (8.6) involves another pair of solutions ¢(v) = ¢(v,—¢) and
q(v) = q(v,—£). In the semiclassical approximation, they can be obtained from ¢(z¢) and
d(x€) through the transformation x — —z and & — —¢. The resulting expressions for
q(z€) and g(z€) have analytical properties similar to those of ¢(x€) and g(z€) with the
only difference that their cuts run along intervals (—oo, —x4], [—x3, —z2] and [—z1,00) on
the real axis. Since z; = —x4 = (0/4)"/2 in the large d limit, the two sets of functions
share the same semi-infinite cuts whereas the two ‘short cuts’ are symmetric with respect
to the origin.

Let us consider the following ratio

Fv) _ q(v)§(v)
a@)i(v) ~ a(v) q(v)

The exact quantization condition (8.6) requires this function to vanish for v — 0. In the

+1. (8.44)

previous subsection we demonstrated that this condition is equivalent to the requirement
for F'(v) to have a power-like behavior (8.12) and (8.18) for v satisfying (8.28). As we
will see in a moment, in the quasiclassical regime, for v = O(§), the same quantization
condition follows from the requirement for (8.44) to be a single-valued function of v = x¢
on a complex x—plane with the cuts to be specified below. The advantage of considering
the ratio (8.44) is that it is independent on the choice of normalization of the solutions of
the Baxter equation, or equivalently, on the choice of the point z( in (8.38) provided that
xo is located away on the cuts.

In the quasiclassical regime, for v = x&, the expression on the right-hand side of (8.44)
has two short cuts [—z3,—x3] and [x9,x3]. For the ratio (8.44) to be a single-valued
function on the z—plane, it should acquire the same value after going around each of
these cuts. Since g(v)/¢(v) is analytical on [z3, 3], the monodromy only comes from
q(v)/qd(v). Using (8.38) we find that the above condition translates to the Bohr-Sommerfeld
quantization condition

exp (25 / " delp(e + i0) — pla — w)]) —1, (8.45)

2
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or equivalently
¢ 7{ dop(z) = in(N +1). (8.46)

Here the integration contour encircles the segment [z2,x3] and N is an arbitrary integer.
For the cut [—x3, —x2] we can get analogous relation by replacing y — —y and £ — —&.
We show in the next subsection that, upon replacing the quasimomentum in (8.46) by its
explicit expression (8.39) and (8.40), the relation (8.46) allows us to obtain the dependence
of 0 on the coupling &.

We can use the semiclassical analysis to clarify two issues that were mentioned in
the previous subsections. We remind that in order to reproduce half of the states in
section 8.2.2, we had to flip the sign between the two terms in the exact quantization
condition (8.6) and impose the condition (8.19) instead. This can be understood as follows.
The relation (8.19) holds at large v and d and it should be applicable in the quasiclassical
regime for z = O(v/d) away from the cuts, that is for 3 < = < x4. Since the exact
quantization condition holds at v = 0 one may wonder whether the first term on the right-
hand side of (8.44) acquires a monodromy as v moves from v = 0 to large v across the
cut [r2,x3]. Indeed, g(v) and g(v) are given in this case by the same expression (8.38) in
which the integration goes slightly above and below the cut, respectively, so that the ratio
q(v)/q(v) generates the additional factor

exp (g /x 3 dalp(z + i0) — p(z — 2'0)]) _ i) (8.47)

which flips the sign for even N.

8.5 WKB expansion

In this subsection we solve the Bohr-Sommerfeld quantization (8.46) and show that the
resulting expression for 9(¢) coincides with (8.25). Examining (8.25) we find that the
function 9(¢) has an interesting scaling behavior for large £ and N with their ratio N' =
N/(2¢) fixed

T (/1/+2N2+6N5+36N8+306N“+3120/\/14+..-) (8.48)
+£12(2N3+56N6+1100/\/94—2()384/\/12—1—...) +(9<;‘4> ,

Notice that the expansion runs in powers of 1/¢? with the coefficients being nontrivial
functions of . We shall determine these functions exactly using (8.46).
Integrating by parts, we can rewrite (8.46) in the following equivalent form
1 1

a=—5_ adxwp(x):./\f—i-i (8.49)
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where N/ = N/(2€) and the integration goes along the contour encircling the cut [z2, z3].
Replacing the quasimomentum with its expansion (8.39) in powers of 1/£ we obtain anal-
ogous expansion for a

a = ao(q) + afa) az(;') TR (8.50)
The first term of the expansion is given by
1 1 d -2
ap=—=—— ¢ drxpy(z) = 7{ 28 — 20) . (8.51)
210 J o 21t Jo /(423 — 0z + 1)(—0z + 1)

The integral on the right-hand side has a simple interpretation in terms of a Riemann
surface defined by a complex (elliptic) curve (8.41). Namely, ag is given by the period of
the ‘action’ differential over the a—cycle. For 0 — oo, the a—cycle shrinks into a point
and the integrand develops a pole at = 1/0. Expanding the integrand around this point
we can easily compute the integral by residues

2 18 240 1

1
0
1 112 3 27
— .. 2 2.1 2.2 8.52

,03 2<372737 72733)7 ( )

ao

where the second relation was obtained from summing the series in 1/0 and it holds
for 93 > 27.
For the second term in (8.50) we find

1 1 1
_ 4 — _— ¢ dlogsinh == :
=g 74 epi(a) = 1 75 ogsinh po(r) = (8.53)

where the integral takes a universal form and its value does not depend on 0. We observe
that the contribution of a; to the left-hand side of (8.49) is given by 1/(2¢) and it matches
an analogous term on the right-hand side.

For the third term in (8.50), az = —5=: §, dzz ph(z), we find after some algebra a
compact representation in terms of hypergeometric functions

a2

2 84 2700 80080 2293200 64465632 1
+ + 0

% + 28 + o1l + 14 217 220 223

2 3 75 27 21 58 10 7 27
=—|skh|=,=,2;2,3 = 3| =, =, == 4= || . 8.54
05 |:3 2<27373727 703>+033 2(2737 3727 703>:| ( )
As before, the second relation holds for 2% > 27.

It is straightforward to continue this procedure and compute subleading terms in (8.50).
In this way, we found that all terms with odd powers of 1/£ vanish

as(d) = a5(@) = -+ =0 (8.55)

In the appendix D we give expressions for the subleading terms a4, ag and asg.
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Figure 12. (Left panel) Comparison of the numerical data for the states with A(0) = 3 + 4n at
& = 29 against the WKB expansion (8.56) (with hypergeometric series replaced by their real part
for 0 < 3). (Right panel) Comparison of O(1/£2) correction to the WKB expansion (8.56) with
the numerical data. Blue dots denote the numerical data with the leading order correction (8.52)
subtracted, red line describes O(1/£2) correction to (8.56).

Finally, we substitute the obtained expressions for ag, a; and ag into (8.49) and obtain
the Bohr-Sommerfeld quantization condition

B 0 e d * o8 &
(8.56)
To find the dependence of d on the coupling {& and N' = N/(2¢), we have to invert this

relation. We verified that at large 9 this yields (8.48). We also checked that (8.56) is in
a perfect agreement with the numerical results for 93 > 27 (see figure 12). This gives a

11 2. 3.27 3 5 7.5 .27 5 8 10.7 4.27
3R mleg) | 2 (3F2(5:3.55:3%)  213R(3,5. 555,45 5%) 1
N z +0 )

strong support to our conjecture that the Bohr-Sommerfeld quantization condition (8.56)
gives the correct result for the scaling dimensions to all orders in 1/ expansion.

We would like to emphasize that the hypergeometric series on the right-hand side
of (8.56) were obtained by summing up 1/ expansion. Curiously, at 9 = 3 these series
develop a logarithmic branch cut. The reason why this singularity appears is that the two
branch points of the curve (8.41) collide at this value of 9. Indeed, for @ = 3 the branching
points are given by x; = —1, o = 1/3 and z3 = 24 = 1/2. Going from 9 > 1 to 0 = 3 we
find that the a—cycle encircling the cut [z9, 23] expands whereas the S—cycle encircling
the interval [z3, z4] shrinks into a point. For d < 3 the branch points z3 and x4 develop
imaginary part, z3 = xjj, and move away from the real axis. The definition of the a—cycle
becomes ambiguous in this case since there are two possible choices of the cuts, [z, x3]
and [z2,z4]. The integral (8.49) evaluated along the closed contour encircling these cuts
takes different complex conjugated values but its real part is the same for the two cuts.
This suggests that for an arbitrary positive ? the Bohr-Sommerfeld quantization (8.49)
condition should look as

1 1
Re [—mida:xp’(az)} =N+ % (8.57)
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For ® > 3 this relation coincides with (8.49). Evaluation of the integral on the left-hand
side of (8.57) leads to (8.56) with hypergeometric series replaced by their real part. We
verified that this relation correctly describes numerical results for 9 < 3 (see figure 12).

8.6 Strong coupling expansion of A(0) = 5,9,... states

So far we derived a strong coupling expansion of the states with A(0) = 3,7,11,.... For
&€ > 1 their scaling dimension A = 2 +id(&) is given by egs. (8.23)—(8.25). We have shown
that it can be found by solving the Bohr-Sommerfeld quantization condition (8.57) for a
particular choice of the cycle « on the Riemann surface (8.41). This cycle is uniquely defined
by the requirement that the branch points should merge for 0 — oco. In this section we
argue that the remaining states with A(0) = 5,9,... also admit an analogous semiclassical
description. The only difference compared to (8.57) is that these states correspond to
another choice of the integration contour on the Riemann surface (8.41).

We remind that the branch points satisfy the relation (8.42). There are four different
values of 0 for which two of these points collide. Two of them, 9 — oo and 0 = 3, we
encountered in the previous subsection. As we will see in a moment, the two remaining
ones, 0 = 3e*2™/3 describe the strong coupling limit of the states A(0) = 5,9,13,....
As follows from the definition (8.24), the value d = 3 e*2™/3 corresponds to the following
scaling behavior of A(&) at strong coupling

A(€) = 2V3EeH™6 L 0(¢). (8.58)

It should be compared with analogous relation (8.1) for the states A(0) =3,7,11,.... We
verified that (8.58) correctly describes numerical results for the trajectories in figure 8 that
start at A(0) =5,9,....

To find subleading corrections to (8.58) we shall employ the Bohr-Sommerfeld quan-
tization condition analogous to (8.57). Following the logic of the previous subsection, the
integration contour should be chosen to encircle the pair of branch points that collide at
0 = 3eT2m/3. Tt is easy to see from (8.41) that for this value of d the branch points
are aligned along the same ray in a complex plane, z; = —eT2T/3 gy = F2T/3 /3 and
T3 = x4 = eF27/3 /2. Thus, in the vicinity of 0 = 3e¥27i/3 the integration contour should
encircle the segment [x3, x4]. This corresponds to the choice of the f—cycle on the Riemann
surface (8.41) (see figure 13). The resulting Bohr-Sommerfeld quantization condition reads

ap = L drzp'(z) =N + 1 (8.59)
2mi Jg 2¢7
where ' = N/(2€) and the quasimomentum is given by (8.39) and (8.40).

The relation (8.59) has been previously encountered in the study of semiclassical limit
of the SL(2) spin chain [37]. Using the results of [37] we find that in the vicinity of
0 = 3e%2™/3 the first two terms of the expansion of ap in powers of 1 /€ are given by
\/geﬂ:iﬂ'/ﬁ ( 5
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Figure 13. Integration contours entering the Bohr-Sommerfeld quantization condition for different
states. For L = 3+44n the integral is taken around the branch points which collide at large ? (middle
panel). For L = 5+ 4n, for half of the states, the integration goes around the branch points which
collide at 9 = 3¢2™/3 (left panel) and for another (complex conjugated) half of states the integration
—2mi/3 (right panel).

goes around the branch points which collide at 0 = 3e
where 0 = 3e*2™/3(1 + z) and z is small. Here O(1/€) term describes the contribution
of pi(x) correction to the quasimomentum. As in the previous case, it cancels against the
same term on the right-hand side of (8.59). The series in the first term in (8.60) can be
summed up and expressed as discontinuity of a hypergeometric 3F5—series

aD:;Disc[3F2<1 Lz, 3-27)] + L rou/ey. (8.61)

32a )] T
More precisely, the hypergeometric series develops a logarithmic cut that starts at 9% = 27.
The discontinuity across this cut is a rational function of 3 = 3e®2™/3(1 4+ z) whose
expansion at small  matches the first term on the right-hand side of (8.60). Notice that
the same hypergeometric series enters (8.52). This is not accidental of course since the
relations (8.61) and (8.52) define the period of the same ‘action’ differential over the two
cycles on the Riemann surface (8.41).

Solving the Bohr-Sommerfeld quantization condition (8.59) we can obtain the large &

expansion of 9

1

Dzao(N)+?02(N)+... (8.62)
To find the leading term we substitute (8.60) into (8.59) and invert the series
; 2 5 - 22 _ 43 - _
=3B 14+ SN+ N+ 2 N34 N+ OWND)| 8.63
0 AV g 513 5187 (N?) (8.63)

where the notation was introduced for complex N = Ne*7/6 = NeFm/6/(2¢).
In agreement with our expectations, this relation defines two complex-valued func-
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Figure 14. Real and imaginary parts of the dimension A(¢) as a function of £ for the states with
L = A(0) = 5,9,13. Dots represent the numerical data, this line is given by our quasi-classical
prediction (8.65) with N = 1,3,5 correspondingly. The thick line is the weak coupling prediction.

tions A(€) (see (8.24)). We verify that at large £ these functions have a correct asymptotic
behavior (8.58).

To determine the subleading correction to (8.62), we exploit the relation between the
periods a and ap mentioned above. It allows us to find O(1/£2) correction to ap by taking
a discontinuity of (8.54). In this way, we find

25 161 - 2459 ., 3902 .5 14645 -

Dy =0 — - - - L4 O 8.64
7736 543 1458 21873 39366° OV (8.64)

where N was defined in (8.63).

The relations (8.63) and (8.64) were derived at large £ and N with N/¢ fixed. Sub-
stituting (8.63) and (8.64) into (8.62) and collecting terms with the same power of 1/
we obtain

a:3e:t2iﬂ'/3 1+ N eiiﬂ/6+5(3N2+5)eﬂ:i7‘r/3+O i (8 65)
&3 108¢2 &)l '
The subleading terms of the expansion up to order O(1/¢8) can be found in appendix D,

see (D.4). Using the definition (8.24) we can find an analogous expression for the scaling
dimension

(3N2 4 17)

Fir/6 2
svs ¢ +O(1/€2), (8.66)

A =23 /0¢ L N 424

where expansion runs in powers of e*™/6¢.

The relations (8.65) and (8.66) are valid at large £ with N fixed. We checked them
against numerical data on figure 14 for different N. We found that the identification
of integers NN corresponding to different states is not trivial. Namely, for odd N the
relation (8.65) correctly describes the states with A(0) = 5,9,13,... whereas for even N
it predicts some states which are not present in the spectrum. To some extend that is
expected as these states come in the complex conjugate pairs and in order to have the
same average number of states in some interval of the quantum numbers N as for the
states with A(0) = 3,7,11,... we should miss exactly half of all N’s.
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9 Problems and perspectives

In this paper, we used the quantum integrability methods to compute the exact scal-
ing dimensions of various operators in four-dimensional bi-scalar theory defined by the
Lagrangian (1.1) (also called xFT4) in planar limit. This theory has the symmetry
SU(2,2) x U(1)? — a subgroup of the original PSU(2,2[4) conformal symmetry of the
full (untwisted) N =4 SYM theory from which it was obtained in a special double scaling
limit combining large imaginary «-twist and small coupling. Consequently, the operators in
this theory are classified by the set of Cartan charges (A, S, S |J1, J2). The basic example of
such operators is tr(¢7) — the “BMN vacuum” operator'® with charges (A, 0,0[.J,0). The
perturbative corrections for this operator are given by so called “wheel” graphs of figure 1
(a single graph at each non-zero order). Our method makes it possible to compute these
conformal graphs at least to O(1/¢) order in dimensional regularization, in an algorithmic
way. We computed the J = 3 wheel graphs up to 12 loops, which can be easily pushed
further with more computer time or on a more powerful computer. Our numerical com-
putation of anomalous dimension have been done for this operator at virtually unlimited
precision for all reasonable couplings £&. Moreover, it is also applicable to the other opera-
tors, of the type (1.2), with the same charges but a bigger length L corresponding to the
insertion of any number of couples of fields ¢, gb{ and ¢9, qﬁ; inside tr(¢{), as well as of
the derivatives, where we performed similar analytic and numerical computations. Further-
more, we investigated the strong coupling limit of the anomalous dimensions for this family
of operators. In this limit we found that the spectrum is described by a classical algebraic
curve and the quantization condition reduces to a modified Bohr-Sommerfeld quantization
condition with half-integer filling fractions. We managed to develop a systematic strong
coupling expansion to a high order in 1/¢.

To compute the spectrum of scaling dimensions A, we needed to provide two basic
ingredients: i) formulate a 4th order finite difference Baxter equation for a quartet of
Q—functions of spectral parameter; ii) derive quantization condition fixing the unique
solution with prescribed analytic structure, and at the same time all the constants in
Baxter equation and the spectrum of dimensions A(&) with given charges.

We managed to solve the problem i) — to find the Baxter equation at any J for
the operators in the sector (A,0,0|J,0). We did it in two ways: from AdS;/CFT, QSC
formalism (so far only for the charges J = 2,3, 4), where the full Baxter equation is known,
in the double scaling limit leading to the bi-scalar theory; and also from explicit Lax
operator of SU(2,2) conformal spin chain describing the underlying fishnet graphs of the
bi-scalar model [1]. We used the fact that the Baxter equation is a universal object in
quantum integrability, independent of the auxiliary representation of Lax operator. The
resulting Baxter relation, even though cross-checked in many ways, is not derived in a
rigorous way in none of two formalisms. Certain very natural assumptions of symmetry of
fundamental transfer-matrices has been used, but not yet formally proven, in derivation
from Lax operators. It would be good to check these assumptions algebraically, directly

151t was protected BMN vacuum operator in untiwisted N = 4 SYM theory but it gets corrections after
~-twisted N =4 SYM and, consequently, in the bi-scalar yF'T4.
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from the from the spin chain formalism. The QSC derivation serves as a good cross-check
but it also involves certain natural, but unproved assumptions about the scaling behavior
of QSC Q-functions in the double scaling limit. One of the ways to verify these assumptions
is to use numerics for the full twisted N/ = 4 SYM and then approach the limit with infinite
coupling numerically.

Concerning the ingredient ii), we managed to derive the quantization condition from
the QSC formalism, so far only in the case J = 3, where the 4th order Baxter equation
nicely factorizes into two 2nd order equations. Its derivation for an arbitrary J can be
certainly obtained in a similar way but we leave this, likely more involved, calculation to
future publications. In particular for J = 4 one should reproduce [1]

Vot =—40C5 €348 [309¢11 4163 5+20C5,6 —4C6,5
+40(s,3—8C3.35+40((353+(5,3,3)—200 C§] o). (9.1)

It would be also interesting to derive the quantization condition in a rigorous way, from
Lax formalism of the underlying conformal spin chain. It would involve the computation
of certain spin chain eigenfunctions and matrix elements relevant to the “wheel” graphs.
Probably, the most adequate formalism for it should be the Sklyanin’s separated variables
(SOV). Such a formalism would not only allow to compute in a rigorous way the wheel
graphs but also get hand on a much bigger variety of physical quantities: more general than
in [4] fishnet-type graphs at arbitrary loop orders, such as described in [14], multi-point
correlators and amplitudes [17] in xFTy, etc. Recently observed simplifications in the SOV
approach to the wave functions [38] could pay an important role here.

Our methods are potentially applicable to the xFT3 theory obtained in the double
scaling limit of twisted ABJM [14], where certain classes of ®5-type graphs can be computed
at any loop order. One can try to apply for it both the Lax [31] and the QSC formalisms [15,
16]. One could also try to approach the same program for tri-scalar xFTg with P3-type
chiral interactions, which seem to define the genuine CFT in planar limit [18]. The 6D
twisted SYM “mother”-theory, from which the latter model could be obtained in a double
scaling limit, is unfortunately not known.

It would be interesting to include into our formalism more general yFT4 containing
fermions and more of scalars, described in [1, 14]. This could be done by applying more
sophisticated limits to AdS/CFT QSC equations or, alternatively, establishing the Lax for-
malism for conformal spin chain with fermionic degrees of freedom. The latter would open
a way to multi-loop computations of more sophisticated than ®* type graphs, containing
also the Yukawa couplings.

It would be also interesting to compute next-to-leading corrections to the double scaling
limit of y-twisted N = 4 planar SYM which might give a better understanding of the origins
of integrability in the full theory. Another, more ambitious direction, would be to generalize
the results of the current paper to the full SU(2,2|4) Heisenberg spin chain, which could
led to the prove of integrability of N/ = 4 planar SYM from first principles.
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A Baxter equation from the Lax operator formalism

We have seen in subsection 2.1 that the Hamiltonian H; can be interpreted as the transfer
matrix of a spin chain of length J with periodic boundary conditions. This operator is
invariant under the action of the conformal SO (1,5) group, whose Lie algebra is isomorphic
(as a complex Lie algebra) to su(2,2). In fact, it is well known that there exists a whole
chain of isomorphisms of complex Lie algebras

50 (2,4) ~s0(1,5) ~s0(6) ~sl(4) ~su(2,2), (A.1)

suggesting that we can define the R-matrix for any of the above Lie algebras. It turns out
that, in order to construct the Baxter T-@Q) relation, the best choice is to consider sl (4)
acting on the following Hilbert space

J
Haay = @V (2) , (A2)
=1

where V(z) = C[{zij},<;.;4] is the vector space of polynomials of arbitrary degree in
z;j variables with complex coefficients. The R—matrix for this setting acts on the space
V (z) @ ma [sl(4)], where the symbol 75 denotes the finite-dimensional representation with
highest-weight A. We denote such R-matrices as Ry ,, where v is an index that specifies
the particular representation of sl(4) on V(z). The spin chains based on this Hilbert
space have been studied for sl (n) by Derkachov and Manashov in [25, 26]. We chose to
adhere to their conventions and employ the real parameter v = iu for the derivation of the
Baxter equation.

A.1 Generic sl(4) Verma modules

Here we construct the most general highest-weight representation of the sl (4) algebra on
the vector space V (z) of polynomials in 6 complex variables z = {z;}, <j<i<d of ar-

16

bitrary degree. This representation is parameterized by a set of 4 complex numbers

v = (11, 2,3, 14), such that

> v =6. (A.3)

1These representations have a deep relationship with the principal series representations [39, 40] of the
group SL (4|C) as explained in [25, 31, 41].

— 53 —



Complex z;; variables can be used to define the lower-triangular matrix

1 0 00
. z91 1 00
Z =14+ Z Zij€ij = 21 Lol (A.4)
1<j<i<4 31 %32
Z41 242 243 1
where (él-j)f,C = 5ik5§~ are the unit 4 x 4 matrices. Define further the matrix differential
operator
0 021 + 232031 + 242041 031 + 243041 On
p_ |0 0 032 + 243042 O42 (A.5)
0 0 0 a3
0 0 0 0
The algebra sl(4), with generators e;; satisfying the commutation relations
leij, ext] = djnea — daery, (A.6)
can then be represented in Aut [V (z)] by defining its generators as
Ef =ml(e)=—(Z(D+0)Z7Y),, (A7)

where o = diag(v1, va, v3,v4). The corresponding sl(4)-module V,, is irreducible [42, 43] iff
vij :=v; —v; ¢ N, Vi < j, otherwise V,, contains an invariant subspace.

Let us consider a set of complex numbers o = {011} such that

Onnt+1 €N, Vn>4—k. (A.8)

)

Then it can be shown [40] that the associated principal series sl (4)-module chk decomposes

as a tensor product:

Vi =V 4 ® VRt - (A.9)

One of the factors is the infinite-dimensional space V3_; of polynomials in the variables
appearing in the first 3 — & columns and rows of Z. The other factor v7,, is a finite-
dimensional sl (k + 1) module with highest weight Ay = (Ag, -+ ,A3) and A\j =041 — 1.
Consequently, choosing k& = 3, we have that the principal series module Vgg collapses to a
finite dimensional sl (4) module:

v =0 =TA, Ao = (012 = 1,023 — Loza — 1) . (A-10)

This module is associated to the Young tableau defined by the partition £ = {¢1,¢3,/3}
with £; = Y"p_i A
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A.2 The general T — Q relation from sl(4) invariant R-matrix

Let us consider the following invariant R-matrix:

R: VWV —V,®V,y, Rio (U) Ris (U + V) Ros (V) = Ro3 (V) Ris (v + V) Rz (U) s
(A.11)

where both V,, and V, are s[(4) principal series modules, defined above. As was shown
in [25, 41], this operators adimt a factorised form:
Riz (v) = PoRY (v — v+ 01) - R (v = vs + 0u) (A.12)

where P;; is the permutation operator of spaces ¢ and j. The associated T-operator, defined

in the usual way as the trace over the auxiliary space V, of the product of J R-matrices!”

To (v|v) = try, [Rio (v) Rao (v) -+ Ruo (v)] (A.13)
will then enjoy a factorised expression
Te(vv)=Q1(v+o1|lv) - Qs(v+og|v), (A.14)

where the (Q-operators are defined as transfer matrices associated to the factorising oper-
ators RU):

Q) (vlw) = trv, [RY (0w RY (v—v)) - RS (w—v)| . RE (v) = ProR{Y (v) . (A.15)

This factorisation is a general property, irrespective of the fact that V, is irreducible
or not. If we were to choose o such that V, = V;k), then the R-matrix will assume an
upper-triangular form

R
R = (0 ;/) s R : VV®U;:+1 _>VV®/UZ+17 (A16)
which implies
Towv) =T )+ T. (v|v) . (A.17)

It is possible to prove, by using Bernstein-Gel’ fand-Gel’fand resolution for finite dimen-
sional sl (n) modules [26, 42], that

3—k
) (v|v) = H Qj(v+ojv) det <Q3—k+i (v + 03—kt \1/)) . (A.18)

] 1<4,j<k+1
Jj=1

Finally, by choosing k = 3, we obtain the following nice determinant expression

T (w|v) = det (QZ- (v+0; |v)), (A.19)

1<i,j<4

n order to consistently define the T- and Q- operators it is necessary to introduce a regulator in the
R-matrix. We choose to avoid this subtlety as it is of no relevance for our goal. Further informations can
be found in [26].
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Representation | Fundamental weight | Young tableau integers | Principal Series labels
1 AO = (070’ O) 'e() = (0,0, O) g = (3’2’1’0)
: A= (0.0 b=011) | o=(1.01-D
6 Ay =(0,1,0) £y =(1,1,0) o= (1,51 -1
Z A3:(17070) 332(1,0,0) o = (%727%’_%)

Table 1. Various labels for the fundamental representations of sl (4).

which can be rewritten in terms of Young tableaux indices as

L (0t felv) = | det (Qi(v+1slv)). (A.20)
where
‘ 1<
L=a-j+l,  fe=3 b (A.21)
k=1

In table 1 we have collected the labels associated to the fundamental representations'® 7.

By considering the following identity

det (Qi(v—|—5—j|u)) =0, Os(wlv)=Qu(vlv), forsome k=1,...,4,
1<i,5<5

(A.22)
and denoting the T-operators associated to the k-th fundamental representation as

tig () =T (wlv),  Lp=|1...,1,0,...,0] (A.23)
N——
k

and understanding t4 (v) = to (v), we easily obtain the general form of Baxter T-Q relation
for a 7, [s[(4)]-spin chain [26]

4
EZ: (—1)k ty_ 1 <’U + g

k=0

V>Qz‘(v+4—k\u)—0, Vi=1,...,4. (A.24)

A.3 The fundamental R-matrices and the associated Lax operators

In order to obtain an explicit expression for the transfer matrices ¢, we need to compute
the traces
k k k
b (0] ) =ty [REE (0) R (0) - R ()] (A.25)

8Note that in our conventions, the defining representation 4 is associated to the Young tableau £; =
(1,1,1) with three boxes, while the conjugate one 4 to the Young tableau £; = (1,0,0) with a single
box. This is all a matter of preference, since the Zs symmetry of the Dynkin diagram makes the two
representations isomorphic. However the isomorphism is realised in a complicated fashion at the level
of R-matrices which results in the fact that the associated transfer matrices are, in general, radically
different, as we see later. Our choice was dictated by the request that ¢; should be the simplest among the
transfer matrices.
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7

where R*) is the R matrix with physical space V,, and auxiliary space my, and (Ag)" = 5};
is the k-th fundamental weight. These R-matrices for the fundamental representations are
related to the Lax operators Ly by a normalization:

R®) (v + kp) = Xpp (v) Liw (v) (A.26)

where kj, are some rational numbers and X, ,, (v) are functions. The Lax operator for the
basic representation is a linear operator on the space V,, ®4 [sl(4)] and is defined as follows:

Ll,u (U) =v+ éUE (é”)z = (51'(15;? . (A27)

v
jio
The higher Lax operators Ly, and Ls, are linear operators on, respectively, V,, ® 6 [s[(4)]

and V, ® 4[s[(4)]. Although they have not a simple form such as L;,, from classical
representation theory it is known that

6[sl(4)] =4[sl(4)] AN4]sl(4)], 4[s1(4)] = 4[sl(4)] N4 [sl(4)] A4 [sl(4)] , (A.28)
which means that Ly, and L3, can be defined as follows
Loy (v) = (/\2Li,}) (v), Lz (v) = (/\3L‘;’,V) (v) . (A.29)

With the notation (/\kAk) (v), where A is a linear operator on a space V, we denote a
linear operator on the space /\k V', acting as follows

(/\’“A’“) (V) 1 Ada A+ A bpe
=(A(w—k+1) ) N(A(w—k+2)dp—1) A A(A(v—1)g2) A (A(v) 1) . (A.30)

with ¢ € V. As it will be useful in a short while we also introduce the quantum determi-
nant of the Lax operator Ly ,:

qdet L1y (v)] 1 = Layp (v) = (/\4qu) (v) . (A.31)

In order to fix the normalisations xj and Xy, in (A.26), we apply the R-matrix on
the highest-weight state &g =1 € V,, ® V,, using the known expression for the eigenvalues
of the general R-matrix [25]

R(v) - ®o=p(v) H

1<i<j<d

F(U—VZ’—I—O']‘—FI)

) A.32
F(—U—i—l/j—O'i—i-l) 0> ( )

with p (v) being a periodic function whose exact expression is irrelevant for our needs.
Plugging in the values of the labels o corresponding to the fundamental representations
(see table 1), we obtain

mw:;):ﬂv+nﬂv+%ﬂU+$’
rolv
M =0(v+2)(v+3)(v—wy+1),
7"0(1_:—)1 (A.33)
7’37{;’(;30:_(U+y2+3)<u+u3+3)<v+V4+3>7
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where we denoted as 7y, (v) the eigenvalue of R®) (v) on the highest weight state ®; and
we introduced the notation

4
§(v) = H (v—1;) . (A.34)

Now we will compare these eigenvalues with those obtained by acting with the Lax
operators L, on the highest weight states

® = , Po= , P3=

k
, Prel,® (/\4[5[(4)]> .
(A.35)

These are easily computed by using the explicit representation of the operators Ej; (A.7)
and the definition (A.30):

_ o O O
= o O O
o = O O
o O O
O = O O
O O = O

Ll’V(U) . (1)1 = (U — 1/4)(131 5
Loy (v) - @2 = — (v —13) (v —14) Do, (A.36)
Lsp(v) - ®3=—(v—12)(v—13)(v—1r4)P3.

We also easily obtain
qdet [L1p(v)] =0 (v) . (A.37)

By direct comparison we then make the following identifications
RO (v+1)=ro (v)8(v+1)6(v+2)6(v+3), RY (w%) =1 (v)8(v+2)8(v+3)L1, (v+1),
R (H%) =10 (0)6(v+3)Lay (v+2), RO (v%) =10 (v) Ly (v+3) . (A.38)

Note that we might have identified Lax operators with fundamental R-matrices also as

R® (v + ;) =10 (v)6(v+3)6 (v +2) [Ly, (v+2)] -,

) (A.39)
R®) (v + 4) =710(v)8(v+3)[LL, (v+3)] ",
giving us the relations
Ly (0)Lsw (0) =0(v), Ly, (v)Low (v) =6 (v) (A.40)
which can be rewritten as
L1, (v) (A°LT,) (v) = (A'L1,) (v) = adetly, (v) 1, (A1)
(A2L2,) () (A2L2,) (v) = (A'LY,) (v) = qdetLy, (v) 1. '
These relations are the generalisations to the quantum case of the equalities
AL (APAP) =det AT, (A242) (A%A%) = det AT, (A.42)

valid for any 4 x 4 matrix [44].
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A.4 The monodromy matrix as a Manin matrix and Talalaev’s formula

From now on we will drop the explicit dependence on the labels v
Thanks to the identifications (A.38) and defining the Monodromy matrix M (v) of the

spin chain as follows
1 1 2 J
g b ()L (v)--Li(v), (A.43)

we are able to write the general Baxter equation (A.24) in the following form

Qi (v—1) +tr[(A*M?) (v+1)] Q; (v+1) + tr [(/\4M4) (v+3)] Qi(v+3)
= tr[M(v)] Q; (v) +tr [(A*M?) (v +2)] Q; (v +2) . (A.44)

Now we notice that the following relations hold
(M (0) € My (0) % | = [Myg (0) €%, My (v) €], Wirjokl=1,....4. (Ad5)

These are the defining relations for a Manin matrix [45], a particular class of matrices
with not necessarily commuting entries. They are a natural extension of the matrices
over commutative rings, in the sense that most of the standard theorem of linear algebra
continue to hold true for them [46]. Of particular interest for us is the fact that the spectral
determinant of M (v) €% has the following expansion

cdet [t1 — M (v) 68”} = it4k(—1)ktr [(/\kMk) (v+k— 1)} ek (A.46)
k=0

where “cdet” stands for the column ordered determinant

cdet [A] = Z (_1)|U|A0(1)1A0(2)2Aa(3)3Aa(4)4' (A.47)

oeBy

As a consequence, the Baxter T'— @ equation (A.44) takes the following suggestive expres-
sion

cdet []1 — M (v) 68”:| Qi(v—1)=0, (A.48)

which is the quantum version of a classical spectral curve equation. The above expression
has first appeared in the works of Talalaev [47] and we thus refer to it as “Talalaev’s
formula”.

A.5 The explicit computation of the transfer matrices

More important on the practical level is the fact that the higher traces
t (v) = tr [(Ml\/lk) (v+k— 1)] , (A.49)

satisfy the Newton’s identities [48]

kty (v Zk: Yt (v )(k_j)avtr[<M(v)ea“)q, to(0)=1. (A.50)

J=1
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Explicitly we have

@) =trM@)],  to(v) = %tr M (0)] ¢ [M (v + 1)] — %tr M(@)M(w+1)] (A5
ts (v) = étr M (v)]tr [M (v+1)]tr [M (v+2)] + %tr M@)M@w+1)M((v+2)] (A.52)

- %tr[M ()] tr [M (0 + 1) M (v + 2)] — étr M () M (v + 1]t [M (0 +2)] .

Thanks to these relations we are now in the position to derive the expressions for the
coefficients of Baxter T' — @ equation (A.44). To this end, we introduce the following

objects
4
: al ag aj
é?s%]) = Z Z EilkE’iQil te Eli]'_l 5 (A53)
1§(11<'~~<(l]'SJ il,...,ij,1:1
and
qUdml — g [éa(jl) , .éa(jm)} R (A.54)
One easily see that
J
1
M (v) = 7 (v‘]]l + Z @@(k)v‘]_k> , (A.55)
0 (v) pt
and, since'® q; = 0,
J
5 ()t (v) = 40"+ g’k (A.56)

With some basic algebra we obtain the following expressions

§(0) 8 (v+1) ta (v) = 607 (v +1)7 Zq][ (w+1)"7 4 (v+1) 07
J
+5 > e — o' ) (A57)
Jik=1

5 (v )Ja(v+1)Ja(v+2)Jt3(v>:4UJ(U+1)J(U+2)J
+Zq]{ (1) (w+2)7 7 107 (04 1)7 7 (v42) 107 (1) (v+2)”

J

+é > aian [31# (w+1)7 (v+2)7 F 12077 (v41)TF (v+2) 07 (v+1)J(v+2)J_k}
G, k=2

+3 7 qbH [vJ(uH)H (04+2)7 % 0773 (v+1)7F (v+2)7 307 (v+1)J(v+2)J*k]
k=1

5 2 asaea—at e —2qq;+ 20050 o7 (0 1)7 7 (w2) (A.58)
3.k l=1

9This is because q1 = S°7_, 3% | Ej; and the generators of 5l(4) satisfy the property >+, E;; = 0.
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The quantities q[il"“’im} (A.54) appearing in the expressions of the tj are local conserved
charges. It can be shown with straightforward computation that they all commute amongst
themselves

qUiviml glivenll =0 Wiy i, GG = 1, T (A.59)

Their eigenvalue is, in general, dependent on the particular state of the spin chain Hilbert
space. However, the following charge

1
o) — %q[l,.--vl] (A.60)

is global, in the sense that it only depends on the labels of the representation Vjy of the full

20 it is thus a Casimir operator and we call it “total Casimir”. On the other

spin chain:
hand, not all of the charges q[il"“’im] are independent. There exist relations amongst them

which also involve the usual Casimir operator

4 a a a
Z EiyiyBisir- Eii,, NYa=1,...J, (A.61)

1y dm=1

whose eigenvalue only depends on the labels of the representation V,, of the single spins in
the chain. One can obtain the explicit expression for the eigenvalues of the Casimirs by
acting with them on the vacuum; the results for m = 2, 3,4 are

4 4 4
1 1 3 5 1 4 3 9 49
52 T, Ci=3) v-3C-12, Ca=3) vj-5C—5C— 7,
P P
4
L 1 (L) _ 3 L) (y 1 4 3~(L) 9 (L) 49
c 52 7, G 329 3 Cil =1 0j-3C" 307 -7,
=1 j=1
(A.62)

The relations mentioned above are deformations of the classical Newton’s identities amongst
symmetric polynomials and power sums; the first few are as follows

(Dg]) - JC2 =(q2,
4
) Joy - . (@J) _ J02> =gt gy, (A.63)

Cz(f]) —JC,—3 <C§J) _ J@3) 4 oglt? = gltt2) q[2 L

2

20The Hilbert space
J
i = @ Ve

of the spin chain decomposes as a direct integral of representatlons Ve [49]:

52
H5[<4) :/ ngO

The eigenvalues of the charges CS,}] ) only depend on which of these summands the state of the spin chain
belongs to, not on the specific state considered.
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The following functions

J J
() =5 ()t (v) Tz(u):5<v—;> 5(%3) t <v—;>, (A.64)
() =6(v—-1)760@W) 6(v+1)ts(v—-1),

possess an interesting symmetry property. In fact let us explicitly denote their dependence
on the local conserved charges:

1 (v) =7 (v )q[am]> , T2 (V) = T2 (v ‘q[o‘m]> , T3 (v) =73 (v ‘q[o‘m}) ,  (A.65)

where @, = (a1, a2, -+ , ) is a multi-index and we will denote |ou,| = Yy~ ag. Then
it is easily checked that

n (—o|(-nlerlgenl) = (<)7n (ofderd) o (<o |(clerlglent) = g (v]glel)
(A.66)

7 (v |(-nlmlglen) = (<1)r (v fgl*nT)

With the help of relations (A.63) we find that the first few terms in the v — oo expansion
of the functions 73, are

1 (v) = 407+ (€5 T ) o 24 qgo’ P

T2 (v) = 6027 + (2@5‘]) —3JCy— gJ) v 24 (2q3 — (Cg‘]) — J(Dg) +§ (Cg‘]) — J(Dg)) v?/ =3

POV (A.67)
7y (v) = 40* + (5 - 37C—47 ) 24 (43— (€ -20€3) + 5 (€F) - 27€, ) ) 0?7

+U§4)U3J—4+_ B

with
1 2
ol = 2g,—q A 4 2g5+- €4 —TC,— (C(‘]) —J@g) +5 (Cg") —J@g)

4 1
3‘]6+ @2+3J‘] - (A.68)

(c“) ch) w7

and

vl =of —qu+ € —ges-3 (- sey) —% (@§J>—J02)2—J®2 (c§-Je,)

J 4 3J 5 J—1

A.6 The gauged form of the Baxter equation

e ) Y

There is one final manipulation we wish to apply to the Baxter equation (A.44) before
specifying the representation 7,,. First of all, let us write it as follows

J (v—%)J(S (M—%)J(S (’U—F;)Jgi (v—g> +6 (v+g>JTz (v) Q; (v+%> +9Q; <v+g)
=4 (v—i—%)J(S (v—l—g)Jﬁ (v—%) Qi (U—%) +73 (v—l—%) Q; (v—i—g) . (A.70)
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Considering the asymptotic limit v — oo of its coefficients, we see from (A.67) that they
all behave as powers, although of different order:

0?7 Q; <v - g) +6v%7Q; (U + >—|—Ql ( Z) — 47 Q; <v — ;) — 437 Q; (v + ;) ~0.

(A.71)
This is in contradiction with the expected asymptotic behaviour of the functions ¢ (3.3),
which lead us to search for a function f such that ¢ (v) = f (v) Q (v) and the coefficients of
the equation for ¢ all have the same leading power of v for v — co. The relation is easily
found to be

3
Q; (v) =¢; (v— ;) HF(U—Vj+1)J , (A.72)
j=1

and the gauged functions ¢; (v) satisfy the following Baxter equation
1
Ay (v+1)q(v+2)— B, <v+2> qgv+1)

+Cy(v)g(v) — Dy <U—;>q(v—1)+E,,(v—1)q(v—2):0, (A.73)

where the coefficients are

A (v) :f[ <v—yj+§>J . By)=m@), C)= (v—yﬁ;’)JTQ (v),

j—l
N
H v—w4+35)" 1 (v), Ey(v)zl_[l<v—u4+j—2> . (A.74)
: j:
A.7 The free scalar field representation

In order to apply the Baxter equation (A.73) to the conformal spin chain that we encoun-
tered in section 2, we have to replace the parameters v with their values for a free scalar
field with conformal charges (1,0,0),%!

53 31
— (222 2) A
V(1,0,0) <2727272> ( 75)

For this particular choice, one readily checks that
Apog W) =@w=170" By ) =v"0+1)" (v+2)7. (A.76)

Substituting (A.75) into (A.73) and dividing both sides of the equation by v’ (v 4 1)’
arrive at
72 (v)

73 (v+1
(41 i (04 2)+ (-1 @ (0-2)+ 2 qu)zmqi (v+1)+7 (—;) Gi(o-1),

(A.77)

21For the scalar operators (1.2) carrying the charges (A, 0,0), the corresponding parameters v are given
byV(AVO,O):(B_%’Q A1"_2’2)'
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where, using the results (A.67), we have

J

+ C|3UJ_3 + q4,UJ—4 + quvj—k’
k=5

J+Oé+3<]—4vj_2

71 (v) = 4v 5

2J
7 (v) = 60* + (3] + a — 4) v*/ 7% 4 2q30%7 3 + v§4)v2‘]_4 + Z vgk)vw_k ,

k=5
a+J—4 4, _
T3 (v) = 037 + — V32 4 qgv?"] 3 (A.78)
3J
(4) (a—4)?+4J(a=5)+T7J*\ 3/ 4 (k) 37—k
—|—<U2 — 4 — 16 v +kZ_5U3 v .

Here a = (A —2)? and q are integrals of motion defined in (A.54). The coefficients
vék) and vék) are some complicated combinations the of local charges q[o‘]. Their explicit
expressions can be obtained from (A.56), (A.57) and (A.58).

Up to now, we have used solely the representation theory which allowed us to fix 9
coefficients amongst the 6J ones. We need further constraints. As it has been shown in
section 4, considering the equation (A.77) as a double scaling limit of the Baxter equation in
~v-twisted N/ = 4 SYM (see eq. (4.13)) means we must be able to bring it to the symmetric
form (3.1). Imposing these symmetries on the functions (A.78), will allow us to fix some
of the unknown coeflicients of the functions 7. First of all, we see that, in order to have
the coefficients in front of g(v+1) and g(v— 1) in (A.77) to be, respectively, B(v+ 3) and
B(v—3) for some function B(u), the transfer matrices have to satisfy the following relation

(A.79)

1 (v) = 73 (vl)
1

(w2 - 1)
Since 71 (v) is, by definition, a polynomial of order .J, this relation implies that 73(v) should

have J-th order zero at v = :l:%. Thus we can recast part of the relation (A.79) into the
following 2J requirements

57a(v) =0, k=0,1,---,J—1. (A.80)

In addition to this, we have to actually impose the term by term equality of 73(v)/ (v — 1) /

with 71 (v). Summing it all up, we will be left with J + [J/2] — 3 unfixed coefficients,??
before we impose further restrictions on the set of solutions.

Note that the above argument based on the requested symmetry of the Baxter equa-
tion agrees with the following observation. Remember the symmetry (A.66) of the func-
tions 7y (u):

7 (—v|(=Dlemlglenl) = (1) 7 (v |ql*mT) . (A.81)
(=] ) (v]a)

*2The reason why they are J + [J/2] — 3 and not J + [J/2] — 4, as one would expect by simple counting,

is that in 73, the coefficient v§4) of v/~ is not independent from v§4) and 1)54).
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Then, substituting (A.79) into the Baxter equation (A.77), we find that this equation
remains invariant under v — —u and ¢l® — (=1)/®lgl®). This means that for any solution
q(u, A, ¢!®) to (A.77) there should exist another solution g(—u, A, (—1)l®gl®)) describing
the state with the same scaling dimension A. Thus, the states with nonzero ¢l s.t. |a| €
27 + 1 have a two-fold degeneracy with respect to A. To avoid the degeneracy, we have to
require that all charges with odd indices should vanish [36]

=0, Vast. |a|€2Z+1. (A.82)

From this requirement it directly follows that the transfer matrices have then a definite
parity in this case, 71 (v) = (=1)/7 (—v), 72 (v) = 72 (—v) and 73 (v) = (—1)?73 (—v), and
are given by

[J/2]

3J+a—4
7'1(11):411‘]4-# =24 Zq%v —2k
k=2
J
Ta(v) = 6v* + (3 + a — 4) 0?72 1 Y W FH2IR) (A.83)
k=2
—4 —4)2 1+ 4 _ 2
75 (0) = 40% atJ—4 35 " (U£4) g (a—4)?+4J(a—5)+T7J >v3‘]_4
2 16
(3J/2]
(2k) 3J—2k
+ Z vy U .
k=3

Finally, asking the symmetry (A.79), the Baxter equation takes the form (3.1) and (3.4)
advocated in section 3. For J = 2, J = 3 and J = 4 the expressions (A.84) contain,
respectively, 0, 1 and 3 unfixed coefficients.

As it has been showed in section 5, the rest of coefficients have to satisfy the additional
quantisation conditions. The relation (A.82) imposes a tight selection rule on the states
of the spin chain. It is these states that play a distinguished role in our analysis as they
allow us to find the scaling dimensions of the operators (1.2) for an arbitrary coupling.

Let us examine relations (A.78) and (A.84) for few lowest values of the length J of the
spin chain.

A.7.1 Baxter equation for J = 2
In this case, the general expressions for the transfer matrices (A.78) are

a+2 (4)

1 (v) = 40% + 5 Tg(v):6v4+(a+2)v2+v24,
—2 214
7—3@):4@64_0521)44_(@54)—0412_ >U —l—vé )U+U§6). (A.84)

Imposing the conditions (A.80) we obtain that all coefficients are fixed
(4 _ o4 (5) _ (6) _ a+2
Uy = T vy =10, Uy = 55
where o« = (A —2)%. The resulting Baxter equation (A.77) takes then the expected
form (3.5).

(A.85)
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A.7.2 Baxter equation for J = 3
Imposing the symmetry (A.82) we find for the transfer matrices (A.78)

a;_5v, 9 (v) = 60° + (a + 5) v —i—vgl)

-1 +4)+19
3 (u) = 40° + QT o+ <U§4) a(a T ) Z’U

1 (v) = 403 + v+ véG) , (A.86)

Requiring the transfer matrices to satisfy (A.79) we can fix 6 coefficients

5 7 9 4 (a—1)2 6 3a+13 8 Oé+5
Ug):vé)zvé):(), vg): 6 Ué): 35 Ug) SR (A.87)
The resulting expressions for 7, are
)
Tl(v)zv<4v2+a—2i_ > ;
—1)2
T2 (V) —61)6—1—(04—1—5)1)4—#((116)1)2—7712,
1\3
)= (v =-=) v 4v2+a+5 , (A.88)
4 2
where we defined m? = —v§6). Substituting these relations into (A.77) we arrive at (3.7).
A.7.3 Baxter equation for J =4
As in the previous case, we start from the following 7, functions
8
1 (v) = 40t + are ;_ v+ g4, 5 (v) = 60° 4 (a + 8) 0% + v§4)v4 + vgﬁ)UQ + Uég) ,
o 4 (Oé + 8 + 48 (k
3 (v) = 40" + 51)10 + <Ué ) _ qs — 1— %+ ZU Jyl2k (A.89)
The constraints (A.80) fix 8 coefficients as
ala+3) + 28
U§5) = U:(;) = ’U:()’Q) = U:(,’H) =0, Uéﬁ) =qq4— v§4) + —( 16) )
® _ 3 ( 4 ) _a(3a+4)+54 10y _ 1 < B (4)) aa+1)+24
YT g\ T T BT B - T R
2
(2) _ 1 ((4)_ )_a+8 A.90
YT 956 M)~ 1096 (4.90)
and the transfer matrcies 7 simplify as follows
8
71 (v) = 4ot + 2 5 ——v® +qu,
9 (v) = 60° + (a + 8) v + U( ot 4 U§6)212 + vég) ,
1 2
T3 (v) = <v2 4) [4 + ;—8v +U§4) —qq— a 12 8 . (A.91)
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In order to satisfy (A.79), we have to impose one more condition

2
+38
(4)=2‘14+a16 '

(A.92)

We are thus left with 3 coefficients and the Baxter equation (A.77) matches (3.9) upon
redefinition of the parameters

qa =0, véﬁ) =—cp, 058) =cy. (A.93)

B QSC supplementary relations

B.1 Coefficients of 4th order Baxter equation

The determinants D; used the equation (4.13) are defined as follows:

pli+2l p2l+2] p3l+2] pal+2] pli+4l p2l+4] p3l+4] pal+4]
1 2 3 4 1 2 3 4
Do = det Pﬁ—ﬂ Pg—ﬂ Pg—ﬂ PE—Q] ,  Di=det Pﬁ—ﬂ PE—Q] P§—2l Pg—ﬂ )
Pll—4 p2[—4] p3l-4 p4l-4] pll-4] p2[—4] p3l-4 p4l-4
(B.1)
pli+4] p2i+4] p3[+4] pal+4] pli-4 p2l-4] p3[-4] pa-4]
pli+2 p2i+2) p3l+2 pal+2) - pl p2 p3 pt
Dy = det pl-2 p2(-2 p3-2 pa-2 |’ Dy = det pli+2 p2i+2 p3l+2 pal+2
pli-4] p2(-4] p3[-4] pa-4] pli+4] p2i+4] p3[+4] pal+4]
(B.2)

B.2 Formulas for A through ansatz coefficients

This appendix contains expressions for A through the coefficients of the anatz (C.4).
For L =2

(A2 =~ [(s—R)?& (k1) (R 1] [~20° (6 R)? (A—1)% (R41) (wR—1)% R
2(R=1)" (R+1) (kh—1)cap
(h—1) i (kk—1) ((F*+1) K2 —4kK+i2+1) ca
k—k) (A—1)? & (A4+1) (kk—1) e
(

—(A—3)(3R—1) (/2;2+1)n—ff(;%2+1))—292(H—;%)2(/%—1)2(m%—1)2)}
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For L =3

(A—2)% = [(nﬂa)%(mm (%4)2]71 [—2912 (h—#)% (R—1)2 (+1) (kR —1)2 2,

+26% (k—7)% (A —1) (A+1) (kh—1)% caz

—4ig® (k—£) (R—1) & (kR—1) ((B*+/+1) &% — (& (R+4)+1) k+&7+&+1) ea
—2i (K2=1) (k—&) (A—1)* & (A+1) (kh—1) 3,2

+2(k—k)? (A—1)? (A+1) (kk—1)% ¢4

+ (R+1) (692 (k—#)? (B—1)% (kk—1)*+& (/& (642 +~+6) K +2 (64" — 194 —194+6) &®

+ (7 (7 ((k—36) i +148) —36) +1) k?+2 (64* — 197> — 19/ +6) k+ & (6/%2+/%+6)))]

B.3 QSC equations on QZ

We follow the derivation in [23] replacing complex conjugation with the reflection u — —u.
We assume that the state is parity invariant which implies that at the level of the P,

functions we have

Po(—u) = \'Py(u), P —u)=\,P’(v) (B.3)

for some constant coefficients )\ab and \b,, which obey )\ab)\ac = 52. Let us show that
Q7 (u) = ~Qapi(—u+i/DX4QV (u—i/2). (B.4)
Indeed
Q7 (u)Q;(u) = =Qupi(—u +/2)XWP"(u) = —Qui(—u +1/2)P*(—u) = Qi(-u), (B.5)

using identities like P,P* = 0 and Q; = —Q);(u +i/2)P* and Q' = +Q4i(u £ i/2)P, it
is easy to check that Q7 (u + i) = Q7 (u).
Furthermore, we can easily find the discontinuity of Q7 (u):

Q7 (u) — Q7 (1) = —Qi(—)Q’ () + Qi(—u)Q (u) . (B.6)

C Details of the derivation of the Baxter equation from QSC

Here we give details of the derivation of the Baxter equation from QSC approach for
J=2,3,4.

C.1 Left-right symmetry

Most problems solved using QSC method before possessed so-called left-right symmetry,
which in particular means that the indices can be raiser or lowered with a constant matrix:
0 0-1
0

Q' =x"Q;, P=x"P,, x= (C.1)

-1
0

— o O O
O O = O

0
0
0
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States of twisted N'=4 SYM are not left-right symmetric for general twists, however for
the particular case of operator trgb‘l] and twists (4.7) indices can still be raised by x if one
also exchanges k with A:

Qi = Xiij‘/in% ? pP¢ = Xabe‘m—w% : (02)
C.2 Baxter equation from double scaling limit of QSC

In this section we will derive a finite-difference equation for Q;(u) in the double scaling
limit. Our starting point will be the Baxter equation (4.13). The computation is similar to
that in [23]: we need to construct an ansatz for P,, expand it in the double scaling limit
and plug into (4.13). The ansatz will necessarily contain many unknown coefficients which
we will fix by solving (4.13) expanded at large u. In the process we will also get a relation
between A and the coefficients of the ansatz for P,.

Let us start with an ansatz for P,: along the lines of [13], we pull out of P, the
exponential and power-like prefactors, leaving the part which scales like 1 at infinity:

Po = {A1f1(u), A2 f1(—u), A391(u), Asgr(—u)}
P’ = {fa(u), fo(—u), g2(u), g2(—u)} . (C.3)

Here we choose A% =1 and A, according to (4.9).

Remember that P, and P® have only one cut — Zhukovsky cut on the real axis. This
cut can be resolved by considering P, as a function of Zhukovsky variable z(u). In other
words, we can represent f;, g; as series in x(u):

07 o0 92n72cl n
fhi=1+yg ——
nzl (gz)™

J-1 o'} anc
g1 = (ga:)*‘] u’ + Z 02,_kuk + Z Z;Ln
k=0 n=1 (g.T)
J—1 [e'e) 2"0
fo=(g9z)"7 [ u! + Z cs_puf + Z g 3:
k=0 n=1 (QIL‘)

0 o0 g2n—264n
g =1+g"3% (gx)n (C.4)

This ansatz was constructed so as to satisfy the condition that P, stays finite as ¢ — 0

n=1

and P, grows as O(g~7). One can see that this is the case if we assume Cq i ~ 1. Indeed,
the operation tilde (monodromy around a branch point of the Zhukovsky cut) transforms
z(u) to 1/x(u). Since we want to keep v = g(x + 1/z) finite in the weak coupling regime,
when = ~ 1/g — o0, each power of x should be compensated by at least one power of g.
Plugging the ansatz (C.4) into (C.3) we get

gz) "7 (Poly(—u) +...), (C.5)
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where Poly(u) is some polynomial in u. The scaling condition for P, — the finiteness in

the weak coupling limit ¢ — 0 — is obviously satisfied. Now consider P,:

n=1

Pi~ g7 (gz)’"? (1 +9*7 2y Cl,n(W)") ,

152 N g_J(gl‘)J/2 <1 _{_92(]—22617”(_917)71) 7

n=1

Py~ g7 (gz) 7/ (Polyw) +> CQ,n(gw)") ,
n=1
Py~ g ' (gz)"7? (Poly(—u) + Z CQ,n(—gx)”> : (C.6)
n=1

The scaling condition for P, is satisifed as well. To summarize: the scaling of the terms in
f1, g2 is constrained by the scaling of P. The scaling of the polynomial terms in g1, fo is
constrained by finiteness of P as ¢ — 0 and the scaling of the singular terms in gi, fo —
by P. We also want to have a consistency with the weak coupling result [13], that is why
the potentially singular parts in fi1, go, g2, f1 have a g2~ prefactor for the infinite sums.

In order to proceed we need to constrain the coefficients ¢, of the ansatz above as
much as we can. We also want to be able to express A through ¢, . To this end, we plug
P, given by the ansatz into (4.13) and expand this equation at u — oo assuming that
the asymptotics of Q; are given by (4.6). This yields a system of equations for coefficients
can and A. The structure of this system of equations depends on L. Typically we have
to expand the Baxter equation to the fourth subleading order in 1/u to get a non-trivial
relation for A and a closed system for ¢, ,. We performed the calculations for J = 2, 3, 4.

For J =2 and J = 3 the resulting relations for A have a form

(A - 2)2 = fQ(CQ,Ov C3,-1,C4,1,C4,2, K, '%) 5
(A —2)* = fa(ca, 1,32, ca1,Ca2, 5, ) , (C.7)

where fo, f3 are rational functions of their arguments given in appendix B.2.
Now we need to take the double scaling limit of the relations just derived and of the
equation (4.13). Let us define (see (4.8))

s = Vi, r=(k/k)7, £=gs. (C.8)

The double scaling limit consists of taking ¢ — 0 and s — oo when keeping £ constant.
The parameter r is not entering the Lagrangian (1.1), so we expect it to drop out from
final result, although it may be present in the intermediate computations.

Each coefficient ¢, is a regular function of g, x, &~ and so it needs to be expanded in
the powers of g:

Cak = Z Ca,k,m(g)(g/£)2m (Cg)
m=0
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Then we plug these expanded coefficients back into the ansatz (C.4). The resulting ex-
panded p, for J = 3 look as follows:

41 — 29r — rc3,—1,2

pi(u) = 14 T2 (g ey

n 4i¢” — 2ire” —ré&leg 19+ re1 0083w+ reg 167U
3
rTu

(9/€)° + ..

p2(u) = p1(—u)
2ur r(r+1
ps(u) =1 - (r—1u (r(—i)%)ﬂ

co r(r(lg—4)—4-T 4air 2r r+1
+<2,u1,1+\f((20(r_)1)u2 0)_(1~_\1/)i3_ (7:/_5(1);4)>(g/5)2+m
pa(u) = p3(—u) (C.10)
where
(A —2)2 =Ty +0(g?) (C.11)
and

M= e

=1 - (9/6)" + ... (C.12)

r+7
(r—1)

Now we are ready to find the equation for Q; in the double-scaling limit. Plug the
expanded P, back into (4.13). To simplify the equation we define

qi(u) = Qi(u)u_J/2. (C.13)

Since the details of computations vary depending on J, we performed computations
for J = 2,3,4 and present the results below. In all cases the computations are performed
with finite r and we confirm that the final equation becomes non-singular as r — 0.23
Notice that this was not the case for the intermediate quantities like (C.10). This allows
us to set r to 0, which makes more coefficients disappear. Notice that r — 0 limit is
exactly the parameter scaling leading to the Lagrangian (1.1), thus the fact that this limit
is non-singular in the final equation is a good sign.

D Details of the quasi-classical expansion

Here we give more orders for the WKB expansion discussed in section 8.6. It is convenient
to define the functions via their large 0 expansion, instead of hypergeometric functions

N@ =" clalp=in (D.1)
n=0

ZWe assume that the coefficients Ca,k,n Stay finite as » — 0, which is confirmed by comparing with the
perturbative solution.
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where

T d@n+ VD) (n+1)2°
() _ 33"+%(n + 1) (n+ )T (n+ 1)

" 470°(2n + 3)I'(n+ 1)I'(n +3) ’

@ (0 +39n% + 60n + 24) T(3n + 6)
T 400520 + 3)T(n+ L (n+ 2)T(n +4)’

) _ (279n° +3991n° + 22511n" + 63257n° + 921220 + 64512n + 16128) T'(3n + 6)
e’ = 168007 (2n + 3)['(n + 1)I'(n + 2)T'(n + 5) ’
3n+il 8 10
(o SERD (T (04 ) D2

" 44800708 (2n + 3)T'(n+ 1)I'(n +6)
where

Pr = 3429n% 4 78737n" + 76256915 + 404079505 + 127017860t + 2400438803 (D.3)
+ 2628125617 + 149270401 + 3225600 .

One can use the above expression to find the log singularity at 9 = 3. This singularity is
controlled by the large n asymptotics the above coefficients. The coefficient in front of the
log(d — 3), computed in this way, and multiplied by 27i gives the expansion around 0 — 3
for the S—cycle integral. It produces the following expansion for 9 for fixed NV and large £
as explained in the section 8.6

_ s g V3N 5(3N?+5)  (1LN?+161) N N (129N +14754N+16781)
3 36£2 108+/3£3 34992£4
(57TN*—11706N?—89599) N (831N6—131805N*—5307099N? —4448263)
- 52488+/365 B 566870486
V3 (1017N%4280749N* 499326923 N2 +501673551) N
* 306110016¢7
.3 (633N°—36036N* 4279250622 +527935324) N2+1122439675

344373768¢8 ’

0

(D.4)

where € = geFim/6.
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